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0. Introduction. A general theory of Hankel forms over domains in one or
several variables has been set forth in [6]. In [7] the study of Hankel forms over an
annulus in the complex plane C was begun. (An extension of the results of [7] to multiply
connected domains was given in [4].) The present paper amplifies the results of [7] in
various respects. First of all we define and study more general Hankel forms associated
with a one parameter family of projective structures on the annulus. This displays several
new features. For instance, we are now dealing with quadratic integral metrics which do
not correspond to integration of the square of the function with respect to a weight.
Furthermore, whereas in [7] essentially only the issue of the boundedness of Hankel
forms was studied, we obtain here rather satisfactory S,-results, even for 0 <p <1. The
question which remains is, of course, to which extent all this extends to multiply
connected domains (or more general (open) Riemann surfaces).

The plan of the paper is roughly the following.

Section 1 gives preliminaries on projective structures in general.

In Section 2 we then specialize to the case of an annulus Q = Qg = {z:1<|z| <R}.
In particular, we single out a one parameter family of projective structures on Q. To any
of these projective structures and an integer “order” « =0 there corresponds an integral
metric. Up to equivalence of norm these spaces for a given « do not depend on the
projective structure and we get the usual Dzhrbashyan (or weighted Bergman) spaces
Acr,2 - Aar,2(g).

In Section 3 we study the boundedness of the corresponding Hankel forms.

Section 4 is devoted to the S,-theory, 1 =p <o,

In Section 5 we prove a decomposition theorem for the spaces A**(Q2). In this as
well as in the previous Section we largely follow the general scheme layed down in the
work of Rochberg (cf. [11], [12]).

With the aid of the latter we can then in Section 6 extend the results of Section 4 to
the case 0<p <1. However, for technical reasons we require here the restriction
a+2>1/p.

Finally, in the last Section we study the case when the order « is non-integer (>—1).
Here our result are somewhat less complete.

Note that in order to keep the paper within reasonable size, we have been forced to
omit many technical details. Thus, some of our proofs are mere sketches.

1. Preliminaries on projective structures. Let us say a few words about projective
structures in general. Let Q be any Riemann surface. A projective structure on £ is given
by a covering of Q by open subsets denoted U, U’,... together with corresponding
coordinate functions denoted £, &’,...: in the overlap UN U’ of any two of these
open subsets it is assumed that the corresponding coordinate functions {, {' are related
al+b
ct+d

by a fractional linear transformation, i.e. {’' = with ad — bc = 1.
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RemMARK. For the reader’s convenience we add here also a few informal words
concerning the language of holomorphic line bundles. We say that we have a holomorphic
line bundle £ over our Riemann surface Q if there is given a covering of Q by open
subsets denoted V,, V,, ... and non-vanishing holomorphic functions g,,, . . . (“transition
functions”) defined in the overlaps VN V,,. .. ; it is required that g,58,3=83,.... In
other words, these data determine an element of the cohomology group H'(Q, 0%),
where 0 is the sheaf of germs of non-vanishing holomorphic functions on . In
particular, it follows that any two holomorphic line bundles can be multiplied with each
other, which again amounts to multiplication of the respective transfer functions. The
fiber &, of & at a point z € Q consists of all collections of complex numbers x,,x,,. ..,
which are related by relations x; = g,,(z)x,,. ... Thus a (holomorphic) section s of § is
determined by a family of holomorphic functions s,,s,,..., defined in V|, V,,...
respectively, such that s, =g,5,,... in the overlaps VN V,,.... As an example of a
holomorphic line bundle, we mention the canonical bundle x of Q. In this case, we can
take the covering V;, V,,... to be coordinate neighborhoods z;,z,,...; if any two
coordinates 2z, and z, are related by an equation 2, = (p(zz) we take the corresponding
transfer function to be g, = ¢@’'. If we consider k* then we have instead to take
g1 = (@')?, and similarly for higher powers k™. Sections of k™ are known as (differential)
forms of degree m. For more details concerning these matters see e.g. [2].

Continuing the main discussion, a general method of generating projective structures

is to give a second order differential operator on Q. Let it be given, in terms of a general
2

d
local coordinate z, by L= i ——+4q(z). If n, and 7n, are any two independent null

solutions, then a projective coordinate is obtained by setting { = We agree that
N2

solutions of Ln =0 transform like sections of the inverse of a spin bundle A over Q (a
square root of k, so that k*=2). If w is another local coordinate related to z by the
equation z=@(w), then 6(w) = n(@p(w))g’'(w)™"* is in the kernel of the operator L, =
T 2+q1(w) where

(W) =q(w)(@'(W))* + {@, w}
and

(g, w}E g’ (w)”z—[qo (w)™*?@"(w)] (Schwarz derivative).

