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Abstract

We shall explain here an idea to generalize classical complex analytic Kleinian group theory to any
odd-dimensional cases. For a certain class of discrete subgroups of PGL,,.(C) acting on P we
can define their domains of discontinuity in a canonical manner, regarding an n-dimensional projective
linear subspace in P?*! as a point, like a point in the classical one-dimensional case. Many interesting
(compact) non-Kéhler manifolds appear systematically as the canonical quotients of the domains. In the
last section, we shall give some examples.
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Notation

o M(pxgq,C): the set of matrices of size p X g with coefficients in C.
e M, (C): the set of matrices of size p X p with coefficients in C.

1. Introduction

The theory of discrete subgroups of PGL,(C) has a long history. Let I' be a discrete
subgroup of PGL,(C). We say that the action of I at a point z € P! is discontinuous if
there is a neighborhood W of z such that y(W) N W = 0 for all but finitely many y € I'.
Following Maskit [11], we call a subgroup I' € PGL,(C) whose action is discontinuous
at some point z € P! a Kleinian group.

Let I' € PGL,(C) be a Kleinian group. The set Q(I') of points z € P' at which
I" acts discontinuously is called the set of discontinuity of I'. The set Q') is a I'-
invariant open subset in P! on which I acts properly discontinuously. The geometry
of the quotient space Q(I')/T" is one of the main themes in the classical Kleinian group
theory.

If we seek a higher-dimensional version of the Kleinian group theory, we must first
define the set of discontinuity for a given discrete subgroup. Let n > 2. Take a discrete
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subgroup I'  PGL,,,; (C) acting of P". Consider, as above, the set Q(I") of points z € P"
at which I" acts discontinuously. Then it is true that I" acts on Q(I'), but the action is
not properly discontinuous in general. Therefore, we must find another definition of
the set of discontinuity to get a good quotient space.

In this paper, we consider a class of discrete subgroups in PGL3,42(C) (n > 1), that
is, the class of type L groups (Definition 4.5). A type L group I" has the nonempty set
of discontinuity Q(I"), which is defined in a canonical manner. The set Q(I") contains
a subdomain W c P¥"*!_ which is biholomorphic to

2n+1 2 2 2 2
{zeP™ tzol" + -+ + |zal” < lznal” + -+ + lz2ns1]7) (1.1)

and satisfies
yW)YNW =0 foranyyel \({l},

where z=1[z0: 2y Zns1 © - 1 Z2ns1]-

For type L groups, n-dimensional projective linear subspaces in P?**! play the same
role as points do in one-dimensional Kleinian group theory. In the following, an n-
dimensional projective linear subspace is called an n-plane for short. The paper is
organized as follows.

In Section 2, we shall make some preparations on the Grassmannian Gr(m, 2m) of
m-dimensional subspaces in C>". As is well known, Gr(m, 2m) can be embedded
into the projective space P¥, N =,,C,, — 1, by Pliicker coordinates. We remark
that the embedded Gr(m,2m) is contained in a PGL,,(C)-invariant hyperquadric
(Proposition 2.3). This fact plays an important role in studying limit sets of type L
groups. In Section 3, we study some convergence properties of infinite sequences
of projective transformations. In Section 4, we define the set of discontinuity Q(I")
for a type L. group I' (Definitions 4.3, 4.5), and show that the action of I" on (') is
properly discontinuous (Theorem 4.11). Hence the quotient Q(I')/T" becomes a good
space. A domain Q c P>**! is said to be large if Q contains an n-plane. The definition
of the term ‘large’ is different from [10], where a domain Q C P21 i5 said to be
large if the 4n-dimensional Hausdorff measure of its complement vanishes. Any
holomorphic automorphism of a large domain extends to an element of PGL,,;,(C)
(Ivashkovich [4]). Using this, we show in Section 5, that a large domain which
covers a compact manifold is a connected component of Q(I') of some type L group
I' (Theorem 5.5). This may justify our definition of Q(I'). There are many groups of
type L. As an example, we explain briefly an analogue of Klein combinations and
handle attachments in Section 6. See also [6] on this topic. In Section 7, an analogue
of the Ford region is defined. We prove that this region gives a fundamental set of a
type L group under some additional conditions. In Section 8, we shall give examples
of type L groups and their quotient spaces QI")/T.

2. The Grassmannian Gr(m,2m)

Let Gr(m,2m), m > 2, be the Grassmannian of the m-dimensional subspaces in cm,
The aim of the section is to show that Gr(m, 2m) is embedded in a quadric hypersurface
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in a big projective space by Pliicker coordinates. This is a well-known fact. But
since this is important for the later argument, we will explain it here for the reader’s
convenience.

Let {ey, ..., e} be a basis of C*" and let T be the set of multiindices

I={iy,....i} C{1,...,2m}, i1 <---<liy,

of cardinality m. In the set of multiindices 7 = {I}, we introduce the lexicographic
order. Namely, for multiindices I = {i1,...,in}, J = {j1,- -, jm}, I # J, we write [ < J,
if i, < j, for u =min{d : i; # j}. We put

5 = KT (-1 ifJNK=0,
K 0 ifJNK=0,

where v =#{(p,q) € J X K : p > ¢q}, and

61— 1 lfI=J,
T if I

Then we have 6;; = (=1)"6;;, 6" = (=1)"6’!, and

1 ifI=K . . .
51,6'K = {O ;f I+ K’ (Einstein’s convention)

As a basis of A"(C?") of the space of m-vectors, we use {e;};, where
ej=¢e, N---Neg;, I={i,....in e 1.

Then
ejNeg=0jxe1 N+ A ey 2.1
Any w € A™(C?™) is written uniquely as a linear combination over C,

w=wle;, w!eC, (Einstein’s convention).

If w#0, it determines a point [w/] € PV, regarding {w'}; as a homogeneous
coordinates, where N = ,,,C,, — 1.

Let X be an m-dimensional subspace in C*" spanned by 2m-vectors {xi, ..., X,}.
Then X corresponds to the m-vector X=x A A xp € Gr(m,2m). Letting x; = x’;ek,

o k kn, _ vk
X=x\'e,, A= Axye, =X ek, (2.2)
where . L
1 1
xl ... xm
XK = det
k k
xlm “ee x”;”

The set of numbers {XX}x.; determines the point [xX] € PV, which are the Pliicker
coordinates of the vector subspace X.

https://doi.org/10.1017/51446788718000344 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000344

4 M. Kato [4]

Let A € M>,,(C) be any element. Put Ae; = a’]‘.ek. Then

_ _ ki k _ 4K
Aey=Aej N---NAej =a;eq N---Nae, =Ajek,

where
ki ki
a. “e a.
J1 Jm
AR =det| : :
k’ﬂ km
ajl ajm

Hence, for J,K € 7 with JN K = 0,
Aley N eg) = A5‘€L /\AIA;IeM = (5LMA5‘AIA(4€1 A Neyy.

On the other hand,
Aley A eg) = dyxdet(A)e; A--- A exp.

Thus
SimALAY = 5,k det A. (2.3)

Define a bilinear form Q(z, w) on CV*! by
Q@ w) =6,x2'WwK, 2=, w=w".

Put
Az=(Afd), z=@).
Then, by (2.3),
Q(Az, Aw) = (det A)Q(z, w).
For A, we define A* € My, (C) by

(A" =6 s,A%. (2.4)

Then
O(Az,w) = Q(z, A*w), 2.5)
A*A = (detA)lys. (2.6)

ProposiTioN 2.1. Let X, Y ¢ C*" be m-dimensional vector subspaces. Put X = XXex
and Y = YXey. Then dim(X N'Y) > 1 holds if and only if

o((x"),fy =o.
In particular, the equation
o((x" ), (x*) =0
holds for any m-dimensional subspace X of C*™.
Proor. This is clear from (2.2) and (2.1). O

We apply the above argument to the case Gr(n + 1,2n + 2). Set N =342 Cp1 — 1.
Then, by Proposition 2.1, we have easily the following proposition.
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ProrosiTion 2.2. Let Q(z, w) be the quadratic form defined by
Oz, w) = 67wk

defined on CN*!' x CN*1. Let ¢, €, be n-planes in P*"*! and let [x'], [y'] be their
Pliicker coordinates. Then €, and €, intersect if and only if the equality

o',y =0
holds. In particular, for an n-plane with the Pliicker coordinates [x'],

O([x"1, [x']) = 0.
We have also the following proposition.

