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WEIGHTED GENERALIZED HARDY INEQUALITIES
FOR NONINCREASING FUNCTIONS

Dedicated to Professor P.G. Rooney in honour of his sixty-fifth birthday.

KENNETH F. ANDERSEN

ABSTRACT.  The nonnegative weight function pairs u, v for which the operator 7f(x)
= [§° a(O)f(xt) dt maps the nonnegative nonincreasing functions in L”(v) boundedly
into weak L9(u) are characterized. This result is used, in particular, both to generalize
and to provide an alternate proof of certain strong type inequalities recently obtained
by Arifio and Muckenhoupt for the Hardy averaging operator restricted to nonnegative
nonincreasing functions.

1. Introduction. Weighted inequalities for the Hardy averaging operator P and its
adjoint P defined for locally integrable functions f on (0, 00) by

1 x 00 d
P =~ [fwd P = [Tro=, x>0

have been widely studied. Given 1 < p < g < o0, the nonnegative weight pairs u, v
for which these operators are bounded from LP(v) to L9(u) were characterized in [2];
a characterization of the corresponding weak type inequalities were also given there.
Mazja [9] considered the range 1 < g < p < oo.

The operators P, P, and their variants when restricted to nonnegative nonincreasing
functions occur naturally in certain rearrangement inequalities for other operators satis-
fying appropriate weak type estimates, see [4,83.5]. Thus, Arifio and Muckenhoupt [3]
recently obtained boundedness results for the Hardy-Littlewood maximal operator in the
classical Lorentz spaces A,(u) by characterizing, for 1 < p < oo, the single weight
functions u for which P restricted to nonnegative nonincreasing functions maps L”(u)
boundedly into itself. A different characterization for nonincreasing u had been given
by Boyd [5]. Sawyer [12] and Stepanov [13] have extended these results by character-
izing, for various ranges of p and g the pairs (u, v) for which P restricted to nonnegative
nonincreasing functions is bounded from L”(v) to L(u). Neugebauer [10,11] obtained
weighted estimates, including some weak type inequalities, for the restriction to mono-
tone functions of P, P/, and some of their variants.
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The operators P and P’ are particular members of the family of operators T with non-
negative measurable kernel a(¢) given by

Tf(x) = fo *aofayds, x> 0.

The Stieltjes transform, the fractional integrals of Riemann-Liouville and Weyl, and the
Laplace transform are further examples of operators that are either of this form, or are
related in a simple way to an operator of this form.

The main purpose of this paper is to obtain, given 0 < p,q < 00, a simple char-
acterization of the weight pairs u, v for which T restricted to nonnegative nonincreasing
functions f satisfies the weak type inequality

l/q C 00
(1.1) ( /{ o dx) < X( /0 FOPv(x) dx)

for some constant C independent of f and A > O.

Except for special choices of the kernel a(?), a simple characterization of the cor-
responding strong type inequalities seems not to be known. It is a pleasant occurrence
therefore to find that the weak type inequalities can be given a simple characterization
for arbitrary kernels. These are not only of interest in their own right, but can often be
used to derive strong type inequalities by interpolation; this approach is illustrated below
in Theorems 2, 3 and 4.

The main result is the following Theorem. For convenience we use the notation U(x)
= fou()d:, V(x) = [fv()dt, A(x) = fga(t)dtforx > Oand for 1 < p < oo,
P=p/@-D.

THEOREM 1. Let g > 0 and suppose u,v are nonnegative weight functions defined

on (0,00). If 1 < p < 00, there is a constant C such that (1.1) holds for all nonnegative
nonincreasing f if and only if there is a constant K such that

. ) ) 1/p' . o \ /P
(1.2) U(r)'/‘i{(/0 A(x/r)PV(x)“Pv(x)dx) +(/0 a)(fo v) }51(

forall r > 0. The smallest constants Cin (1.1) and K in (1.2) satisfy [(p/)!/Pp+1]7'K <
C < max[1, (p’/p)'/”/]K. If0 < p < 1, there is a constant C such that (1.1) holds for
all nonnegative, nonincreasing f if and only if there is a constant K such that

1/p

(1.3) U visy~\rais/r <K
forall 0 < s,r < 00. The smallest constants C in (1.1) and K in (1.3) are equal.