The operator L may be viewed as the second Bol operator. One can also introduce
Bol operators of higher order. The null solutions to the uth order Bol operator L, are, in
terms of the projective coordinate &, precisely 1, &, £,..., *7', and, in terms of z, they
are n4~ %, n %, ..., n¢"". Now they may be viewed as sections of A'™*. Thus the
operator reads

da* . d* ar?
E‘ respectively E_"+A2d Tt T A
where A,,...,A, are certain “universal” polynomials in g and its derivatives [3]. It is

clear that Ly=d and L,=L.
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From the above it is clear that the projective structures on a given Riemann surface
Q form an affine space over the vector space of quadratic differentials (sections of x%).' If
we have two different second order Bol operators then their difference is a quadratic
differential. We obtain a vector space by selecting as base point the projective structure
which corresponds to the universal cover Q of Q.

ExampLE 1. Assume that Q is compact of genus g. Then this space is finite
dimensional. Denoting its (finite) dimension by d we have (in view of the Riemann—Roch

theorem)
0 ifg=0
d=141 ifg=1.
3g-3 ifg>1

2. Projective structures on an annulus. Integral metrics. Let now Q be the annulus
Q= {z:1<|z| <R} in the complex plane C. It is natural to consider together with it the
universal cover Q of its Schottky double Q. This amounts to introducing a ““uniformizing”
parameter u given by z =e~" We are interested in those projective structures on
which come from this universal cover. We know (Section 1) that a projective structure on

any Riemann surface is determined by its second Bol operator L,. In the case at hand we
2

d

thus have L, = I + g (g = constant). The corresponding nuli solutions are (unless g = 0)
u

n=e’ " and n,=e~ V"7 It follows that the corresponding uniformizing parameter is

C L3 2V qu

=—=¢

N2

ExampLE 2. The universal cover Q of Q itself corresponds to

C _ Zin/log R _ ei:t log z/log R _ ein(—iu)/log R nullog R'

=e
It follows that in this case
2

n n
2V—gq=—— o = ——
T 10grR °" 97 "40gR)

ExampLE 3. Consider the projective structure corresponding to the ‘‘circular”

realization of Q (=the given one). Then the Bol operator is, using z as a parameter,
2 2

1
L2=E or, passing tou, L, = +Z , thatis, g = 4.

du?
ExampLE 4. The case g = 0 corresponds to the universal cover of the double.
The higher order Bol operators are, using the parameter u, given by

p—1

Lo=T1 [+~ V=qtu-1-20)].

k=0
!'Strictly speaking, this formulation is not entirely correct. To render this statement correct we must

interpret the word “projective structure” in a stricter sense, a projective structure in the previous sense +a
choice of a spin bundle.
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RemMark 1. Occasionally, it is also convenient to use, besides u (the degree), another
two parameters a = ~ 1 (the order) and v = u + 1 (the weight). Thus, in terms of «,
p=a+l, v=a+?2
and, in terms of v,
a=v-—2, u=v-—1
The most natural parameter is perhaps the weight, because the weight is additive when
forming tensor products. (In Berezin’s theory of quantization (see e.g. [1], [8]) the

inverse of the weight has the interpretation of “Planck’s constant’

1 1 . .
=212 ) The table below summarizes the two most important cases.
vV «a

’, that is, h=

TABLE

order o

degree u

weight v

Szegd

-1

¢

0

1

Bergman

0

2

1

We can define an integral metric by requiring that

.o Lie

Let us make this more precise, noting that the same definition makes sense also,
more generally, for multiply connected planar domains (not only for connectivity two).

First of all, f and g are viewed as (holomorphic) sections of A**! (forms of degree
u+1
o

r “diﬁerentials”) so that, in particular, F = L;'f is a section of A'™* (form of

2
F(z)(dz)~ @D g(z)(dz)**D?, being a form of degree 1, extended over any path c, is
well-defined. It depends, however, if u is odd, on orientation. Let z = ¢(f) be any
parametrization of c. If u is even (o odd) then the integrand is

0]

o) el

ldz|

degree or “integral”). Then the integral of Fg, that s, of

FE@RGO)

and if p is odd (« even)

® Et;>(y+1)/2

In the case at hand we have to integrate over the boundary 3Q which consists of two
circles 'y = {z: |z] =1}, g = {z: |z| = R}. If pu is odd they have to be taken with opposite

FEOEGO)( ] @) d
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orientation. To begin with, let us consider any concentric circle I', = {|z| = r} (r > 0) with
the paramemzatlon z= (;o(t) =re" (that is, u=—t+ilogr). Then @'(t)=ire”, @'(t)=
—ire™" so we find the integrand Fge ™" dt in both cases.