ProposITION 2.3. The quadric hypersurface Q = {Q(z,z) = 0} in PV is invariant by the
image group of the group representation

p : PGL242(C) = PGLy.1(C),  p(A) = 4,

and the Grassmannian Gr(n + 1,2n + 2) is contained in Q.

3. Limit of projective transformations

Let N> 1 and let I be a discrete infinite subgroup of PGLy,(C) that acts on
the projective space PV. Consider an infinite sequence {o-,} of elements of I". Let
G, € GLy+1(C) be a representative of o, such that |6,| = 1, where, for a matrix
A = (aj) of size N + 1, we put |A| = maxog i<y lajl. We say that {o,} is a normal
sequence if the following conditions are satisfied.

(1) The sequence {0} consists of distinct elements of I'.
(2) The sequence of matrices {G,} can be chosen to be convergent to a matrix
o€ MN+1(C)-

The projective linear subspace defined by the image of the linear map & : CN*! —
CN*1 is called the limit image of the normal sequence {o,} and denoted by I({o,}).
Similarly, the projective linear subspace defined by the kernel of & is called the limit
kernel of {0} and is denoted by K({o,}). Here r = rank & is called the rank of the
normal sequence. Note that /({o,}), K({o,}) and r are determined independently of the
choice of representatives &,. Obviously, dim I({c,}) = r — 1 and dim K({o,}) = N — r.

Tueorem 3.1 [12, Satz 2]. Let {o,} CT" be a normal sequence. Suppose that the
sequence of representatives {6} converges to & : CN*' — CN*1. Let I be its limit
image and let K be the limit kernel. Then the sequence {o,} converges uniformly on
compacts in PV \ K to the projection o : PN \ K — I defined by &

Tueorem 3.2. Let {0}, C T be a normal sequence such that the sequence {7}, is also
normal. Then the limit image of {G,}, is contained in Q, and the limit kernel coincides
with the orthogonal subspace (with respect to Q(z,z)) of the limit image of {6, '},.
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Proor. Let S, € GLy41(C) be a representative of &,. We can assume that |S,| =1
and that the sequence {S,} converges to S € My,(C). Since I is discrete, detS =
lim, det S, = 0. Therefore

0(8,z,8y2) = (det $,)Q(z,2) and Q(Sz,52) =0,
by Proposition 2.3. Hence the limit image of {4} is contained in Q. Since

(ImS*)* = {ze CM!: 0@z, 5*w) =0 VYw e CN*1}
={ze CN*: O(Sz,w) =0 VYwe CN*Y
= Ker S,
we have
Ker S = (Im S*)*.

By (2.6), we see that the projection PV .. — PV defined by S* is the limit of the
normal sequence {F, 13, Thus we have the theorem. |

4. Discontinuous groups in the projective (2n + 1)-space

Let I' € PGL,,,2(C) be a discrete subgroup. Put N = 5,,,,C,41 — 1 and G = Gr(n +
1,2n +2). We shall say, from now on, that a sequence {0} C ' is normal if not
only the original sequence {o,} is normal but also is the corresponding sequence {d},
Gy = p(oy), of PGLy41(C). Thus a normal sequence {o-,} C I defines also /({5 }) and
K({&,}) in PV. Note that any normal sequence in the old sense contains a subsequence
that is normal in the new one.

DeriNiTION 4.1. An n-plane £ in P?**! is called a limit n-plane of T if there is a normal
sequence {0} of ' with £ € G N I({5,}).
Let L(I') c G denote the set of points that correspond to limit n-planes of T

DeriniTiON 4.2. The union
AD) = | 1

leL(n)
of the support of limit n-planes of I is called the limit set of T.

Here we indicate by |£| the support of an n-plane ¢ in P*"*! in order to express
explicitly the set of points on the n-plane.

Derinition 4.3. The set
Q) = P71\ A(D)
is called the set of discontinuity of the group I'.

P2n+l

DeriniTiON 4.4. A domain Q in is said to be large if Q) contains an n-plane.

There are examples of I' with nonempty Q(I'), but which contain no n-planes.
For example, in the case P?, let T’ be the infinite cyclic group generated by
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o =(49)ePGL4C), A =(}9). Then QI)=P?\ {zo = 0}. Thus we define type
L groups as follows.

DeriniTioN 4.5. A discrete subgroup in PGL,,4+2(C) is said to be of type L if Q(I)
contains a large domain.

From now on, we assume that I' C PGL,,2(C) is of type L, if not stated otherwise
explicitly. This is our higher-dimensional complex analytic analogue of Kleinian
groups.

Lemma 4.6. G N I({F}) consists of a single point for any normal sequence {0} inT.

Proor. Let {0}, be any normal sequence in I" € PGL,,,,(C) and let {S,}, € GLy{(C)
be any convergent sequence of representatives of {7}, with |[S,| =1. Put S =lim S,.
Let I = [ImS] = I({6,}), K = [Ker S ] = K({5,}) € PN be the limit image and the limit
kernel of {S,}, respectively. If the algebraic set I N G is of positive dimension, then
B = Ujeing €] 1s an algebraic manifold contained in A(I') with dimension more than n.
This is absurd since (I') contains an n-plane which does not intersect B. Hence I N G
is a finite set. Consequently, / N G consists of a single point since it is the set of limit
points of G \ K, which is connected. O

Prorosition 4.7. The limit image 1({G,}) consists of a single point in G for any normal
sequence {0} inT.

Proor. We use the notation in the proof of the lemma above. By the lemma, we have
1N G = {£} for some point leg. Suppose that dim 7 > 0. The linear map S defines the
projection S : PV — K — [. Since G is not contained in any proper linear subspace in
PV, there is a point w € I \ G. The fiber S ~!(w) does not intersects G outside K since,
otherwise, for x € G\ K, we have w = S (x) = lim, S,(x) € G. This is absurd. Thus
GcKus! (2). This contradicts again the fact that the manifold G is not contained in
any proper linear subspace in PV. Hence we have I = I N G = {£}. Thus we have the
proposition. O

THeOREM 4.8. Let {0} be a sequence of distinct elements of I'. Then there are limit
n-planes €;, {x and a subsequence {t,} of {0} such that {t,} is uniformly convergent
to £; on P"*1\ €k in the sense that, for any compact subset M C P>"*''\ {x and for
any neighborhood V of €;, there is an integer mqy such that T,(M) C V for any m > my.

Proor. Choose a normal subsequence {r,} of {o,} such that {7, 1} also has a convergent
sequence of representatives. Let {T,} C GLy+1(C) be the convergent sequence corre-
sponding to {7,}. Put T =lim, 7,. Note that {T}}, T, = ITjI‘lTj, is a convergent
sequence of representatives of {7, '} by (2.4) and (2.6). Hence {t, 11 is also a normal
sequence. Put 7" = lim, T,. By Proposition 4.7, [Im T'] is a single point in &, which
corresponds to a limit n-plane, denoted by ¢;, in P2"*1 On the other hand, since
[Im 7”] is the limit image of the normal sequence {7, 13, [Im T"] consists of a single
point corresponding to a limit n-plane in P?**! by Proposition 4.7, which we denote
by (k. Note that [Im7’]* is the set of points parameterizing n-planes intersecting
{x by Proposition 2.2. Since KerT = (ImT”’)* by Theorem 3.2, and {#,} converges
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uniformly on compact sets in PV \ [Ker 7] to [Im T'] by Theorem 3.1, we see that {7, }
converges uniformly compact on sets on P?"*1 \ £x to ¢;. This proves the theorem. O

In the course of the proof, we have shown the following proposition.

Prorosition 4.9. Let £y be a limit n-plane of I'. Then there is a limit n-plane ., and a
normal sequence {o,} C I such that {o,} is uniformly convergent to £y on any compact

set in P*"*1\ €, and that {0} is uniformly convergent to L., on any compact set in
P2n+1 \50

Next we shall show the following theorem.

TueoreMm 4.10. For a type L group T, A(l') is a closed, nowhere dense I'-invariant
subset in P!,

Proor. To show that A(T') is I'-invariant, we take any point x € A(T'). Since x is on
a limit n-plane, say, ¢y, there is a normal sequence {o,} of I' with I({5}) = o by
Proposition 4.9. Then {0 o o} is a normal sequence with /({6 o 7,}) = 6'(20). Since
the limit n-plane o(£y) passes through the point o-(x), A(I') is I'-invariant.

To show that A(') is closed, let {x,} be a sequence of points of A(I') such that
lim, x, = x for some point x € P>"*!. Let £, be a limit n-plane through x,. By
Proposition 4.9, for each v, we can find a limit n-plane ¢, . and a normal sequence
{0}k such that I({Gyx)r) = ¢, and that the sequence {0t} is uniformly convergent to
¢, on compact sets in P+ \ ¢, .. Taking a subsequence of {¢,}, we can assume that
the £, are all distinct and that {{A”V} and {Z’V,oo}v are convergent in G.