As usual, in (1.2) and (1.3) products of the form O - co are taken to be zero.
If ¢ (1) > 0 and ®(x) = [§ ¢ (¢) dt satisfies P(x) < oo for all x > 0 with lim,_,, D(x)
= 00, then the generalized Hardy averaging operator P, and its adjoint P’¢ defined by

dt

, >0
o0

1 X %)
Pof0) = 55 | foemar Puf = [~ foe
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are related to P and P’ by P4 f(x) = P[f o @ '](®(x)) and P;f(x) = P[f o @ )(®(x)).
Since the operators P and P’ are given by the kernels a(t) = X0.13(®), and a(t) =
' X11.00)(t) Tespectively, the following corollaries for the case ¢ (f) = 1 are immedi-
ate consequences of Theorem 1 and the general case follows from that by a change of
variable.

COROLLARY 1. The weak type inequality(1.1) for T = Py holds for all nonnegative
nonincreasing functions f in the case 1 < p < oo if and only if there is a constant K

such that
(@ 1y B
1/q P 1/p
(1.4) U@ {(/0 (q)(r)) V(x) v(x)dx) + V() }gK
forallr > 0 while for 0 < p < 1 it holds if and only if there is a constant K such that
(1.5) U v 2 < g
O(r

forall0 < s <r < oo.

COROLLARY 2. If [§°u # 0 and T = P, then the weak type inequality (1.1) holds
for all nonnegative nonincreasing functions f in the case 1 < p < oo if and only if
J§° v(t) dt = 0o and there is a constant K such that

D(x)\” / v
(1.6) U q( / oo(log %) V)™ v(x) dx) <K
forall r > 0 while for 0 < p < 1 it holds if and only if there is a constant K such that
(1.7 U/ 1v(s)="/71og o) <K
O(r

forall0 < r <s < o0.

Note that the conditions (1.2) and (1.3) depend on A rather than a. Thus, the weight
pairs (u, v) satisfying (1.1) for an operator with kernel a; coincide with those satisfying
(1.1) for an operator with kernel a, provided there are positive constants ¢}, c; such that
c1A1(s) < Ax(s) < A (s) for all s > 0. In particular, this is the case for the operator P,
the Riemann-Liouville fractional integral operator Ry, 0 < o < 1, given by

X
Raf@ = x [(x =" 'f(0)di
and the operator L associated with the Laplace Transform given by
_ o0 —t/x ‘it
Lfw = [ e <

This may also be seen directly since elementary estimates show that Pf(x) < Ryf(x) <
a'Pf(x) and e~' Pf(x) < Lf(x) < Pf(x) for nonnegative nonincreasing f.
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Some other features of the weight conditions may also be noted. If ¢ (r) = 1, g = p
and u(f) = v(t) = t*~!, then (1.4) holds if and only if 0 < a < p while (1.5) holds
if and only if 0 < o < p. Thus the simpler condition (1.5) is not in general equivalent
to (1.4). Hence also (1.3) is generally not equivalent to (1.2). Further, it may be noted
that the weight condition (1.4) is closely related to that which characterizes certain weak
type inequalities for the (unrestricted) Stieltjes transformation [1, Theorem 4]. Indeed,
if [f°w(r)dt = oo and p = 1, then (1.4) with ¢ () = 1 is a necessary and sufficient
condition for the Stieltjes transform to map L”(w) boundedly into weak L?(u) where
w(x) = x PV(x)’v(x)! 7. Note also that in Corollary 2, the requirement that [§° v(r) dt =
oo is implied by (1.7) so this is in fact a necessary condition for all 0 < p < oo.

Sawyer [12] obtained his strong type inequalities for P referred to above by consid-
ering the more general problem of characterizing the weight pairs (u, v) for which an
operator of the form Sf(x) = [5° K(x, 1)f(¢) dt restricted to nonnegative nonincreasing
functions maps L”(v) boundedly into L9(x). His main result asserts that this occurs if
and only if a related operator § satisfies a dual inequality with respect to a different,
but related, pair of weight functions. However, except for very special kernels such as
that of the operator P, this latter condition does not seem to reduce to simple conditions
on the weight functions. Lai [7,8] generalized certain results of Neugebauer [10,11] to
obtain conditions for the boundedness of certain operators of the form S restricted to
nonnegative nonincreasing functions and has also given conditions which imply that the
restricted operator is bounded if it is known to be of weak type. The operators considered
there include some, but not all of those to be treated here.