To proceed, we must give a meaning to L;'. We begin by discussing the kernel of
L,. We observe that

L#(eimu) — U“(m)eimu’

where we have put
Uu(m) =1 (im + V-q(a - 2k)).
k=0

This is a polynomial of degree u = o + 1 in m satisfying the symmetry condition
Uu(_m) = (_—1)6Uu(m)

This reflects the fact that L, intertwines with the actions of the automorphism group
AutQ on “integrals”. The latter group is generated by the following two types of
transformations:

1° rotations about the origin (z — ze’®),
2° inversion about the cnrcle I“\/— (z=R /z)

ReMARK 2. If we employ the parameter z instead of u we have the canonical basis
{z"},cz. Then z"(dz) ®~ Y7 corresponds to e '~ W=DD(gy)~=D2D=12 ,pq
z"(dz)™*V7? corresponds to e+ (#+ D) (g yH+DZi~w+D2 1t follows that

L, (") = Z,(n)z",

where now
o

Z,(n)= H (n +g+i\/—_q(a/—2k)).

The symmetry condition now reads
Z,(-n)=(-1)Z,(n+ a+2). 1)

From this we can in particular read off that the kernel (we are only interested in
global solutions) is spanned by all functions z”** such that Z,(n) #0. If ¢ <0 (and below

+1 +2
we will concentrate on that case) we see that Z,(n) =0 iff n = —“—2— =T Then
+1
L' is well-defined except when n = _FT :
2 u+1
(P iy AAES)
o Z,(n) g 2
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. . +1 e . .
As p is an integer, n = _E can occur only if u is odd, that is, « is even. We now find

(z",2")y = 0pp | 2"*¥2"/Z,(n)
aQ

= 6"",( RN+y.ei(n+u)are—-intRe—iul dt + (_1);4 ei(n+u)te—inle—im dt)/Z“(n)
I‘R r

R2n+u+1_ (_1)u+1— R2n+a'+2__ (_1)a+2

= ‘Snn’ 6nn’

Z,(n) - Z,(n)
. - p+1l
As Z,(n) is real for all n and positive for n> T we conclude from (1) that the

metric is positive definite. In particular,
lz"|l5=(z", 2"), >0.
Finally, we complete the definition by putting (if ¢ is odd (« even))
i R¥+e+2_q 2log R
im = ,
n——(a+2)2  Z,(n) (V=q)*(a!!)?

where all=e. (¢ —2)..... 4.2.
Every function f can be uniquely written as f =f, + f_ + cz~®*"?2 where f, contains

|z~ 2 =

i +1 ) ) +1
only terms z" with n > _E and f_ contains only terms z" with n < — £ and cis a

constant. (Unless u is odd (a even), the last term is absent.) Thus

(u+1)2 (u+1)2 (u+1)r2 dz)\(#r D
f(dz) =f,(dz) +f-(dz) +el7 :

Introduce (radial) measures #, and #_ on Q,={0<|z|<R} and Q_={1<|z| <}
respectively, with densities
w,(z) = C(~1)%r*sin*(2V—qlogr —2V—q log R) — (if r <1)Cr®sin*(2V—q log r)
and
w_(z) = Cr®sin*(2V—q log r) — (if r > R)(—=1)*Cr®sin“(2V—q log r)
respectively. C is a constant which will be determined later (see (2)).
Cam. |Ifli=fa, lfel? dls + fo_|f-]? dM_+|c|.

ExampLE 5. If 2V—q . log R = & then M, = #_ (both measures are concentrated on
Q and coincide) with the density

!
w(z)=Cr" sin“(n o8 r>.

log R
This is the only case when such a coincidence occurs. This, incidentally, disproves a

previous conjecture made by us [10]. In what follows, we will refer to this case as the
“weighted” case.

https://doi.org/10.1017/50017089500008314 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008314

HANKEL FORMS 253

Proof (of claim). 1t is sufficient to consider ||z"||%. The case n=— is easy so

+1 +2
consider e.g. the case n = _u_z_ = _aT = —g. We have

R
f |z dM,=C. <[ r** . r*sin®*(2V—gqlogr —2V—qlog R)r dr
Q 0

1
- (—1)"[ r¥ . r%sin“(2V—gq log r)rdr) . 2.
0
Consider the last integral first. We have

ei2\/;logn _ e—i2\/:logn -1 1\¢ & o
sin“(2‘ /_q lOg r) = ( ) — (E) Z (_1)k(k) et?ﬁlogr(ur—Zk)
1

2 ~ —
Fi2V=4(a—2k)
so we find
dar
C 2 < ) 1k< )J' 2(n+(a+2)2)+i2V —q(a—2k)
(3) 2 D v :
1\* & 1
=C.n:<—) 2(—1)"( )
20/ (= k +2
k=0 + 2554 Ve g(a - 2k)

Now we invoke the following polynomial identity.