Since {Z’V,m}v is convergent, there is an n-plane £, which is disjoint from the closure
of U, I€y.c|- Take a small tubular neighborhood W of ¢,, which is biholomorphic to the
domain (1.1), such that the closure [W] is still disjoint from the closure of |, [£),cl-

Fix a metric on G and consider the distance of points on G. Let ¢, be the minimal
distance from Z’V to any other 2,, in G. Obviously, lim, 6, = 0. Set

Ns,(£,) = {z € G : distance(z, £,) < 6,}.

Choose k(v) such that .
Gvim([W]) € N5, (€))

and that the o), v=1,2,3,..., are all distinct, where W= {2 eG:{c W} Put
£ =lim, ¢,. Take any 6 > 0. Then there is vy such that Nj (£,) C Ns(f) holds for
any v > vg. Thus, for v > vy, we have é'y,k(v)([W]) C Nj(?). This implies that {0k}
converges to ¢ uniformly on W. Thus ¢ is a limit n-plane passing through x. Hence
A() is closed.

Lastly, we shall show that A(I') is nowhere dense. Let x be any point in A(I'). By
Proposition 4.9, there are n-planes £, £, in P?**! and a normal sequence {o-,} such that
x € £ and that lim, 6-(K) = &, for any compact set K ¢ P¥**! \ £,,. By the property
L, we can set K as a single n-plane ¢ contained in Q(I'). Then, for every neighborhood
W of x, there is an integer vy such that W N o, (€) # @ for v > vy. Thus W contains a
point in Q(I"). Hence A(I') is nowhere dense. O

TueoreEm 4.11. For a type L group T, the action of T on Q(T') is properly discontinuous.
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Proor. Take any compact set M in Q(I'). Suppose that there is an infinite sequence
{0}, of distinct elements of I" such that M N o, (M) # (@ for any v. By Proposition 4.9,
replacing {o-, } with its normal subsequence, we can assume that there are limit n-planes
Lk and ¢; such that {o,} converges uniformly on P?"*! \ {x to ¢;. Since Q(I') has no
intersection with limit n-planes, we see that M N ({; U {kx) = 0. Therefore {o,(M)}
converges to a subset on £;. This contradicts the assumption that M N o,(M) # @ for
any v. O

By Theorem 4.11, we can define canonically the quotient space (I')/T", which we
denote by X(I'),
X =QM)/T.

RemMark 4.12. There are examples of I for which X(I') is not connected. Such an
example can be constructed easily in the case n = 1 by considering a flat twistor space
over a conformally flat four-manifold [7], where every connected component of Q(I)
is large. We do not know, however, whether this is the case for all type L groups or not.

5. Discontinuous group actions on large domains

In this section, we shall show that a large domain that covers a compact manifold is
a connected component of Q(I') of some I' of type L.

ProposiTioN 5.1. Let T be a group of holomorphic automorphisms of a large domain
Q in P! Suppose that T is torsion free and that the action of T on Q is properly
discontinuous. Then I is of type L.

Proor. First we shall prove that I is a subgroup of PGL;,.>(C). By a line we shall
mean a one-dimensional projective linear subspace of a projective space. Since every
line in P?**! has a tubular neighborhood with a smooth convex—concave boundary, the
following lemma follows immediately from a theorem of Ivashkovich [4].

Lemma 5.2. Let L,, v=1,2, be lines in P" (m>2) and let U, be a tubular
neighborhood of L,. Suppose that vy : Uy — U, is a biholomorphic mapping. Then
v extends to an element of PGL,,;1(C).

Lemma 5.3. Let o € '\ {1} be any element and let G € GL;,,,(C) be a representative
of o. Then the inequality
rank (G —al)>2n+1 5.1

holds for any a € C.
Proor. Consider the subspace
V={zeC*™?: (6 -alz=0}

Each point of the projectivized linear subspace [V] c P?**! is fixed by . Suppose that
rank (6 — al) < n. Then dimV > n + 2. Therefore any n-plane in Q intersects [V] and
every point on the intersection is fixed by o. This is absurd, since I is torsion free and
properly discontinuous on Q. Thus we have the lemma. O
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Lemma 5.4." If (5.1) holds for any a € C, then there is an n-plane € such that
ol)nt=0.

Proor. We have to choose a subspace L ¢ C>™*? of dimension n + 1 such that (L) N

L ={0}. Put
p = minrank (G — al).
aeC

We can assume that p is attained at @ = 1 without loss of generality. We put N =6 — [
and then p = rank N. Define ¢ : C***2 — C?"*2 by ¢(z) = Nz. Since p >n + 1 by
the assumption, there is an (n + 1)-dimensional subspace L; € Im ¢. Put L; = ¢~ !(L)).
Then, since dimKer ¢ = 2n + 2 — p, we have dim L; = 3n + 3 — p. SincedimL; = n + 1
and dim Ker ¢ = 2n + 2 — p, we can choose a subspace L C L; such thatdimL =n + 1,
LN L ={0}and L N Kery ={0}. We claim that L is the desired linear subspace in
C?*2_ To verify the claim, we choose X € M((2n +2) x (n+ 1),C) withrank X =n + 1
such that
L={zeC?:z=XuueC}.

Then L N (L) = {0} holds if and only if
det(6X, X) # 0.

This is equivalent to
det(NX, X) # 0.

That L N Ker ¢ = {0} implies that NX is of maximal rank, and that L N L; = {0} implies
that the vectors in NX and X span C?**2. Thus the claim is verified. O

Now we go back to the proof of Proposition 5.1. By the assumption that Q is large,
there is a relatively compact subdomain W c Q which is biholomorphic to U. The
n-planes in W are parametrized by W ¢ G c PV. Since the action of I on Q is properly
discontinuous, the set

S={cel\{l1}:6(W)NnW % 0}

is finite. Let £ be an n-plane in W. For o € S, we have Q(?, é’(f)) = 0 when ¢ intersects
o(f). By Lemmas 5.3 and 5.4, we see that the set

Yo ={{eG:Q,5() =0}

is a proper analytic subset of G. Hence the set
V= W\ v,

is not empty. Take a point & € V. Then we can choose a neighborhood W’ of ¢ which
is biholomorphic to U and satisfies (W )N W’ =@ forall cin § and henceinI". O

!Compare with [10, Lemma 1.6], which is for 1-planes in P".
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TueoREM 5.5. Let Q € P*™*! be a large domain which is an unramified cover of a
compact complex manifold. Then there is a type L group T such that Q(I') contains Q
as a connected component.

Proor. By Lemma 5.2, there is a group I' € PGL;,+2(C) of holomorphic
automorphisms of Q such that Q/T" is compact. Since I is finitely generated, we can
assume that I' is torsion free by Selberg’s lemma. Hence, by Proposition 5.1, I" is of
type L.

We claim that Q c Q(I'). To verify this, suppose, on the contrary, that there is a point
x€ QN A[). Then there are limit n-planes £;, {x such that x € £; and a sequence
{o) of distinct elements of I' such that {o,} converges uniformly on P?**!\ ¢ to
{;. Let € be an n-plane contained in Q. Displacing ¢ a little, if necessary, we can
assume that £ N g = 0. Let K, be a compact neighborhood of x contained in Q. Put
K = K, U ¢, which is a compact set contained in Q. Since {07,,({)} converges to {;, we
see that 0,(K) N K # 0 for infinitely many m. This contradicts the assumption that I'
is properly discontinuous on Q. Thus the claim is verified.

Now Q is contained in a connected component, say, Qg, of Q(I'). Since Q is I'-
invariant, so is €. Therefore, by Theorem 4.11, Q/I" is a connected complex space
that contains Q/T". Since Q/T" is compact, we infer that Q/T" = Qy/I". Hence Q = Q. O

ProposiTiON 5.6. Let X be a compact Kdihler manifold that contains a domain W
biholomorphic to

P2n+1

2 2 2 2
U=A{lzo: - :z2n41] € Haol® + e |zl < lzperl” + -+ lz2pa )

Then X is unirational. In particular, X is simply connected.

Proor. The proof of [6, Corollary 3.1] works also in this case. Take any n-plane £ ¢ W.
Let B be the irreducible component of the Barlet space which contains the point ¢
corresponding to €. Since X is Kéhler, B is compact. Consider the graph

Z={(x,b)e XX B:xe€b}.