As afirst application of our weak type result, we will obtain strong type inequalities for
aclass of operators T for which A(s) satisfies a submultiplicative condition. In particular,
this class includes the operators P, R, and L.

THEOREM 2. Let 0 < p < 00 and suppose u is a nonnegative weight function
defined on (0, 00). Suppose the kernel a(t) is integrable on (0, 00) and satisfies A(st) <
BA(s)A(t) for a constant Band all 0 < s,t < 1. The following statements are equivalent.

(a) There is a constant C depending on p, a and u such that

(1.8) | i ru de < € [T o ue dx

for all nonnegative nonincreasing f.
(b) There is a constant K depending on p, a and u such that

(1.9) [ A o dx <K UG

forallr > 0.
(c) There is 0 < ¥ < 1 and a constant K depending on p, Y, a and u such that

(1.10) A(s)'PU@t) < K U(st)

forall0 < s<1landt> 0.
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(d) There is 0 < p; < p so that for all ¢ > py there is a constant C depending on g, a
and u such that

C oo
(1.11) (Wdv < /0 £ u(x) dx

/ u
{x>0|Tf()>X }
for all nonnegative nonincreasing f and all A > 0.

Parts of Theorem 2 are known in the special case that a(¢) is nonincreasing. In that
case, the nonincreasing equimeasurable rearrangement (7f)* of |7f| does not exceed
Tf*, so (a) is equivalent to the statement that T is bounded on the classical Lorentz space
Ap(u). Boyd [5; Theorems 3.1 and 4.1] has shown that if u is nonincreasing and 1 <
p < 0o, a sufficient condition for this boundedness is that [§° a(s)h(s) ds < oo where
h(s) = [sup,s, U(t)/ U(st)]'/?. Hence, if (1.10) holds, then

/01 a(s)h(s)ds < K'/P/O' a()A(s) " ds = KMP(1 —v)'A(D)' T < o0

so it follows from Boyd’s result that (c) implies (a) in this case.

The condition (b) was introduced by Braverman [6, Theorem 3] who proved the equiv-
alence of (a) and (b) for 1 < p < oo for kernels a(f) supported and nonincreasing on
(0, 1) satisfying a(st) < Ba(s)a(t) for all 0 < s,t, < 1. Since in this case we have

A = [ " a(tordx = A ' A a(x) dy dx < A ' A " a(yx) dy dx
<B /O /0 " a(y)a(x) dydx = BA(s)A(r)

for all 0 < s,t < 1, it follows that these kernels satisfy the hypothesis of Theorem 2.

For some operators of the form 7', the equivalence of (a) and (b) for 1 < p < oo and
that of (a) and (d) for 1 < p < oo may be deduced from results of Lai, [7, Theorems 3.1
and 3.2] and [8, Theorem 5.3].

On the other hand, for 0 < o < 8 < 1 the kernel a(t) = x(a )(?) satisfies the hy-
pothesis of Theorem 2 with B = (3 — a)~!, but satisfies neither Braverman’s hypothesis
nor those of Lai.

As a second application of the weak type inequalities, we will prove the following
strong type results for Py and P .

THEOREM 3. Let 0 < p < 00 and suppose u is a nonnegative weight function
defined on (0, 00). The following statements are equivalent.

(a) There is a constant C depending on p, ¢ and u such that
(1.12) [ P IPsfOPux) dx < C I * FPulx) dx
’ 0 - Do

for all nonnegative nonincreasing f.
(b) There is a constant K depending on p, ¢ and u such that

oo u(x)

(1.13) | oy

dx < KO(r)™PU(r)
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forallr > 0.
(c) There is 0 < ¥ < 1 and a constant K depending on p, Y, ¢ and u such that

D(st)
D(1)

Tp
(1.14) ( ) U(t) K K U(st)
forall0< s<landt> 0.
(d) There is 0 < p; < p so that for all ¢ > p) there is a constant C depending on q, a
and u such that

(1.15) u(x) dx < —f OO u(x) dx

/{x>0§P¢f(x)>,\} — )\
for all nonnegative nonincreasing f and all A > 0.