LEMMA.

alY® < (—l)k(a) 1 .
M x+ky *=° kX kY

k=0

Our integral becomes

C. n(l)"’ a! (—2iV— ) C.n:.oz!(v—q)‘”
2/ & V4
Y Mn +————+ iV—q(a-2k) w(m)
k=0
. .
or simply , if we fix the value of C by
Z,(n)
Cl=n.a (V-9* )]

2n+a+2

In the same way we determine the first integral as .
Z,(n)

Comparison with the previous formula for ||z"|| completes the proof in this case. The

p+l,
case n < — is similar.
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3. Boundedness of Hankel forms. Let us fix a projective structure on the annulus
Q=Qg={z:1<|z| <R} and an integer u. We can then consider Hankel forms of the
form ‘

To(f.8)=(fg,b)u ®)

where ' +1=2(u+1) (or o' +2=2(a +2) or again v' =2v). The analytic function b
is its symbol. We ask when T, is bounded on the Hilbert space A**(Q) equipped with the
metric ||-||, (all these norms are equivalent irrespective of g <0). As we can write down
explicitly the reproducing kernel K(z, w) in A**(Q) and work out its weak factorization
(cf. [7] for details) a necessary condition is

b(z) = O(K(z, 2)). (4)

To prove the converse we will use the representation of the metric given in Section 2,
along with some simple facts about Besov space theory (see [9]).
Assume thus that (4) is fulfilled and let f, g € A**(Q). We wish to prove that

o (£, N =CIIfll. gl (5)

where C depends on b, g, u, R. Set h =fg. Then by Section 2 (see the claim) we have
formally

I,(f,g)=| b.h,dM,+ | b_h_d#M_+ remainder,

Q. Q_

where b=b, +b_, h=h, + h_ and the “remainder” involves only the Taylor coefficients

+1 1
with exponent BT Let w(z)=r Sin(ToE%J) = Euclidean dist(z, Q). Then (see [7])

2
K(z,2)~ _ 1t
2 w(z)“”
so that (4) is equivalent to
1
por=0(=1 )
(Z) 0 w(z)a+2 (6)
Similarly by Schwarz’s inequality,
. @) @) dxdy=C 1 Nl )

If we can prove that the functions b, and b_ are subject to the estimate (6) and, similarly,
that &, and h_ satisfy (7), clearly (5) will follow.

To this end we have also to invoke the quasi-Banach spaces A%?=A%P(Q)
(0<p <=, o> —1), corresponding (if « +2>2/p) to the quasi-norms

(T B

if «a+2=2/p we must use instead a derivative of f of sufficiently high order in the
definition of the corresponding quasi-norms. Clearly, by what has been said, the norms

https://doi.org/10.1017/50017089500008314 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500008314

HANKEL FORMS 255

[Iflla.2 and ||f]l,, (for u or a fixed) are equivalent, so that this definition agrees with the
previous one if p =2. Our basic observation is now that a holomorphic function defined
in Q belongs to A*?(Q) iff its distributional boundary values (traces) on the circles 'y and

I'; belong to the Besov spaces B,?(I'x) and B,”(I';) respectively, where s=—1——
p

a+2 L . .
— But the projections f — f, and f+— f_ are continuous in any Besov space B} “(T’,).

This concludes our argument.
Altogether we have now established the following theorem.

THEOREM. The Hankel form I, with symbol b, corresponding to some projective
structure on the annulus Q, is bounded on the Hilbert space A**(Q) iff b(z) = O(K(z, 2)),
where K(z,w) is the reproducing kernel in A**(Q).

This generalizes the main result in [7] (the “weighted” case 2V —gq.log R = &, see
Example S in Section 2).