Let px : Z — X and pp : Z — B the natural projections. Fix a point o € {. Since B
is compact, we can apply a theorem of Campana [1, Corollaire 1], which says that
p;l(o) is a compact algebraic variety. Hence B, := pB(p;(I(o)) is also compact and
algebraic. Put M := pl‘gl(B(,) and f = Pgly. Then f: M — B, is a P"-fiber space
over a compact algebraic variety B,. By the choice of o, B, is nonsingular at o, and
there is a small open neighborhood N C B, centered at £ and a biholomorphic map
7: f7'(N) - N x P" such that f = por, where p: N xP" — N is the projection.
Let u: M* — M be a desingularization of M that is a succession of blowing-ups.
Here we can assume that g is biholomorphic on f~!(V). Thus we have a fiber space
g:=fou:M"— B, whose general fiber is P".

Lemma 5.7. M* is an algebraic variety.
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Proor. As in [13, Section 12], we consider the direct image sheaf g.O(—Ky-), and the
associated projective fiber space P(g.0(—Kj;+)) over B,. Note that P(g.0(—Ky+)) is
an algebraic space. Since g.0(—Ky) is a locally free sheaf of rank = ,,,;C,+; on a
nonempty Zariski open subset of B,,, we have a commutative diagram

M P.OKy)

g\ Jr
B,,

where 4 is a meromorphic map whose restriction
Hlg1) 2 871 (0) = P(g.0(=Ku))s

to a general fiber g~!(b) is the map defined by the linear system |Op-(n + 1)|. Hence we
infer that dim A(M*) = dim M*. Since P(g.O(—Ky,-)) is algebraic, so is h(M*). Hence
M~ is algebraic. O

Since X = px(M) = px(u(M*)), we see that X is algebraic by Lemma 5.7. Let
v:Y — X be a succession of blowing-ups such that Y is projective algebraic. Let
Jj: U — W be a biholomorphic map. Since any meromorphic function on U extends
to a meromorphic function on P?**!, y=1 o j: U — Y extends to a meromorphic map
P?>*!...> Y. This implies that Y is unirational. Hence X is unirational. O

TuEOREM 5.8. A compact complex manifold that is covered by a large domain in P*"*!
is non-Kdhler, except for P*"*! itself.

Proor. This follows from Propositions 5.1, 5.6 and Theorem 5.5. O

Note that, for a large domain in Theorem 5.8, we assume nothing on its fundamental
group nor on its complement in P>**!, Thus our result gives a slight generalization of
[10, Proposition 1.9] for odd-dimensional projective spaces.

6. Klein combinations

Let Q, c P?"*! v = 1,2, be large domains and let I', C Aut(Q,) be free and properly
discontinuous groups. Put

Ue) = {lzol* + -+ + |zal* < (lzps1l* + -+ + 2201} S PP &> 1,
N(e) = [U(e)]\ Ue™).
Then
o:NE) > NE), olzo: - zniZnet it Zone1)) = [Znw1 10 S 201 1200+ ¢ 2l

is a biholomorphic map. Let j, : U(e) = X, = Q,/I', be holomorphic open
embeddings. Then we can consider the gluing

Xi#Xs = 0\ j1 (U™ ) | ) o\ aUE)
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L1 jI(N(g)) = jo(N(g)) to obtain a new complex manifold. Then

by jooo o ji~
X #X, = Q/T

for some large domain Q C P?+1 and T [6]. Here we have I' ~ T} = I',. X #X, is called
the Klein combination of X| and X,. If the I', are cocompact then so is I" on Q.

The handle attachments can also be defined. In those cases, we have I' ~ T} = Z.
Thus we can get many examples of I" and X(I).

7. An analogue of the Ford region

Fix a system of homogeneous coordinates [z0:z' :---:z%: "1 ... 22"1] on
P71 Putz =(,..., 70, 7" =, ..., 72", and write [7 : 7] instead of [Z° :
it 22 for brevity. Let £” be the n-plane defined by z”7 = 0. Put

E = P2n+l \f”’
and define the projection by
n:E-P, a(:'D)=2".

Then E is isomorphic to Op:(1)®"*D as a vector bundle over P".

7.1. Volume form on E. Take the open covering of E = ngll U,, where
Uy =1{lz : 2’1 €P™ ! : 2" 20} foralll<a<n+l.

On each U,, we define a system of coordinates by

{C’;:% for0<j<n,

Zn
Zn+k
xy==— forl<k<a,
Z
n+k
xhl = fora <k<n+1.
@ s

Then 7|U,, is given by
w0k Ly =X,
On U,, we define

dly=dlON---NdL"
dx, = dx) A--- Adx"

and put
dVy = V=11 + Ixo|H) 2" Vd, AdZy A dxy A dx,,
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where
n

Il = > AP,

=1
It is easy to check that the (2n + 1,2n + 1)-forms dV,, patch together to give a global

volume form
dv=dvV, onU,

onE = P2n+l \g//‘

Lemma 7.1. Consider the projective transformation of P" defined by

B cﬁx” + cg
yi=———— foralll <A,u<m.
Xt + co
Then det C
et
dy' A Ady" = ——————dx! A AdXT,
(cyX* + coymt!
where
co €1 ... Cn
N
g . o
Proor. Put
P=cx'+cy, Q=cuxt, p/l = cﬁx" + cg, q/1 = cﬁx",
where u is summed foru = 1,...,m. Then

dy' Ao ndy" = \(Pdg" - p'PdQ)
A=1

= P2 )\ (Pdg" - p'dQ)

A=1
m m
=P (P N\ dg' + Y (-1 prdQ ndg! A A g AdG ! A N dg”)
A=1 k=1
Define A and A by

Adx' A ANdX" =dg' A--- A dgl,
Adx' A AdX" =dQ Adg A AdgE AdgFt A -2 A dg™

Then

dy' A Ady™ = P_(’"“)((cﬂx“ +co)A + Z(—l)k(cl’jx“ + (:’(‘))Ak)dx1 A Adx™.
k=1
(7.1)
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Note that
(6] .. Cm
...
1 1
on Cm : :
A =det| : : and Ay =det c]f*] ck=t
cyln C% Cl]c+1 Clrcn+1
ct cm
Thus
Cu C1 ... Cn
"o el
cuh + D (=DickAg = det| , =0
k=1 : :
m m m
cr can
foru=1,...,m, and
Co (&} N
1 1 1
m i Cg € oo Cp
CoA + Z(—l) coAr = det| . =detC.
k=1 : :
m m m
cy < cn
Hence, it follows from (7.1) that
dy' A---dy" = PT" D det Cdx' A--- A dx™. o
Y Y

Levma 7.2.! For

A B
g = (C D) € SL2n+2(C)’ A’ B’ CaD S M}’L+1(C)

with det C # O, the pull-back of dV is given by
g*dV — ﬂg<n+1)d‘/,

where
1’ ||

Ilz

)= ——7—"T7""—.
Ko@) = el

IThis is the corrected version of [8, Lemma 3.2]. There was a mistake in the calculation there. The
results [8, Proposition 3.1, Lemma 3.3] hold true. Calculations in the proofs there should be corrected
accordingly, but need no essential changes. Sublemmas 3.1, 3.2 in [8] and their proofs are correct.
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Proor. We write a square matrix M of size (n + 1) as

momd
M = . .
mg ... my
Set @ = n + 1 and consider the projective transformation g on U, = U,,;;. We omit the
subscript n + 1, for simplicity, and write the local coordinates by (Z°,...,Z", x',..., x")
instead of (¢, ,,...,¢", . x}, ..., %", ). Then g sends (/, x*) to (&7, x*"), where

J 1 -14j 1 J
. Shooa@dt + Xy buxt + b,

§h =
Thoo ALt + Xy diwt! + dy)

forall j=0,...,n,

-1 1
, Zheo A+ Yty dixtt! + d

= - forallk=1,...,n.
Yoo Gt + Yo duxtt +

Then, by Lemma 7.1,

n —4(n+1)

n—1
d{'/\d_é”/\dx'/\ﬁz Zcﬁ{’l+2dzx“+l+d;’ déA%Adx/\ﬁ.
=0 ﬂ:()
Hence
2 20 C/jgd + Z”Z(l) dk 1+ dF 2\ 204 )
“dV = \/—_1(1 + = p K )
i kZ:; Thoo AL+ Xizg diw! + dy)
i nl —4n+l) .
D enct e Y v di|  dg AGE A dx A dx
=0 H:O
L& il 2 2mel) .
= V—l(z ZCW + Zd,’jx*‘+1 +d ) d¢ AdE Adx Adx
k=0'1=0 =0