For 1 < p < o0, the equivalence of (a) and (b) was proved by Arifio and Mucken-
houpt [3, Theorem 1.7] for the case ¢ (r) = 1 and by Neugebauer [11, Theorem 2.3] for
the case ¢ (1) = +7*,0 < a < 1. Boyd [5; Theorem 4.1 and Lemma 3.6] proved the
equivalence of (a) and (c) for ¢ (f) = 1, 1 < p < o0, under the additional assumption
that u is nonincreasing. Neugebauer [10, Theorem 7.2] proved the equivalence of (a) and
(d)forp () = 1,1 < p < o0. The equivalence of (a) and (b) for 1 < p < oo and that
of (a) and (d) for 1 < p < oo may be deduced from results of Lai [7, Theorems 3.1 and
3.2} and [8, Theorem 5.3].

In view of our earlier remarks, the analogue of Theorem 3 for R, or L may be obtained
by setting ¢ (f) = 1 and replacing P, throughout by R, or L.

The analogue of Theorem 3 for P; is given by the following theorem which shows
that when v = u and g = p, not only do the weight functions for the weak type and the
strong type inequalities coincide, but the weight classes are independent of p > 0.

THEOREM 4. Suppose u is a nonnegative weight function defined on (0, 00). If for
some 0 < p < 00 one of the following statements holds, then they all hold for all
0<p<oo
(a) There is a constant K depending on p, ¢ and u such that

r (r)
(1.16) /0 (1 g&ﬂ) u(x) dx < KU(r)
forallr > 0.
(b) There is a constant K depending on p, ¢ and u such that
_ D(s)
) 1/p 1/p Bl
1.17) U /?U(s) log o0 = K

forall0 < r <s < oo.
(c) There is a constant C depending on p, ¢ and u such that

(1.18) [{ o) u(x)dx < 3 / FPu(x) dx
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for all nonegative nonincreasing functions f and all A > 0.
(d) There is a constant C depending on p, ¢ and u such that

(1.19) [P ruc dx < € [ foopuce dx

for all nonnegative nonincreasing functions f.

For ¢ () = 1, Neugebauer [11, Theorem 3.3] proved that (1.19) holds for 1 < p < oo
if and only if (1.16) holds for p = 1. For related results, see Lai [7,8].

The proof of Theorem 1 is given in Sections two and three; Theorems 2 and 3 are
proved in Section four and Theorem 4 is proved in Section five.

2. Proof of Theorem 1 (Necessity). Consider first thecase p > 1.If [f v(f)dt = oo
for all x > O then the second factor in (1.2) is zero so (1.2) holds. Thus we may assume
that [;° v(#) dr < oo for some xo > 0. We further assume, temporarily, that [§° v(f) dt =
oo and that the kernel a is integrable with compact support in (0, 00). Fix r > 0 and set

00 ’ - 1/p
) = ( [ a0/ ver ™ v dy) :
Then f(¢) > 0 is nonincreasing and Fubini’s Theorem shows that

@1 |7 rayvayde = [ AG/ 7 VoY T v) dy.

Note that our temporary assumptions about v and a ensure that (2.1) is finite. On the other
hand, since A(y/ r) is nondecreasing in y

00 00 f 00 , 1/p
10 = [} awronarz [ aoawy?( [Tvor’ hors)
= (p/)—l/l’ [)oo a(t)A(t)p’/pV(rt)‘p’/" dt
and upon expressing V(rt) /7 as
li’ Oo -7’
=] Voo
and applying Fubini’s Theorem, it follows that

() > ) Pp [ v<y)~P’v(y)(f g "anAwy!? dt) dy
2.2) 0 0

= ) [T A P VOY T Vo) dy.

Thus, with o
A= +6)7 )T | AG/ Y VO T Vo) dy

in (1.1), (2.1) and (2.2) yield (1.2) with K = (p’)’/"pC since 6 > O is arbitrary. This
completes the proof for v and a satisfying our temporary assumptions.
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We remove the assumption on v first. Note that if f§° v(¢) dt < oo, (1.1) with f(¢) = 1
shows that

2.3) (/0 u(x)dx) ([) a(t)dt)SC(/O v(t)dt)

Then, since (1.1) holds with the same constant C if v is replaced by v.(x) = w(x) + ¢,
€ > 0, and since v, satisfies [;° v. = 00, the above argument and (2.3) shows that

wo (a2 ) ()

does not exceed [(p’ ) Pp + 1]C. Since (2.4) is not increased if the term v, (x) is replaced
by v(x), (1.2) follows from the monotone convergence theorem upon letting ¢ — 0.

