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THE ^"-INTEGRAL 

BY 

GEORGE CROSS 

1. Introduction. In the definition of the Pn-integral [2] there is a difficulty 
with the condition Bn_2 ([2], p. 150) since it is not linear on the set of major and 
minor functions. As a result, the proof of Lemma 5.1 [2] fails since the difference 
Q(x)—q(x) need not satisfy the conditions of Theorem 4.2, [2]. 

This note shows that a very simple modification of the definition of major and 
minor functions avoids this difficulty and leads to a definition of an integral which 
is strong enough to solve the coefficient problem in trigonometric series under the 
same conditions as posited by James in [3]. 

2. Definitions and Notations. Let F(x) be a real-valued function defined on the 
bounded interval [a, b]. If there exist constants ocl5 oc2,. . . , ocr which depend on xQ 

only and not on h, such that 

(2.1) F(x0+h)-F(x0)=^aJf;+o(hr), as fc->0, 

then 0^, 1 <k<r, is called the Peano derivative of order k of F a t x0 and is denoted 
by Fik)(x0). If F possesses derivatives F{k)(x0), l<k<r—l, we write 

(2.2) ^ yr(F; x0, h) = F(x0+h)-F(x0)-
r2f F{k)(*o)-

If there exists constants /?0, /32 , . . . , (32r which depend on x0, and not on h, such 
that 

2 /b=o (2/c)! 

then /?2ft, 0<A;<r is called the de la Vallée Poussin derivative of order 2k of F at 
x0 and is denoted by D2kF(x0). 

If F has derivatives D2kF(x0), 0<k<r— 1, we write 

1L UF; Io, „ _ fft.+»H«»-»)_g £ v w 
(2r)! 2 fc=o(2/c)! 

and define 

A2rF(x0) = Mm sup 62r(F; x0, h) 

ô2rF(x0) = lim inf 02r(F; x0, h). 
ft-»0 
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All the above symbols are defined similarly for odd-numbered indices (see, for 
example, [2], pp. 163-164). 

The function F will be said to satisfy condition A*(n>3) in [a, b] if it is continu­
ous in [a, b], if, for 1 <k<n—2, each F{k)(x) exists and is finite in (a, b) and if 

lim hdn(x, h) = 0, 
h-*Q 

for all x e (a, b)—E where E is countable. 

THEOREM 2.1. If F satisfies condition A2m(A2m+1) in [a,b], then F{2k)(x)= 
D2kF(x)(F{2k+1)(x) = D{2jc+i)(x)) does not have an ordinary discontinuity in (a,b) 

for0<k<m-l. 

Proof. This is Lemma 8.1 [2]. 

NOTE: Condition A2m is a stronger form of James' condition A2m9 [2], in that 
it replaces the requirement that D2kF{x) exist and be finite for l<fc<m— 1 by 
the same condition on the Peano derivatives. Theorem 2.1 then shows that A2m 

also implies James' condition B2m_2, [2]. 

THEOREM 2.2. If F satisfies condition A*,n>2,in[a,b] and 

(a) AwF(x) > 0, x G (a, &)-£ , |£ | = 0, 

(b) AwF(x) > —oo, x e (a, b)—S, S a scattered set, 

(c) lim sup hdn(F; x, h) ^ 0 > lim inf hdn(F; x, h), x e S, then F is n-convex. 

Proof. In [1, Theorem 16] Bullen proves a similar result which implies this 
theorem. In place of condition A% he uses a condition Cn which is just An together 
with Bn_2, but as was noted above these are implied by ^4*. 

DEFINITION 2.1. Let/(x) be a function defined in [a, b] and let ai9 i= 1, 2 , . . . , ny 

be fixed points such that a=a1<a2<s- • -<an=b. The functions Q(x) and q(x) 
are called major and minor functions respectively of f(x) over (at)=(a1, a2,... , an) 
if 

(2.1.1) g(x) and q(x) satisfy condition A%\ 

(2.1.2) Q(at) = q(at) = 0, î = 1, 2 , . . . , n; 

(2.1.3) 3"2(x) ^ / (x) > A^(x) , x G [a, &]-£ , |£ | = 0; 

(2.1.4) dnQ(x) 7* - oo, An4(x) TÉ + oo, x G [a, b]-5, S a scattered set; 

(2.1.5) lim sup h6n(F; x, /z) ^ 0 > lim inf /z<9n(F; x, ft), x G S, F = Q, q. 
h-*Q 

LEMMA. For every pair Q(x) and q(x) the difference Q(x)—q(x) is n-convex in 

[a, b]. 