REMARK 3. (Alternative approach) The boundedness of a Hankel form can also be
proved along the following lines. We observe that if we have any integral metric which is
rotation invariant, then the Hankel form I', with symbol b formed with this metric
formally can be written

L(f.8)= X , N(n + m)b(n + m)f (n)g(m),
mme

where N(n) = ||z"||* depends only on the metric. Therefore the symbols of one and the
same Hankel form? but corresponding to different projective structures differ from each
other only by a multiplier transform. Therefore, the question of boundedness of a Hankel
form corresponding to a given projective structure is, in principle, modulo a question of
the boundedness of an appropriate multipler transform in Besov space, reduced to the
“weighted” case.

4. Hankel forms in §,, 1<p <«. The following theorem will be proved in this
section.

THEOREM. For 1<p <o, T, (considered as a form on A**(Q)) is in the Schatten
classes S, iff b e A*P(Q), with &' +2=2(a +2).

First we consider the “weighted” case, i.e. 2V—gq . log R = . Then we have (up to a
constant)

Nuf.0)= | BEY (@g)e” @) dm(e)

with dm(z) = dx dy. As in [6] (see especially Appendix 1), it readily follows that
beA*P>T, €S,

2 Remember that from the abstract point of view (cf. [6]) the characteristic property of a Hankel form is
that its value for given argument functions f and g depends only on the combination f. g.
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Indeed, in the case p =1 we can use the same argument as in the Proposition on p. 132 of
[6], while the case p = is in Section 3 of the present paper. We note also that
reproducing kernel of A*? is given in [7], and we have

e . max(R*", 1)
K(z,z)=w(z)"*?, Iz ||a“—|n',,,T

The remaining cases (1 <p < «) are done by interpolation. For this and the proof of the
converse we need the following auxiliary results.

Lemma. Let L(z,w) denote the reproducing kernel of A*?. If s>—1, t>0, and
t(a' +2)>s, then

[ 1L, i oy dmin) = Cozy 2+,
Q
As shown in [7], e~ (@ *2DW=92] (¢~ ¢~} js an elliptic function with poles of order

a’ +2 at the points of the lattice G =2xZ + 2(log R)Z, so this lemma is an easy
consequence of [11, Lemma 2.5].

ProposiTiON. For p>1, consider the (Lebesgue) space L**(Q)={f:0w***f¢e
LP(Q, ™2dm)}. Then there exists a projection P:L*P(Q)— A% P(Q) extending the
orthogonal projection of L* *(Q) onto A% *(Q).

Proof. As shown in [6], the boundedness of the projection P
P:L¥*P—>AY?  Pf(z)= L L(z, w)f(w)o(w)* dm(w),
is the consequence of the following estimate,
JQ |L(z, w)| o(w)*dm(w) < Caw(z)~**?, (8)
In fact, for p = %, we see that if f € L**(Q), then

PRI =Nl [ 1L, )] 000) D(0)” dm(w) = C - (0},

So
NPfllawe=CI|Ifll Lo

The boundedness of P in the case p =1 can be proved similarly. By interpolation, it is
true for 1 <p <. However, the inequality (8) follows then from the Lemma. This proves
the proposition.

11 : .
CoRrOLLARY. For p>1, 1—)+;=1, we have (A*P)*=A"9 with the pairing

f.8)= [ FERGOE dm().
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RemARK. Of course, this corollary could also have been proved using the theory of
Besov spaces (cf. Section 3).
It follows from [6] that

tr(T,T) = L jg K3z, mb(n)e@o(2)* o(n)* dm(z) dm(n)

= [ e0)ExE 0@ ant),
where
(#)(2) = [ Kz, mbnw(n)” dm().

By the Corollary, we see that our theorem will follow from the claim that
F AT P(Q)—> AYP(Q)

is invertible. The operator # is a convolution in the sense that

@)= 3 i, f@= 3 ke

n=—w n n=—wx

1 1
where A k+El A , My =1Z'%, N =|1Z'||%. So

_ M,, "
S =2 f@=21"
which can then be expressed as

57f@) = | Gl i) dmn),

M,
with G(z,n)= Z— "7". By [6], the boundedness of $~' will follow from

| 166G )l o dm(n) = Co) 2. ©)

For n >0, it is shown in [7, Theorem 2, Section 5] that

1 na+1
+o("),
Mn k=0 Man—k RZ"

[_I (log R(2n + o + 2) + in(a — 2k))

M R2n+a+2+ (_1)0'4-1
n
It is easy to see that

1 na+l na
—=C—-+0| =
w- o o)
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So
ka+1 ka (n _ k)a+1 (n - k)zx nzx+1
7= € 2 (e + 0lw)) (g + o ) ) + o )
We also see that if ¢, s >0, then

i Ks(n — k) = ntts+i 2": (/_c)'(l B .If>sl

k=0 k=0 \R n/ n

= n’““(J: x(1—x)ydx + 0<-’1;))

—_ Cnt+s+1 + O(HH-S).