= V=1||CZ + D|*™Vd¢ A dE A dx A dx,

where ¥ = (x!,...,x" 1). Thus
2 A(n+1) " A(n+1)
cv=(iczepm)  =liemipan)
This proves the lemma. O
7.2. F-region. Recall that the norm of u = (uy,...,u,) € C" is defined by
lall = (o + -+ + )72,
The norm of a matrix A = (a;;) € M,,,(C) is defined by the operator norm
llAz]|

lIAll = .
7#0,zeC™m ”Z”
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Let I ¢ PGL,,+2(C) be a type L group, and set Q = QI), A = A(I). Put I'™* =
"'\ {1}. Recall the proof of Proposition 5.1, where it is shown that Y, is a proper
analytic subset of G. That proof shows that, moving the n-plane [/ = {7/ = 0} slightly,
if necessary, we can choose a positive number R such that the set

Ve ={lz' : "1 P* 2 |IZ|| > RIZ"I)}
is contained in Q and that
gVR)N Vg =0 (7.2)
holds for any g e I'*. Every g € I has a representative g € SL,,,+2(C), which we write
as

. _[A; B
8= (Ci Di’)’ Ag, Bga Cg, Dg € Mn+1(C)'

Lemmva 7.3. There is a constant Ry > 0 such that, for any g € T,
(i) det C, # 0, (ii) |4, C; 'l < Ry, (iii) [|C; ' Dyl < Ro.

Proor. We fix an Ry = R that satisfies (7.2). (i) Suppose that det C; = 0. Then there is a
point z on [’ such that g(z) € . Thus g(I"’) N I"”" # 0. Since g # 1, by assumption, this
contradicts (7.2). (ii) The n-plane g(I"") is given by 7’ = AgCéjlz”. Since g(/”)N Vg, =0
by (7.2), we have ||AgC§1|| < Ry. (iii) The equation of the n plane g~'(I”") is given by

7 = —C;Dgz”. We have ||Cg‘1Dg|| < Ry by the argument above. O
Put
Ay ={z=1[2' : "1 € P! ||| < |ICe2 + Dy I},
Ay ={z=1[2/ : "] e P || < |ICe2 + Dy2”II},
L= {z=[ 1 1€ PR = IC2 + D2,
Ag={z=1[:7"]€ P 27| 2 1ICe2 + D2}
and . .
A= A,.
gel™

Derinition 7.4. Consider the set of interior points
F =IntA
of A, which we call the F-region of the type L groups.

This is an analogue of the Ford region in the Kleinian group theory. Indeed, for
some type L groups that satisfy an additional condition (see (%), (#) below), F' will
give a fundamental set of the action of I on Q. Now we put

F = the closure of F in P>"*!,
OF =F \ F.
We consider the set of positive real numbers,
R={lIC;"| : g T},

and consider the conditions on R:

(7.3)
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(%) Risbounded in R; and
(#) R has no accumulation points other than 0 in R.

Remark 7.5. The number ||Cg‘1|| is something like the radius of the isometric circle
of g in Kleinian group theory. The conditions (%) and (#) may depend on the choice
of homogeneous coordinates on P>"*!. But they are preserved under the coordinate
change w = 7(z) of the form 7 = (§ ¢) € PGL5,12(C).

ProposiTiON 7.6. The condition (%) is satisfied if and only if F contains Vg for some
R>0.

Proor. To prove that (&) is sufficient, let p > 0 be an upper bound of R. Set R = Ry + p,
where Ry is the constant in Lemma 7.3(iii). Then, for any point z = [z’ : 7’] € Vg and

any g € ',
2"+ Cg'Dez”Il |||l = Rollz” e
IC; 7] Ic; G
To prove that (&) is necessary, take any n-plane
by:2"=YZ, YeMu(C), [YII<R'
in V. Since ¢y C A, for any g € I'",
IYZ|| < ICez” + D YZ|| (7.4)

for any 7’ € C2. Put
G = (Cy+ DY) (Cy + DgY) = Y'Y = (I + C;' DY) C;Co(I + C;' DY) - Y'Y,

where M* =M.

For Hermitian matrices A, B, we write A > B if A — B is positive semidefinite, and
we write A > B if A — B is positive definite.

Note that G > 0 by (7.4) and that det(/ + C;ngY ) # 0 holds for any Y with
IY]l < min{R~!, R;'} and any g € I'* by Lemma 7.3(iii). Therefore, the inequality

CiCy> (I +C;' DY) ' Y'Y +C,' DYy
holds for [|Y|| < min{R™", R;'} and g € I*. Set ¥ =/, = 1 min{1,R™", R;'}. Then

2
* 2 1y ! 11t
CgCg >t + th D,) (I+th Dy)™ > ZI.

Thus

. [m]

2
<=
IC: <

Lemma 7.7. Suppose that T satisfies (%). Then, for any normal sequence {g,} C T, the
sequence {X, } converges as sets to a single limit n-plane if and only if T satisfies (s).
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ProOF. Set g, = (&' p) € SLau2(C). By the defining equation [|C,2’ + Dy2”|| = 1],
Zg — {[ZI :ZH] c P2n+1 : ZI — (C;lU _ C,Tan)ﬂ, ZI/ — T],T] c S2n+1’ U c Un+l},

where S?'*! is the unit sphere in C"*! and U, is the group of unitary matrices
of size n+ 1. The sequence {C, 'D,} is bounded by Lemma 7.3(iii) and so is
{C, '} by assumption (&). Now consider any subsequence of {g,} such that {C, 1}
converges. Then take again a subsequence such that {C;'D,} also converges. Put
L=-1lim, . C,'D, and G = lim,,, C,'. Then we see that the set I, converges to
the set

Yi={[Z:Z1eP™ = (GU+ L, 7" =n,neS*™ UecU,).

Thus X consists of a single n-plane if and only if G = 0. Here z/ = L7 is the limit
n-plane of {g,‘ll({’”)}. This implies the lemma. O

Lemma 7.8. Suppose that I satisfies (%) and (#). Then, for a € Q, there can be at most
a finite number of X, that contain a.

Proor. Suppose that there is an infinite number of g, € I', n=1,2,..., such that
a € L, . Then taking a normal subsequence of {g,}, we see that a is on a limit n-plane
by Lemma 7.7, since I satisfies (#). This contradicts a € Q. O

Now recall the definition of y, for g € I'". We also define
ui(zy=1 forg=1.
LemmaA 7.9. For g,h €T,
Hiog@) = Hn(8@Hg(2),  z€ P\ (g1 () U (hog)™ ().
Proor. This is easy by Lemma 7.2. O

Lemma 7.10. For any g € T, we have g(A) C A;_l.

Proor. By Lemma 7.9, u,-1(g(z)) = ,ug(z)*'. Since py(z) <1 for z € A, we have the
lemma. O

TueorEM 7.11. Let I’ € PGL,,12(C) be a type L group. Assume that T is torsion free
and satisfies both (%) and (a). Then F has the following properties.

(1) ForgeT, g(F)CF holds ifand only if g = 1.
(2) ForgeTl™, g(F)NF =0 holds.
(3) Forevery z € Q, there is an element g € T such that g(z) € QN F.

(4)  Suppose that the equality w = g(z) holds for some z,w € QN F and g € T*. Then
both z and w are on Q N OF.
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Proor. The following proof is an analogue of [11, pages 33-34].
(1) By Proposition 7.6, F contains a tubular neighborhood W of ¢”’. Suppose that
g(F) c F, Then, by Lemma 7.9,

Hhog(2) = pn(8(2)g(2) < pg(z) < 1

on W for any h. Letting h = g~!, we see that y,(z) = 1 on W. This implies that C, = 0.
Hence g(¢") = £”. Since ¢” is not a limit n-plane, we see that g is of finite order. Since
I" is torsion free, by assumption, we see that g = 1. The converse is obvious.

(2) By Lemma 7.10, we have g(A) C A .. This implies that g(F)N A1 =0, since
F is open. Hence g(F) N F C g(F) N A C g(F) N Ag-1 = 0.