Proof. Follows from Theorem 2.2 above. 
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DEFINITION 2.2. For each major and minor function off(x) over (a%) the functions 
defined by 

Q*(x) = ( - 1 M * ) , q*(x) = (-ïfq(x), ar£x< ar+1 

are called associated major and minor functions respectively of/(x) over (af). 

LEMMA. For every pair of associated major and minor functions off(x) over (#4), 

fi*(*)-«*(x) > « 
for all x in [a, b]. 

Proof. This is Lemma 5.2 of [2]. 

DEFINITION 2.3. Let c be a point in (au an) such that c^ai9 i=l9... 9n. If for 
every £>0 there is a pair Q(x), q{x) such that 

\Q(c)-q(c)\ < e 
then/(x) is said to be Pn-integrable over (a^ c). 

The remainder of the theory goes through as in James [2]. 

3. Application to trigonometric series. 

THEOREM 3.1. Suppose the series 
00 00 

(3.1) a0j2+ 2 Ow cos nx+bn sin nx) = 2 ««W 

is summable (C, k) to a finite function f(x) for all x e [0, 2TT]—E, where E is at most 
countable, and letf(x)=0, xeE. If Ak~1(x)=o(nk) for x e E and 5"(x)=o(/i*) 
for x e [0, 2TT] thenf(x),f(x)cospx,f(x)sinpx are each Pk+2-integrable. 

Proof. The series obtained by integrating (3.1) formally term-by-term k+2 
times converges uniformly to a continuous function F(x). It follows from the proof 
of Theorem 3.2 [3] that FM(x), 0<r<k exists for each x e [0, 2TT]. 

Let 
fc+2 

Q(x) = F(x)-ZA(x;xi)F(«ù 
where 

Then 
hOk+2(Q; x, h) = hdk+2(F; x, h), 

G(o0 = 0, i = 1, 2 fc+2, 
and 

^ + 2 6 W = A**F(*) = /(*), x G [0, 2*r]-JE. 
That condition (2.1.4) above is satisfied follows from Theorem 5.1 [3]. The func­

tion Q(x) therefore satisfies all the conditions for both a major and minor function 
off(x) and/(x) is therefore P*+2-integrable over (a,-; x). 
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Following the notation and proof of Theorem 4.2 [3] we have 

(3.2) f un(x) = f(x) cos px, (C, k) 

for x e [0, 2TT]—E and un=o(nk), Ul~~ (x)=o(nk), for all x, where ur(x) is the nth 
term of the series which is the formal product of series (3.1) and cospx, and 
t/^_1(x) is the (A:—l)st Cesàro mean of the same series. 

The series obtained by integrating (3.2) formally term-by-term k+2 times 
converges uniformly to a continuous function G(x) such that 

lim dk+z(G; x, h) = 0 as h -> 0 for all x, 
and 

Wo*21" r ~ UJX) 

2(2r)! n=i ft 

for 0<r<(k+l)l2 and x G [0, 2TT]-E. 

We show next that the kth unsymmetric derivative of G(x) exists everywhere and 
then as in the first part of this proof, it follows that/(x)cos/?x is Pfc+2-integrable. 

Consider the series 
+oo 

i t t 0 x - 2 w n ( x ) , 
n=l 

where wn(x)=vn(x)ln and vn(x) is the nth term of the formal product of the series 
conjugate to (3.1) and cospx. It follows from Theorem 2.1 [3] that Vn~ (x)=o(nk) 
which in turn implies that Wn~2(x) = o(nk~1). Then again, as in the proof of Theorem 
3.2 [3], it follows that G{1c)(x) exists everywhere. 

COROLLARY. Ifk=2m—2, let yk={2rn)\j(mXf and let (c^) be the set 

(~2m7r, . . . , —27r, 277, . . . , 2m7r). 

Ifk=2rn — l, let yk=(2m+l)\[m\(m + l)\ and let (at) be the set 

(—2m77,. . . , —277, 27T, . . . , (2m+2)7r). 

Then under the hypothesis of Theorem 3.1 the coefficients of the series (2.1) are given 

by 

NOTE. The definition of the ^-integral [2] may be modified to allow exceptional 
sets which are of measure 0 and countable in the conditions on ^ -major a n c j 
minor functions corresponding to (2.1.3) and (2.1.4) above respectively. Then it 
follows that the ^-integral is included in the /^-integral. 
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Also Theorem 3.1 is valid using the ^-integral if (3.1) is replaced by 

(3.3) iV. 

This result is apparently less general than Theorem 3.1 since the summability of 
(3.3) is equivalent to the summability of both (3.1) and its conjugate. 
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