So
l n2a+3 n2¢x+2
MT,,=C R2n +0< R2n )
As
» R2n R2n
N, =lz"|l% = Cn2a+3 + O(n2a+2> ’
we get

N, 1
T"=C+O<—), n>0.
M, n
Similarly, we can prove the same estimate for n <0 (with the same constant C, but
this not essential for our proof below). Therefore

> M, _ > M?1
G(z,n)= _E_ B @) = 2; N (zn)"

=C Z —(zn)"+ 2 —(zn)"

= Gl + G2,
1
with |C,|=C ﬁ
Notice that G, = K*(z, 17), so we have

J;z |G1(Z, TI)| w(n)“dm(n) = K(z, z) < Cw(z)—(a+2)_

For G,, we have

[ 16l e amm= S L2 [ iz wm*amm)

n=-—o

-3 43 =343

n even n odd
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and

= Z |C2n|| |2nf 1712 w(n)* dm(n) = i J%panMn

n=—o M2n n=—w 2n

1 n?**?  max(R*,1 z
=C- 4n ( +1 ) = 2
nmax(R*"',1) n® [t

1 (a+2) |Z|2 (+2)
=C max((l - —) , (1 ) )
I |2 R2

< Cw(z)~**2.

*1 max(R*, 1)

Since |z|*"*! = C |z|**, the second term " can easily be seen to be dominated by the first
one. So eventually we get the estimate (2). This proves the Theorem in the “weighted
case”.

In the general case, g <0, we see that I', =T, , where I'" is the Hankel form in the
“weighted” case, and b, is a convolution of b. In fact;

bi=3 226" b=3 62,

where N,, as before, is the norm of z" and N, is the corresponding quantity in the
weighted case. Using the above technique, we can prove that b € A** iff b, e A*P. We
omit the details. So this proves the main theorem of this Section.

5. Decomposition theorems. Let d(&,7n) be the Poincaré distance on Q. We

. 1+R
decompose now Q in the following way: With R, = — let

Q= Qp,
m,j
) Rip—1 R 1
Q}”={z=re'6:1+’“é/,i+—1<r<1+ ;,i- ,]2 12 <9<];12”},

m=1,2,...,j=1,2,...,2m-1.
Qr={z=re':R—(R—Ryp)2" ' <R —(Ryp— R)2™, 27 (j— 1)2m < <2™(j+1)2x},
m=-1,-2,...,j=1,2,...,27™™

Let " be the centers of Qf", and Dj" the corresponding “squares” with centers w}",
contained in Q7" and disjointly decomposing €2. Then we see that it is a 1-lattice. We can
find an e-lattice similarly.

THEOREM. Let <p<» and £€>0. Let {n;} be the e-lattice described above.

+2
Then for sufficiently small €, every function f € A*?(Q) can be represented as

f(z)= 2 AL(z, n)w(n;)**?
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with || fla«» =inf ¥ |4;|”, where the infimum is taken over the all the families A; arising in
this way. '

The proof of the theorem is essentially the same as that of Theorem 2.2 in [11].

1
1 th <p<l
Here we only prove the case 242 P

Let {n;} be the g-lattice, and D; and Q; be some enumerations of D}* and QJ",
respectively. Define the operators S and T by the following:

s:f={om) @[ fma@yant), 1@,

T:{k} =2 Alo(z, )0 ()™, {A}el.

Then, using Lemma 1 and subharmonicity, it is easy to prove that T is bounded from
P to A*?, and that S is bounded from A% to /. Now

A-18¢@ = | Lemfmam® dnm -3 [ fmaem® dnmLe,n)
=3 | L nfmem® -3 [ fo)Le, n) dne

=2 L FMIL(z, 1) — L(z, )] o(n)* dm(n).
Notice that w(n) = w(n;) when 7 € Q;, so, by subharmonicity, we have

10 =S a3 [ 0@y dm(z)

[, rovizee, m - L mjotn dmn)|
=c3 fg (2D dm(z)

x| 1Lz, 1)~ Lz, mla(y* 1 w(n) ™ dm(n)
<CS | I w () = dm(n)

x [ 1L, - Lz )l w(ny D dm).

As L(z,w)=L(e™™, e™") = "“*D=2¢(y — ), where e is an elliptic function of
order a’ + 2 with poles in the lattice G =2x7Z +i2AZ, so using Lemma 1 we see that if
n € Q;, then

[ 1LG.m) = L mIP 0GP dm(z) = Cerw(n) e,
Q
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Then, because {€;} intersect at most finitely many times (the maximum number is
independent of €), we get

(= ST Pawe= Ce? S £ w(ny ™ dm()

<Ce L [F(m)IP @7 *D=2(n) dm(n)

= Ce” || fllawe.