(3) Take a point z in Q. If g(z) € ¢’ for some g €T, then g(z) € QN F by the
assumption (&) and Proposition 7.6. Therefore we can assume that g(z) ¢ ¢”” for any g.
Then p,(z) is defined and hence has a finite-value for any g. By the assumptions (&)
and (), 14(z) < 1 holds for all except for finitely many g € I'. Therefore we can choose
g such that y,(z) is maximal among all g. Then, by Lemma 7.9, we have 1,(g(z)) <1
for any h € T'. This implies that g(z) € A. Thus Q c |J gel g(A) and hence

Q= U gQNA). (7.5)

gel’

We claim that the set QN (A \ F) is empty. To verify this, we suppose, on the
contrary, that a point w € QN (A \ F) exists. Since A\ F is thin in P>™*!, so is
Uger (Q N (A \ F)). Hence, by

o\ Jeh = Js@nd\Js@n Frc| Je@n@\F,
gel gel gell gell

we see that the set Q \ Jger g(F) is thin in Q. Therefore we can find sequences {w,} C
QN F cAand{g,} cT suchthatlim,_ g,(w,) =w. Sincew ¢ dF, {g,} can be chosen
to be a sequence of distinct elements. By Lemma 7.3 and the assumptions (&) and (),
we can choose a subsequence of {g,} such that the n-plane g,(¢"") = {z’ + Cé:;] D7’ =

0} converges to a limit n-plane ¢; = {7/ = L7”}, L = —lim,,_mCé:_l1 D1, and such that

lim, e IIC;}I || = 0 holds. The set A;_l is the image of the map

On - [O, 1] % Un+l % S2n+1 — P2n+1

defined by
o (U - [tC;;l Un - Cg_;l Dgin:nl.

Therefore the sequence {A;’_l } of sets converges to the image of the limit map

@ [0, 11X Uy x S S PP (1,U,n) - [Lnp : 7],
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which is £;. Since g,(£"") C gn(A) C Ac,] holds by Lemma 7.10, {g,(A)} also converges

to €. Hence w is on the limit n- plane fL Since w € Q, this is absurd. Thus our claim
is verified. Now, by (7.5),

o= Je@np).
gel’
This proves (3).
(4) By (2), either z € OF or w € 0F. Replacing g with g~!, if necessary, we can
assume that z € dF. Since z,w € F, us(z) <1 and us(w) < 1 hold for any f e TI™.
Hence, by the equality

1 =p1(2) = pg14(2) = pg-1(8(2))pe (2) = pg-1 (W)itg(2),

we have ug-1(w) = uy(z) = 1. Hence, in particular, we have w € Z,-1. On the other
hand, there can be at most a finite number of Xy with w € £, by Lemma 7.8. This
implies that w € dF. o

Remark 7.12. For type L groups, both conditions (%) and (#) are automatically
satisfied if the series
diee

gel™

is convergent for some constant ¢ > 0.

Theorem 7.11 is useful when we check whether the quotient space Q(I')/T" becomes
compact or not. See examples in Section 8.2.

8. Examples

8.1. Type L groups in general dimension. Suppose that we are given two groups
I, € PGLy,41(C), v = 1,2, of type L which satisfy (%) and (#). Applying a Klein
combination, we can construct another group I' of type L. which is isomorphic to the
free product I'y * I';. In this subsection, we show that, replacing I', with their suitable
conjugate subgroups in PGL,, ;1 (C), we can make I' also satisfy both (&) and (s).

Let F, the F-region of I', with respect to [z] = [’ : Z’]. Let p, > 0 be the numbers
such that ||C; || < p, for all g € T;.

Lemma 8.1. Let a € R be a positive constant, and consider the new system of
coordinates [’ : '] on P***! defined by
éw :az’ g// _a—l ’”

Let a = (“1 9 ;) € PGL2,12(C). Then, for a given number r > 0, we can choose a > 0

so that the following are satisfied simultaneously.

(1) a(Fy N Fy) contains the set V = {||{'|| = r||I{”|]}.
(i) [IC, N<1forallg = (c Dg) cealza™, v=1,2
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Proor. Since F, contains a tubular neighborhood of z”” = 0, there is r; > 0 such that
' = rll2”ll} € Fy 0 Fa.

Choose a > 0 satisfying

a<r'r (8.1)

Take any [’ : "] € V,andset [/ : 2] =a ' ([¢" : ¢”]). Then’ =a'¢" and 77 = al”,
and
12l = a "N > a ' rlig” = a el |l > 127

Hence [7’ : 7] € F{ N F,. This shows that [’ : "] € a(F; N F,). Thus (i) is satisfied
for a > 0 with (8.1).

Let y = (4 5) el Then by g=aye™ =( 4. %), we have |[C;!]| = a*[IC7!|.
Therefore the number a > 0 with

a<p)', v=12 (8.2)

satisfies (ii). Thus it is enough to choose a > 0 which satisfies (8.1) and (8.2). O

Fix a > 0 such that (i) and (ii) in the lemma above hold and replace the original
coordinates [7’ : 7] with [¢ : ¢”], T, with al'ya™! and F, with a(F,). We use
the original notation such as [z’ : z”’], I, and F, to avoid abuse of notation. Let
U, ={llZll < rliz"ll}. Then y(F,) c U, fory €I}, (v = 1,2).

Put o = (9 /) € PGLy,4,2(C), and consider the sets F; and o(F,) as two subsets in
the same projective space P*'*!. Note that the set {r||z”|| < I/l < ¥ HIZ’|I}, 0 < r < 1,
is contained in F; N o°(F,) and that y(c"(F»)) € o7(U,) for y € oTo ™.

Put 7 = ( 1, 1) € PGL,,12(C). Introduce a new coordinate system [w] = [w’ : w”’] by
w=1(2). Putl’} =1 77" and T, = 7(cToo )", Let T be the group generated by I,
and I'}. This subsection is devoted to proving the following theorem.

Tueorem 8.2. T is a group of type L which satisfies (%) and (#) with respect to [w].

Proor. By the construction, we see that 7(F; N o(F»)) is a fundamental set of I'. The
n-plane {w” = 0} has a tubular neighborhood contained in 7(¥; N o°(F3)). Thus, by
Proposition 7.6, it is enough to show that () is satisfied. O

Lemma 8.3. Let £p : w' = Pw” and Ly : w' = Qw” be n-planes in ©(U,) and to(U,),
respectively. Then there is a positive constant K, such that

P -0 MII< K,

where
lina K, =27".

Proor. Take the n-planes €y : 7 = X7 in U, and €y : 7” = Y7' in o(U,) such that
T(€x) = {p and 7(fy) = g, respectively. Then

P=(I+X){I-X)", 0=-(I+VU-Y)".
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Since ¢p N €y = 0, det(P — Q) # 0 holds. Hence
IP-O) =l +X)T = X)" + T+ V)T -Y)")7.
Set

K= sup +XI-X)"+UT+NI-Y)H7.
{IXli<r|IYlI<r}

It is clear that K, is finite for 0 < r < 1 and that lim,_, K, = 27!, This implies the
lemma. O

Any element f € I'* can be written in the normal form [11, page 136].

f=8gn &1

Here either g>j.1 €I}, g2; € I3, or g241 €175, g2j € I'"]. The number m is called the
length of f, which is denoted by |f].

Lemma 8.4. Take any element f € I'*, and write f in the normal form as
f:gm *8m-1-""81-
Then
m
e < & e,
J=1

f:(Af Bf), g,:(Agj ng).
Cf Dy / ng ng

Proor. Setg =g, and h = g,,_1 --- g;. Comparing the components of f = gh gives

where

Cr = CyAp + DyCpy = C4(ArCy' + C; ' Dy)Cy. (8.3)
First, assume that g; € I"}. If g € I}, then |f] = m is odd. Since g~' € T}, we have
g7 (w” =0h) = {w' = =C;'Dew”} C 7(U,).

Since |A| is even, we see that h({w” =0}) = {w’ = AhCZIW”} c to(U,). Since 7(U,) N
70(U,) = 0, we see that det(A,C;,' + C;' D) # 0. Hence Cy is also nonsingular and,
by (8.3),

C;' =G\ (AG;, + C'Dy) ' (8.4)

By Lemma 8.3, it follows that
IAC," + C;' D) ' < K,

Hence, by (8.4),
IC1 < KAC; - 1C; M (8.5)
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If g €I}, then |f| = mis even. Since g~! € I, gl W =0 ={w = —C;Dgw"} C
7o (U,). Since |h| is odd, we see that A({w” =0}) = {w' = A;,C,:1 w”} € 7(U,). Then, by
the same argument as the case g = g,, € '], we obtain (8.5).

Next, assume that g; € I';. If g €I}, then |f| =m is even. Since g' €T},
giw =0 ={w = —Célegw”} C 7(U,). Since |h| is odd, we see that h({w"" = 0}) =
(W = AhC;‘w”} C 70 (U,). Then the rest of the argument is the same as above, and we
obtain (8.5).

