A CRITERION FOR ABSOLUTE CESARO SUMMA-
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SERIES

by YUNG-MING CHEN
(Received 25th May 1964; revised MS. received 31st December 1964)

1. Let f(x) be integrable (0, 2r) and periodic with period 2z, and let
Y() be the conjugate function of 4{ f(x +1) +f(x—1)} with respect to the variable
t, where x is considered as an arbitrary constant. The following theorems are
due to K. K. Chen (1), (2), pp. 111-124.

Theorem A. Suppose that p>1,0<k<1, pk>1; and that at the point x,
f | Y(t+h)—y(t—h)|Pdt = O(h%), 1.1
0

as h— +0. Then the Fourier series of f(tf) at the point t = x is summable

C, o |, Jor a >0y = max 1k —1 k).
l | f 0 2 ’
p

Theorem B. Suppose that at the point x, there is a number =0 such that
q+pk>1 and that as h— +0,

J | y(t+B) —y(t —h)|Pt~9dt = O(h?¥). 1.2
0
Then the Fourier series of f(f) at t = x is summable | C, a |, when

a>0, = max (%—k, 1 -—k),
p
and is summable (C, B) for > —k.

Theorem C. If F(z) = X c,2"(z = re') is regular in the unit circle | z | <1,
and if for a positive integer j,

fﬂ | FO@)I” d = O{(1 —r)?*~ N} (z =ré”), (1.3)

|1=z ]

1 In (2), p. 112, Theorem 4, it is assumed that F(z) is also regular at z = 1, but it seems
likely that this is unnecessary. I remark also that in the proof of Theorem 3 in (2), p. 112,
Theorem 4, in p. 112 is used; but the condition for regularity at z= 1 is not provided
there. .
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as r—1, where FYX2) is the jth derivative of F(z), then the series X ¢, is sum-

mable | C, a|, whenever a>ao=max(}—k, %—k), and 0=¢g<1, p>1,

O<k<]1, pk+g>1.

Theorems A, B, C include a number of criteria for absolute convergence
and absolute Cesaro summability of Fourier series due to Hardy and Littlewood
(8), Hyslop (10), Chow (3), (4). In this paper, we shall consider further
extensions of Theorems A, B, C for absolute Cesaro summability * to index u
in the sense of T. M. Flett (5), (6), (7). The series £ a,, is said to be summable
| C, al,, where p=1, a>—1, if the series Z n*~! | 6%—0%_, |* is convergent.

o
For any given series Y. a,, we write 60 =S =ag+a;+...+a,,
0

Si= Y A8, =T =na, T, = AT), on=SHAL v = Tl 4;,

lIM:

v=0 v=0
where
g (2Fn) (@+1)..(a+n) _  T(nt+a+l)
" n n! [(n+1)I(a+1)
n>1,a>—1, A3 =1. Then we also have
Ty = n(05—07_4), (1.4}
= —a(e®—6%" 1) (a>0). (1.5)

In view of (1.4), we may restate the definition of summation | C, « |, in terms
a0

of the series ), n~*| 7% |*. Thus the series T a, is summable | C, « |, if and
1

only if the series T n~?! |t‘,", l" is convergent., T. M. Flett further considered
an extension of | C, a |, summability: The series X a, is said to be summable
| C,a,y |, where u21,a> —1, if the series T n*"*#~! | g% —07%_, | is convergent.
Thus summability | C, « |, is the special case of summability | C, a, y |, when
y=0.

Theorem 1.f Let F(z)= Y c¢,2" be regular in |z|<1. If the following
: n=0

conditions are satisfied:
@) p>1,
(i) 0<kx1,
(iii) 0=g=1-k,
(iv) 0Ly <min (3, (4 —-1)/p+k),

1 See (11) and (5), p. 114.

1 I am indebted to the referee for pointing out a mistake and for valuable suggestions
which brought material improvements of the conditions of this theorem.
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(v) a>a, = max (%—k+y, 1 —k+y),
p

min (p, 2)

vi) 1Su< ,
M) 1=ps 1

(vii) for some positive integer j,
L3 J) P :
LEPGI® 45 _ o1 - rype-2y, (1.6)
—-r ' 1—-z Iq
as r—1, where z = re®®, then the series X c, is summable | C, «, y ..