The assumption on a may now be removed by applying the above argument to the
operator T, with kernel a,(f) = minla(t), n]x Jnn)(D) and then letting n — oo. This
completes the proof for p > 1.

Suppose now that 0 < p = 1 and fix r,s > 0.If V(s) = oo or A(s/ r) = 0 then (1.3)
holds by convention, so we assume V(s) < oo and A(s/ r) > 0. Set f(r) = x(0.5(t). Then
Tf(x) > Tf(r) = A(s/ r) for x € (0, r). Hence (1.1) shows that U(r) = 0 if A(s/ r) =
and

1/p

/p
y c<1+5>( )‘ _Ca+8), oy
vl < S ) oo dr Asn @

ford > 0if A(s/r) < oo. Since § > 0 is arbitrary, it follows that (1.3) holds with
K = C. This completes the proof for0 < p < 1.

3. Proof of Theorem 1 (Sufficiency). The monotone convergence theorem shows
that we need only prove (1.1) for bounded nonnegative nonincreasing f with f(¢) = 0 for
large ¢. Further, since Tf(x) is nonincreasing, it suffices to show that

1/p
3.1 uin'a< = U f(t)”v(t)dt)

for all r with (0,r] C { x > 0| Tf(x) > X }. Thus, we may fix r > 0 with U(r) > 0
and Tf(r) > A.

Suppose 1 < p < oo and (1.2) holds. We may assume that f§°a # O for otherwise
Tf = 0.Set o = inf{ t > 0| A(r) > 0}. Then (1.2) shows that

( /000 a)p'n ( /Ooo v) 2/ o

/ﬂ T AG/ TV T v dy < 00, 1> 1o,

and

Hence

00 , , ) p'—1 00 Raland
h(t) = {/n A(y/r)"“V(y)"’v(y)dy+(l’/”')(/o “) (/o V) }
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is nonincreasing and finite for all > fy. Fubini’s Theorem shows

|7 awhy’ dr = / ) ( / % A/ PPV O) 7 v) dy) dt

(o ()"

= [ A/ 7 Vo v dy

o[ (1)

) ) 1/p
< max([1, p/p]{( A/ V)™ V(Y)d)’)

()Y

o0 / l/p’ ’
(3.2) ([ a(Hh(ty dt) < max(1,(p/ p)V/P1KUG) 9

and hence

by (1.2). Since A is nondecreasing, for ¢t > fy we have

. , o \P/Py-P/P
. - -p /
hy MOS0 {/ﬂ V) v(y)dy+<p/p>(/0 v) }

= @'/ pYT AW V().

Now, integrating by parts and discarding negative terms we have
|7 atpeornay T de < = [7 AWy df oy

and then (3.3) shows that this does not exceed

@/ P! [ Viydfory < @'/ py!" [T Vi dfiny

=@y [ Z fayve) .
Hence
0o 1/p e 1/p

aa ([Tawsornora) T <olp ([T rervod)

Holder’s inequality, (3.2) and (3.4) then show

0 1/p
Tf(r)smax[l,(p’/p>1/P'1KU(rr‘/"( J f(t)"v(t)dy) :

Using this estimate in

v < v qz@
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yields (3.1) with C < max([1, (p'/ p)'/”'K. This completes the proof for p > 1.
Now suppose 0 < p < 1 and (1.3) holds. Integration by parts and (1.3) show that

110) = [~ afomyde < — [~ A dfirn)

o pr WP
<kum ™ [ ( ) v(y)dy) [=df(r)]

and Minkowski’s inequality for integrals shows that this does not exceed

. 1/p
kU o [ orvoras)

Thus y
T, K( oo ?
um' <um' QQ < ;( | oo dy)

so we have (3.1) with C = K.
This completes the proof.

4. Proofs of Theorems 2 and 3. The proofs of Theorems 2 and 3 require the fol-
lowing lemma, the first part of which was proved for the particular case H(r,1) = r/t,
1 < p < o0, in [3, Lemma 2.1]; a different proof was given in [11, Theorem 2.4] for
0 < p < oo. The proof given here is quite different than either of these and seems to be
more direct.