If g I3, then |f| = m is odd. Since g le I3, glw”" =0) ={w' = —C;Dgw"} C
to(U,). Since |h| is even, we see that h({w” = 0}) = {w’ = AhC;'w”} c 7(U,). Then
the rest of the argument is the same as above, and we obtain (8.5).

The lemma follows from (8.5) by induction on m. O

ProoF oF THEOREM 8.2 (CONTINUED). It remains to show that I' satisfies (#). By
Lemma 8.1, we can assume that p, <1, v=1,2. By Lemma 8.3, we fix small r,

0 < r < 1, such that K, < 1 holds. Now we shall show that I" satisfies ().
Suppose that (#) does not hold. Then there is a sequence {f,,},, € I'* such that

lim [|C7!|| =& > 0. (8.6)

If there is a subsequence {,,} of {f,,} such that lim,,_,c |h,| = oo, then lim,, . [|C} '|| =
0 follows from K, < 1 and p, < 1, by Lemma 8.4. This contradicts (8.6). Therefore

the sequence {|f;,|},, of lengths is bounded. Let b be a bound of {| f,|},, that is, |f,,] < b
for all m. Write f,, in the ‘extended’ normal form,

ﬁn = 8mb8mb-1"""8m,1>

where g, 7,1 - - &m,1 is the normal form of f,, and g, ; = 1 for |f,,| < j < b. Since both
I and I’ satisfy (&) and (), we can find some k, 1 <k < b, such that {”C;,i_k“}m
contains a subsequence which converges to zero. This implies that the corresponding
subsequence of {||ijml |[},» also converges to zero. This again contradicts (8.6). O

Remark 8.5. A typical higher-dimensional example treated in this subsection is
a Schottky group. Let I' be the infinite cyclic group generated by g = (4 0) €
PGL,,.»(C). Let a; be the eigenvalues of A and let 5 be the eigenvalues 0f B.
Assume that |a;| < |B¢| holds for any pairs («;,fr). Then I' is a type L group,
where Q') = P?"*!1 \ ({z = 0} U {z” = 0}). Introduce a new coordinate [w’ : w”] by
w =7 +7”" and w”’ = -7 + 7. Then T satisfies (%) and (#) with respect to [w’ : w"’].
By successive Klein combinations, we can get type L. groups with (&) and (#) with
respect to some coordinate system.

8.2. Type L groups in dimension three. In this subsection, we shall give three
examples of type L groups. If a finitely generated discrete infinite subgroup I' C
PGL4(C) admits an invariant surface S in P? and never admits invariant planes, then
S is necessarily one of the following: (i) the tangential surface of a twisted cubic
curve; (ii) a nonsingular quadric surface; or (iii) a cone over a nonsingular conic [9].
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Each case has examples of type L groups with (&) and (s). In the cases (i) and (ii),
there are examples with compact connected canonical quotients. The example for the
case (ii) is due to Fujiki [2]. For the case (iii), we have only one example at present,
whose canonical quotient is connected and noncompact, but it has an invariant plane.

8.2.1. Kleinian groups acting on a twisted cubic curve. Fix a twisted cubic curve
C c P3, which is defined to be the image of the map

7: P > P3, T([s: 1]):[s3:s2:s:1].
Then 7 determines a group representation
7, : PSLy(C) — PSL4(C)

such that 7o g = 7.(g) o 7. Explicitly, for g = £(¢}) € PSLo(C), 7.(g) is given by
7.(g) = +7.(g) € PSL4(C), where

a 3a%b 3ab? b3

- a?c da*d +2abc 2abd + b*c b*d

T =42 2acd+ b ad®+2bcd ba? | €SO
Pl 3c2d 3cd? &k

The group PGL4(C) acts on the set of lines in P3, that is, on Gr(2, 4). Using Pliicker
coordinates, we can embed Gr(2,4) into P? = P(A>C*). Since any A € GL4(C) defines
a linear automorphism on A2C* ~ C®, we have the group homomorphism

0 : GL4(C) — GL¢(C).

Let eg =7(1,0,0,0),e; =(0,1,0,0),e, =7(0,0,1,0),e3 ='(0,0,0,1) and e; A ¢ the
linear two-space spanned by {e;, e;}, where e; A e, = —e; A e;. In this subsection, in
the following, we write § = p o 7.(g) € GL4(C), which is well defined for g = +(%5) €
PSL,(C). Then, with respect to the basis

leo Ner,eg Nex,eq Nes, el Nep,er Aes,ex Aes),

in C®, g = p o 7.(g) € GL¢(C) is given by

at 2a°b a’b? 3a°b? 2ab’ bt
2a°c  d?*(ad + 3bc) ab(ad + bc) 3ab(ad + bc) b*(Bad + bc)  2b%d
- 3a*c? 3ac(ad + bc) da>d? + abed + b*c? 9abcd 3bd(ad + bc)  3b°d?
87| 22 ac(ad + bc) abcd ad® + abed + V*¢*  bd(ad + be)  b*d* |
2ac®  *(Bad + be) cd(ad + bc) 3cd(ad + bc) d*(ad +3bc)  2bd?
c* 2c3d Ad? 332d? 2cd? d*

Limit sets. In the following, in this subsection, we let I' € PSL,(C) be a Kleinian
group whose set of discontinuity Qpi contains [1: 0] € P!. Put Api = P'\ Qpi. We
consider the group I' = 7.(I'), which we regard as a subgroup of PGL4(C).
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Let {y,} c " be a normal sequence. Let

a, b, _
gn = (Cn dn) € SIL,(C) foralln=1,2,...

be a sequence of representatives of {y,} such that {c,‘ll gn} converges to a matrix of the
form h = (¥ __”A“) € M5(C), A,u € C, since {a,c,'} and {c;ldn} are bounded (compare
with Lemma 7.3). Put
4~
G, = ¢, T.(gn) € GL6c(C).

Then

#4 _2/1/14 AZ/J4 3/12ﬂ4 _213”4 /14#4

ud AP 222 6% -4 228

G = lmG. = 3t —6Au? 3% 9A%uE -6 3aMu?
- n n — #2 _2/1/12 AZ/JZ 3/12ﬂ2 _213”2 /14#2 .
2 —4au 22%u  62u  —4Bu  22%
1 21 A2 322 223 A

The limit G defines a projection to the limit image
P\H - I:={[u*: 23 3u%: p®: 2u: 1]}
The limit kernel H is the four-plane defined by
{=141€P 14— 24 + B4 + 3003 = 280 + %5 = 0).
Let £, be the tangent line to the curve C at [u : 1]. Then f,, € Gr(2,4) c P? is given by
(3/1260 +2ue; +ex) A (,u3eo + ,Ll2€1 + ey + e3)
= /1460 Aep + 2M3€0 Aey+ 3;1260 A e +uzel Aey+2uel Nes+ ey Aes,

which is nothing but the limit image 7 = [p* : 24 : 3p® : i? : 2 : 1] € P°. Hence ¢, is
the limit image of the sequence {7.(y,)}. Here the limit kernel H N Gr(2, 4) is the set
of lines in P? that intersect the tangent line to C at the limit point 7([A : 1]). Thus we
have the following theorem.

THeorREM 8.6. Let I € PSL,(C) be a Kleinian group. Then
['=7.(I) c PGL4(C)
is a group of type L. The limit set is given by

AD) = [ 1

/IEAl,]
where |€,| is the support of the tangent line €, to the twisted cubic curve at T([A : 1]).

ProrosiTioN 8.7. Let T ¢ PSL,(C) be a Kleinian group whose set of discontinuity
contains the point [1 : 0] € P'. Then the series

N ok

gel™

is convergent for any 6 > 4. Thus I satisfies (&%) and ().
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Proor. By our choice of coordinates on P!, we see that cg #0 for g #1 and
{ag/celg, {bg/Colg, {dg/ce}q are uniformly bounded. Since

C. = agc§ Zagcgdg+bgc§, =3 ag/cg Zagdg/c§+bg/cg
S W 3cd, gl 1 3d,/cq ’

we see that
IC: 1l < Ml det Col™ el = Mic|™

holds for some M > 0. It is well known that, for Kleinian groups, the series . e |cg|‘4
is convergent [11, Theorem II.B.5]. Hence we have the proposition. O

Compact quotients. As an application of Theorem 7.11, we obtain the following
theorem.

Tueorem 8.8. If T is convex-cocompact', then (P* \ AT is compact.