If we choose ¢ sufficient small, then we have ||1 — ST|| <1. So S is onto, which proves the
theorem.

6. Hankel forms in §,, 0 <p <1. With the help of the result in the last section,

1
we can give S,-results for Hankel forms for T3 <p<l.
«®

1 .
THEOREM. For o <P< 1, the Hankel form T, on A**(Q) isin S, iff b € A*"*.

Proof. First we consider the “weighted” case, i.e. 2V —qlog R = . Then we have

Tuf.8) = [ BEYEEE0E" dn()
with ' =2a + 2. If b € A% P, then, by Theorem 3,
b(z)= 2:4 AL(z, n)w(n,)**?,
with Z,: |A;]? <. So
r,=3 LA ®f,

where f(z) = K(z, n;)@(1,)**?"?. Then it follows that ||T,||§ < T [, <ce.

Now suppose, conversely, that I', €S,. Writing b=b, +b_, we will prove that
b,,b_eA*P(Q). The proof of b_ € A*” will be the same as that for b,. So we assume
b_=0. For any f e A*?, f_=0, we can extend it naturally to an analytic function on
Dr={z:|z| <R}, and denote it also by f, which is in A**(Dg). Let H, denote the
Hankel form on A%?(Dg) with the weight &’ +2, i.e.

- IZIZ o'
H(f.8)= | FEY@eE(1-2F) dm(a).
Then direct calculation shows that

rb(f’ g) = Hbl(f’ g)
with

& C
b(z)= Y, C,by(n)z", C,,=C+%+n—22+....
n=0
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From T, € §,, we see that H, €5, and then b, € A* ?(Dg) = A*P(Q) (see e.g. [5]). On
the other hand, as in Section 4 we have

b(z)=JDRb1(w)G(z w)(l—lR—i2> dm(w),

with G(z,w)= Z C, @wy , and a (different) constant C, = C+£1+£+ The

n

same method as in Sectlon 4 will give us

G(z,w)= C(l—(Rvg))_a'_2+L,.
Then
b=Cb,+Sb,, Shiz)=| b.w)Li(z, w)(l—lR—;) dm(w).

Dg

o\ —a’ —2
As L, has lower singularity than that of (1 —;—t) , it is not difficult to prove that

S: A% "(Dg)— A% ?(Dp).
So we get b e A*¥P(Dg) c A% P(Q). This finishes the proof of the theorem.

In the general case ¢ <0, as noted in Section 3, the reproducing kernel of A% (with
respect to the integral metric) can also be decomposed similarly. Then the same method
as the above will work. So we have proved our theorem.

7. The case o non-integer. Hitherto we have assumed that the parameter « (or,
equivalently, u or v) is an integer. Now we drop this assumption, assuming only that
a > —1. Then we must restrict ourselves to the “weighted” case, because we do not know
how to define the metric otherwise. Thus, from now on A**(Q) denotes the space of all
analytic functions f defined over Q such that

1
1= [ if@resine (%) dedy <o

where z =x + iy, r =|z|.
To determine the reproducing kernel K,(z,w) in A**(Q) we must compute the
integral

R |
Hz"||f,=f r¥'r®sin® (]ltooir)rdr. 2n
1 4

forneZ.
We notice that

i(xxlogrlog R) _ ,—i(xlogrilog R)\ « :
sin"’(n log r) _ (e' (4 ) _ (i)ae—-ia(n log rflog R)(l — i logrhog R))a
log R 2i 2
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Introduce the new variable of integration

C = et(ZJr log r/log R) __ r2m'/log R

so that
df  2mi dr
& logR r~
Then our integral can be written
”zn“2 = lOgR ClogR(n+(ar+2)/2)/m'—(n'/2)(1 _ C)aig
@ zal-a+l C
161=1
where we integrate over the unit circumference counterclockwise starting at the point

=1

Consider, quite generally, the integral

«48
1= a-o2,
1g1=1 £
where a, B are complex numbers with Re o > —1, (1 - {)° is a branch of that function
defined in C cut along the interval (1, ) which takes real values on (—1,®), {#is a
branch defined in C cut along (0, ©) which has a real limit when { approaches a point on

(0, ) through values with positive imaginary part <i.e. lim ¢# = &P whenever .§>0>
&

—E
Im >0

and, finally, we integrate along any “contour” in C cut along (0, »), connecting 1 with
itself, starting with values of { with positive imaginary part and ending with values with
negative imaginary part (e.g. the unit circumference taken counterclockwise).