LEMMA 1. Suppose H(r,1) > 0 is defined and measurable on { (r,t) | t > r > 0}

and satisfies:
(i) H(t,t) < H, for a constant Hy and allt > 0,

(ii) H(r,t) is nonincreasing in t fort > r,

(iii) H(r,t) < H, H(r,s)H(s,t) for a constant H, and all 0 < r < s <.
If 0 < p < 00 and u is a nonnegative weight function defined on (0,00), then the
following statements are equivalent.

(a) There is a constant K depending on p, H and u such that

@.1) / * H(r, 0P u(t)dt < K UG

forallr> 0.
(b) There isd > O such that for all py > p — b there is a constant K depending on
p1, H and u such that

(4.2) / * H(r, 0y u(tydt < K U(r)

forallr > 0.
(c) There is 0 < Y < 1 and a constant K depending on p, ¥, H and u such that

4.3) H(r,t)"?U(t) < K U(r)
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forallt > r> 0.

PROOF OF LEMMA 1. We begin by showing that (a) implies (b). Suppose (a) holds.
Then, if p; > p, since (i) and (ii) show that H(r,t) < H, for ¢t > r, it follows from (4.1)
that

o0 —_
/ H(r, 6y u(tydt < H" PK U(r)

for all »r > 0 so (4.2) holds for p; > p. It remains to show that (4.2) holds for some
p1 < p.Fix r > 0 with U(r) < oo. Then for 0 < é < p (4.1) and (ii) show that
SR H(r, x)P 7 u(x) dx < oo for all R > r with H(r,R) > 0. Integration by parts shows

R
/r H(r,x" " u(x) dx
— H(r,n™® / * Her P u(e) dt
+ / N ( / ® Her, 0P (o) dt) dH(r,x)™?

and in view of (iii), after replacing H(r, t) in the inner integral by H, H(r,x)H(x, 1), (4.1)
shows that this is bounded by

K {H(r, N U(r) + H, / ® Ux)H(r,xy dH(r,x)? }

and a further integration by parts in the last term shows that this does not exceed

4 P
K { (1 + M)H(n P UGy + 120 / * HOr 0P u(x) dx} .
p—0 p—20Jr

Hence (i) and (iii) yield

R 5
/ H(r,xy ™ ux) dx
i
<K { (1 + 6 HyHy
< =35
since H(r,r) > H(r,R) > 0 and (iii) show that H(r,r) 2 H; L Transposing the last term
and letting R — oo yields (4.2) with p; = p — § provided 0 < § < p/ (1 + HyK). This

completes the proof that (a) implies (b).
Now for ¢t > r > 0, (ii) and (i) show that

H56
p—=6

)Hg UGr) + / * HOr P~ u() dx}

H(r, 5P U(t) < H(r, 1 U(r) + H(r, 1" / " u(x) dx
< H(r, P U(r) + / " H(r, 0P u(x) dx.

Thus (i) and (4.2) yield
H(r,nP'U(r) < (HY' + K)U(r)

so (b) implies (c).
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Finally, if (c) holds, then

/ * H(r, P u(tydt < [KUPH]'? / U@y ey di

<k 2y
1—7

so (a) holds.
This completes the proof of the lemma.

PROOF OF THEOREM 2. Note first that H(r, t) = A(r/0,t > r > 0, satisfies the
hypothesis of Lemma 1 with H; = A(1) and H, =

Now, if (a) holds and r > 0, we obtain (b) by choosmg f(® = x.n(t) and reducing
the range of integration on the left of (1.8) to (r, 00).

Lemma 1 shows that (b) and (c) are equivalent.

Suppose (c) holds. We shall show that (d) holds with p; = 7Yp. Suppose ¢ >
max[1,Yp]. Then

A/ n? U@ Y ue de < (KUGY1/ 0P [TUG P dx

= K7/ 0Py p(g — 1)/ (g —Yp)U(RH' 7

SO

o0 , , l/ql o0 o0 _l/q
U(r)'/q{(/o A(x/ r)? U(x)“’u(x)dx) +(/0 a)(/o u) }

is bounded by

o \7 1/d
(Kq/””)w(q—1)/(q—7p)+(f0 a) /(q’—l)) +[Ta

Hence Theorem 1 shows that T satisfies (d) in this case. On the other hand, if Yp < ¢ < 1,
Lemma I shows that (1.10) holds with v p replaced by ¢q. Hence Theorem 1 yields (d) in
this case also. Thus, (c) implies (d).