Proor. Let I ¢ SL,(C) be a convex-cocompact Kleinian group. It is known
that every limit point of a convex-cocompact group is a point of approximation
[5, Definitions 4.43, 4.71 and 4.76]. We can assume, further, that I is torsion free
without loss of generality. By Theorem 7.11, it is enough to show that the set F
defined by (7.3) is a compact subset contained in Q(I'). If A is contained in Q(I),
then the quotient Q(I")/T" becomes compact, since F c A and A is compact. Thus it
sufficient to show the following proposition. O

PrOPOSITION 8.9. Any limit line does not intersect A.

Proor. Let £, be any limit line, which is the tangent line to C at 7([A: 1]), A =[4: 1] €
Api. More explicitly, ¢, is given by 7/ = Lz”, where z = [’ : 7] € P and

32 228
Lﬂ:(z/l —/12)‘

Recall that every limit point of I" is a point of approximation. Hence, there is a
sequence {g,,} of distinct elements of " and a constant ¢ > 0 such that

gm(A) — gm(e0)| = 6 (8.7)
for any m. Let

am b
8m = (Cm dm) € SL,(C).

The inequality (8.7) is equivalent to

aud + b, _am 56
cmd+dy  Cy
This implies that
lem(cmd + dy)l <57 (8.8)

Geometrically finite and no parabolic elements [5, page 95].
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Since co = [1 : 0] € Qp1, we know that lim,,,_,, |c,;| = 0. Hence, it follows from (8.8)
that

lim |cpd +dy| =0, lim |cp(cpd + dy)* = 0. (8.9)

m—oo

Again, since co = [1 : 0] € Q(T'), there is a positive constant M such that

aud + b, a,
—| <M, |—|<M.
cpd +dy, Cm
Hence, also
lim |a,A+ b, =0 (8.10)
and
lim |a(cmd + by)?*| = 0. (8.11)
Put

~ Am Bm

Lemma 8.10. limy,—,e0 ||CinLy + Dyl = 0.

Proor. We calculate the components of C,, Ly + D,,. Put C,,Ly + Dy, = (o' 512). Then

21 @22

@11 = Ap(Cmd + dp)? + 2(and + by)cm(Cmd + dyy)

@12 = (@A + by)(cnd + d)? = ampAd(cpd + dp)* = 2(and + by)cnAd(cnd + dyy)
a1 = 3c(cpd + dm)2

@ = (cmd + dp)® = 3cpA(cmd + dy)>.

Then
lim ajj = 0
follows easily from (8.9), (8.10) and (8.11). O

PROOF OF THE PROPOSITION (CONTINUED). Suppose that £; N A contains a point
a=[a:a’] €P3? where @’ = La”. Then,

I(CeLa + Dg)a”|l = la”

for any g € I'. Since a” # 0, this contradicts Lemma 8.10. O

Remark 8.11. The condition that I' should not contain parabolic elements is
indispensable. Indeed, the group I induced by the rank two abelian group I = {7}, 72},
T1(z) = z+ 1, 72(z) = z + i, gives a counter example.

https://doi.org/10.1017/51446788718000344 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788718000344

[29] On odd-dimensional complex analytic Kleinian groups 29
8.2.2. Kleinian groups acting on a quadric surface. Let S € P* be the quartic
surface S : zoz3 — 21220 = 0, and let
g:P'xP' 5§
be the Segre map g([uo : u1l, [vo : v1]) = [uovo : uovy : uyvo : uyvi]. We consider the
case where a subgroup I' € PSL;(C) acts trivially on the second component of P! x P!.
This case was studied by Fujiki [2] and Guillot [3]. Here we shall reprove a theorem

of Fujiki, as an application of Theorem 7.11.
Then the Segre map ¢ defines a group representation

g« : T — PGL4(C),
which is induced by the following commutative diagram.

P xp L p3

gx1] 1 q.(g)

P xp L p3

Explicitly, for g = +(¢ %) € PSLy(C), g = g.(g) is given by
. (aI bl

= dl)ePGL4(C), (8.12)

where [ denotes the identity matrix of size two.

Limit sets. Let I' ¢ PSL,(C) be a Kleinian group whose set of discontinuity Qp:
contains [1: 0] € P'. Put Api = P' \ Qpi and I = ¢.(T).

ProPOSITION 8.12. The limit set of T is given by
A@) = g(Apt x P).
Thus T is of type L and satisfies (%) and (s).

Proor. As in Section 8.2.1, we embed Gr(2, 4) into P> = P(A2C*), and we consider the
group homomorphism
5 : PGL4(C) — PGL(C).

Let g = (% %) € PSLy(C). With respect to the basis
{eo Ner,eg Ner,eg Nes,er Aea,er Aes,en A es)

of A2C* = C°, the matrix

a? 0 ab —-ab 0 b?

0O 1 O 0O 0 O

ac 0 ad -bc 0 bd
G(a,b,c,d) := —ac 0 —bc ad 0 —bd|€ SL4(©)

0O 0 O 0O 1 O

2 0 ¢d -cd 0 >
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represents p(g) € PGLg(C). Let {y,} C I be a normal sequence. Let

a, by _
gn = (Cn dn) e SL,(C) foralln=1,2,...

be a sequence of representatives of {y,}. Since [1 : 0] € Qp1, {c;l gn} converges to a
matrix of the form i = (/ __/l/{‘) € My(C), A, € C. Letting G, = ¢, 2G(ay, by, . d,), we
calculate the limit: that is,

/JZ 0 _/1#2 /1“2 0 /IZ/JZ
0 0 0 0o 0 0
e e 0 - w0 A
G=limG=1" 0 - 0 -
0 0 0 0o 0 0
1 0 -2 A 0 A2

Thus G defines a projection to a single point,
P\H->IT={[p?:0:pu:—u:0:1]},
where H is the four-plane defined by
H={{eP’:{y— A+ A + 145 = 0).
Note that 7 is contained in Gr(2, 4) and corresponds to the line
(ueg + e2) A (uey + e3) = {7/ = uz”} (8.13)

in P, This line coincides with g([u : 1] x P'). That [ satisfies (&) and (a)
follows from (8.12) and the fact that )’ - Icgl‘4 < 400 in the Kleinian group theory
[11, Theorem II.B.5]. O

Compact quotients. As an application of Theorem 7.11, we have the following
theorem.

Tueorem 8.13 [2]. If T is convex-cocompact, then (P* \ AT is compact.

Proor. The outline of the proof is the same as that of Theorem 8.8. As in that proof;, it
is sufficient to prove the following proposition. O

ProPOSITION 8.14. Any limit line does not intersect A.

Proor. A limit line £, is given by 7 = 17" by (8.13), where [A : 1] € P! is the limit point
of T'. Now suppose that there exits a limit line £, such that £, N A is nonempty. Take
apoint [@’ :a”’] € {; N A. Then,by a’ = Aa”’, g = (fif Ziﬁ) and ||C,a’ + Dod”|| > |la”|,

we have ||(cgd + d,)a”|| > |la”’|| for any g € I'. Since a” # 0, this contradicts (8.9). O
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8.2.3. Kleinian groups acting on a cone over a conic. For the moment, we have
only a very simple example of type L in this case. Many discrete subgroups acting on
the cone can be constructed by the method used in [9, page 278]. It is plausible that
some of them are of type L, but their canonical quotients will be noncompact.

ExampLE 8.15. Let I € SL4(C) be an infinite cyclic group generated by

a2 0 0 0
0O 1 O

=10 0 o2 0 for |a| > 1.
p qg r 1

With respect to the basis

leo Aer,eg Nex,er Aey,eg Aes, el Aes,ex Aesl,

we have
o 0 0 0O 0 O
0 1 0 0O 0 O
0 0 a2 0O 0 O
1-ao*
p(gn) = nozz”q mr 0 Can 0 0 € PGL6(C)
a® -1 -1
B o oo
a -1 — a 1
0 1P -na?q 0 0 a
a2 —

This implies that the limit image of the sequence {p(g")}, n — +o00/—c0, is a point if
and only if g # 0. If g # 0, there are exactly two limit lines, which are

fi=egNes and € =e) Aes.

Thus I'is of type L if and only if ¢ # 0. The cone S = {zpz5 — z% = 0} contains ¢; and ¢,,
and they are invariant by I'. Note that the quotient space Q(I')/I" = P3\ {€; U LY/T
contains a noncompact surface (S \ {£; U £»})/T" as a closed submanifold, which is
a C-bundle over the elliptic curve C*/{a). Therefore Q(I')/T" is not compact. The
group satisfies (&) and (#) with respect to a new system [w] of coordinates, such as
Wo=20+21 —22—23,W1 =2 t21+22—-23,W2=20—21 t22+23, W3 =23.
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