Facr. J = (e —1)B(B, a + 1) where B is the Euler beta function.
Note. J=0if $=1,2,3,....

logR +2
og' (n + e ) - 2’. As, quite generally,

In our case we have =

1) 2 2
(B +1)
Bf,a+1)=———""-—S,
Bt =Tg e+
where I is the Euler gamma function, we obtain
log R +2 )
r(a/ + 1)1“(_2_{_ Og‘ (n + d ))(R2n+a+2 _ eux.n)
1272 = e~ log R 2 2
* AR « logR a+2 ’
F(— +— <n + ) + 1)
2 i 2

In particular, it follows from Stirling’s formula that

llz" 11~

na+l :
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For «=0,1,2,... this agrees with what was done in [7]. As
&S (zw)”
Ku(z,w)= 2 155,
nallZ” |l

we can now, in principle, write down a “closed” expression for the reproducing kernel.

From it one can read off that it has a singularity of the type (1 —zw)™**? | as expected.
The same method as in Section 4 will give the S,-results for the Hankel forms,

1< p <, Furthermore we have the following weak factorization.

THEOREM. There exist finitely many functions u; and v; such that

L(z,w)= 2 uz, wv(z,w)

and

2 Ntiwlla Willa = Car(w) ™+,

where u,,,(z) = u;(z, w), v, (2) = vi(z, w).

We will prove the theorem by using the methods in Section 4.
. : 3 (zW)" (zw)"
Write L=L,+L_, K=K, +K_, with K, =} Z

RN RNVt and the

same for L. By Stirling’s formula,

@ logR( a'+2>>
r( 2 T "2

r<g+ log,R (n Lo 2) + 1)
2 T 2

=Cn“"‘(1+c +£§+...),
n n

where C; are constants. So we get

; C, C
”Zn”a = C(R2”+a+2 - em”) |n|_°’_1(1 + = + n—2+ . )
n

! 3a+8
Forn=0, as _I:—z”—) 0, for any /, we have for a positive m, say m = 5

_ 1
M,=CR¥n=*"! (1 &y 9 +. C,’,’,'_l‘ (7.))
n n
w a+1

Define u,(z,w)= R2"

(zw)". Then the same calculation as in Section 4 gives us

uz,w)=CK(z,w)+n(z,w) with n(z,w)= 2 C,

s (@), 1G5 C
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and
f |u1(Z, w)|2 w(z)adm(z) < Cw(w)—(a+2)_
Q
Writing u(z, w) = & (;;;) , we then have (see Section 4)
n=0 n
1 nZa+3 (:1 1 N Cl .
== 1+ 4+ <-—)> N 0 G, (_)
M" RZ" ( n o n™ M,, ¢ n o nm

where as before N, = ||z"||%.. So

Liew)= 3 @iy = 3 Mok iy = ¢ 3 (51w

n=0 M N(l)
= Cui(z,w)+ LP(z, w),

with
1 p2et? C, Cons 1
W=R—2" (1 +7+ ...+ 2 + O<nm—l)>'
Define u,(z,w)= 2 R2" (zw)". Then essentially the same arguments will imply

Lg) = Cuzul + L(.E),
with

LP=cC 2 (2) @®)", Uz l2= Co(w)~ @+,

1 nZ““ C] Cm—3 1
v (s o))

. . . . 3a +
Continuing this process, until the s-th step, with s =

, we get (with different u;)

L.=uv,+...+u,_u,_;+ LY,

and
2a+3-s

R
Let u,(z,w) = L$(z, w), v, = 1. Then we see that

Lz, w)= 2 C,——(zw)", C,=C+ 0(%).

2QQa+3-s5)+1

u¥(z,w)= 2, q.(z®)", lg.l=C e
n=0

Therefore
lallz = | lis(z, WIF @) dm(z)
=2+ 2 =2+

n odd neven
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On the other hand

>

IA

2(2£r+3—s)-+-1
i | I o) dmw)

3a+6 2s | |2n

e e=c 3 D

2
= C<1 B l;T') = Ca(w) 22,

and the same holds for X" (see Section 4). So we have
lltsw |2 = Car(w)~+2,

Similarly, we can work out the weak factorization for L_. Then we have proved the
theorem.

The §,-results for Hankel forms then follows immediately, more or less as we have
done before.

THEOREM. For 1 <p <o, the Hankel form T, is in S, iff b € A* *(Q).
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