Finally, if (d) holds, then (a) holds by an application of the Marcinkiewicz interpola-
tion theorem.

This completes the proof of Theorem 2.

PROOF OF THEOREM 3. The proof is entirely similar to that of Theorem 2 except
that now in the proof that (b) implies (c), Lemma 1 is applied to the function H(r,t) =
®(r)/ ®(1),t > r > 0, and in the proof that (c) implies (d) an appeal is made to Corol-
lary 1 rather than to Theorem 1. The details are omitted.

5. Proof of Theorem 4. The main ingredient of the proof is the following lemma.
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LEMMA 2. If for some 0 < p < 00 (1.16) holds, then (1.16) holds for all p with
0<p<oo

PROOF OF LEMMA 2. Suppose (1.16) holds for p = pg > 0. Then for 0 < p < py
r ()’ r ()"
— 7 < 7
/0 (log (D(x)) u(x)dx < /0 1+ (log (D(x)) ]u(x)dx
<(C+1) [ u dx

(5.1

50 (1.16) holds for 0 < p < po. Now, let 0 < § < min[1,py]. For 0 < x < r achange
of variable shows that

(@MY @0\ dr () )"
/ (logg(g) (l"ga(x_)) 60 g5 = BO.po+ 1)l (D(x))

where the Beta function B(§,po + 1) = I'(6)['(po + 1)/ (6 + po + 1). Hence Fubini’s
Theorem and (1.16) show that

’ &(r) po+d
/O(IOg a@) u(x)dx
_ o @O T @\ dr

o DO T dt
<BE.po+1)7'C [ (1og ;,;(t—)) (fuax) s 5

d(r)

§
= [5B((5,p0 + I)JilC/O (log a'cx—)) u(x)dx

<[6B®,po+ DI 'C(C+ 1)/0r u(x) dx
where we have used (5.1) with p = § to obtain the last inequality. Thus (1.16) holds for

p = po +9. Iterating this argument shows that (1.16) holds for all p > py and completes
the proof of the lemma.

PROOF OF THEOREM 4.  We first prove the equivalence of (a) and (b). Fix p > 0 and
suppose (1.16) holds. Then for0 < r < s

)\ [ (@)Y
(log @) /0 “(x)dXS/O (log m) u(x) dx

s D(s)\’
S/o (log 3(5) u(x) dx

§C/(;u(x)dx

s0 (1.17) holds. Conversely, if 0 < € < p, (1.17) shows
r o)\ ol [T Y
i (log @) u()dx < €0 ['TUE)/ U1 Putx) dx
= (p/ )C U
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so (1.16) holds for p — ¢, and hence by Lemma 2, also for p. Thus (a) holds if and only
if (b) holds.

Now suppose (b) holds. If 0 < p < 1, (1.17) and Corollary 2 show that (c) holds. If
1 < p < 00, then since (1.17) also holds for p; > p,

oo 4 ’ ’ o0 / ’
/ (log%) U@ " u(yde < P / W@/ UOF!7 Uy u(t) de

=1 —p'/p',)_lC”'/”‘ U ?»

so Corollary 2 shows that (c) holds in this case also. This completes the proof that (b)
implies (c). Conversely, if 1 < p < 00,0 < t < r, and (c) holds, then Corollary 2
shows [5° u(x) dx = oo and hence

@ » . ® % ) p/p
(log %) U = (% / (log L’;) UG u(x)dx) U

O(t
[i, ® D) ’ -7 )p/pl
= ( P [ (10g (D(t)) Ux)Pu@dx)  UNU@

p, o d(x) 14 . p/p
< (;/t (10g ?D_(t—)) U(x) pu(x)dx) Uu@nu(r)

<@/ pr/TKUG)

again by Corollary 2, so (1.17) holds. Since for 0 < p < 1(1.17) and (1.7) withv = u,
q = p coincide, this completes the proof that (c) implies (b).

Finally, since we have shown that (a) and (c) are equivalent, if (c) holds then by
Lemma 2 it also holds for all p > 0 and hence the Marcinkiewicz Theorem shows that
(d) holds. Since (d) always implies (c), the proof is complete.
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