Theorem 2. Let the conditions (i)-(vi) of Theorem 1 be satisfied and let
j [ Y(t+ B)—y(t— B)|Pt~dt = O(h™), W)
1]

as h— +0, then the Fourier series of f(f) is summable | C, a, 7], at t = x.
Corollary. If p>1, O<l/p<kZl, and a>ay = max(ljp—k, 1-kK),
1spg P02 gy
min (p, 2)—1
J | Y(t+h)—y(t—h)|Pdt = O(h™), (1.8)
0

as h— +0, then the Fourier series of f(f) is summable | C, a |, at t = x.

o)

Theorem 3. Suppose that f()~ Y. A1) and that the following inequalities
n=0

are satisfied:

(D 1=p,=2=5p,,

@) k;>0( = 1,2),

(i) O<y<k’'—3i<k’ = {piki(p,—2)+p:k,(2—p1)}/2p.—p) =1,

(v) a>1-k'+y,

) 1252
Furthermore, if

J.n | W(2+h) —y(t—Rm)|Pdt = O(K?*) (j =1, 2), (1.9)

as h— +0, then the Fourier series of f(f) is summable | C, o, y |, at t = x. In
particular, if the function  in (1.9) is replaced by f, if 1<min (p,k;, pk,)

<max (p,k;, p;k,), and if (iii) is replaced by k’<1, then the Fourier series
of f(1) is summable { C, o | at t = x.
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2. For the proofs of Theorems 1, 2, 3, we require the following lemmas:

Lemma 1. Suppose that =0, that the odd function y(0) is the imaginary
part of the boundary function

9(6) = F(e*) = $(6) +(0), @1

where F(2) is regqular in the unit circle | z|<1. Then the condition (1.7) with
p>1, 0<kZ1 implies

f | FO(re®)|? | 0 |~%d0 = O{(1 —r)?*~ D}, 22)
Jor every j = 1,2, ..., as r—1, where FY)(2) is the jth derivative of F(z).

Lemma 2. If p>1, 0<k=<1, ¢=0, F(z) = Y c,z" is regular in |z|<]1,
n=20
and if the boundary function (2.1} satisfies the following condition:

f | g(0+D—g(@—0|7 | 046 = 0(| ¢ |, 2.3)
as t—0, then the jth derivative F(2) of F(2) satisfies the relation (2.2) for every
j=12, ...

Lemma3. Ifp>1,0<k<1,z = ré®, if F(z)= ) c,2"isregularin|z|<l
n=0

and if for some positive integer j,
J | FO(2)|?d0 = O{(1 —r)P*=}, 249

as r—1, then the boundary function g(0) = F(e') satisfies the relation:

j | 9(0+1)—g(@—0)[?d0 = (| £ ™, @.5)
as t—0. o
Lemma d. If the functions F(z)= Y c,z"= Y. c"e™ is regular in
| z | <1, and if for some positive integer j,
" LEPGI 4y - o1 —nre-ny, 26)
= |1-22

as r—1, then (2.6) is satisfied for every j =1, 2, ..., where r>1, 0<k£l,
0<¢g=1-k.

The proofs of Lemmas 1-4 are essentially due to K. K. Chen 1 (1), (2),
pp. 116-118, except the case when k = 1. As a matter of fact, the proofs of
Lemmas 1, 2, 4 have been given in (2) and when k = 1 the results are still

+ Here it should be remarked that in Lemma 1, the condition (1.7) with g=0 implies
J(t)€ LP(—m, w). This result is due to Hardy and Littlewood (9), p. 566.
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valid. So we omit the proofs here. But for the proof of Lemma 3 which is
Lemma 4 in (2), p. 117, K. K. Chen’s method is to reduce the case for general
j by j—1, and then the result follows from mathematical induction. In fact,
the special case when j = 1, k = 1 is still true.} So the result for the general
case 0<k <1 follows at once.

1 <]
=, Then if Y, a,is
r 0

R =

Lemma 8.1 (@) Let r2zk>1,y=20,a>y—1, =0+

summable | C, o, y |y, it is summable | C, 8, y |, and
{En7 1| | <K{Z ntv? | =2 [}V 2.7
(b) Let =1, y20, a>y—1, y>v, where v is not necessarily non-negative,
Bzoa—y+v, B>—1. Then if Y a, is summable | C, a, v |,, it is summable

0
|C, B, v, and

a2 |“§K2n“7‘1 l t;‘,‘|". (2.8)

3. We come now to the proof of Theorem 1 for u>1. Suppose that the
conditions (i)-(vii) are satisfied. Then by (ii), (iii), (vii) and Lemma 4, the
relation (1.6) holds for all j.

Consider first the case 1<p=2. In view of Lemma 5 (a), it is sufficient to
prove that when ao<a=g/p,

Y | 75 [ = 0(1), (3.1)

v=1

as n— o0, provided that the following conditions are satisfied:
a>—1,a<l—k,a<Zq/p, a>1/p—k+y, 1<u<p. (3.2)
In fact, by virtue of (iii), we have ¢/p<g=<1—k, and since, by (iv) g/p>1/p—k +7,

the conditions (3.2) are satisfied when oy <a<q/p. If this can be established,
then by virtue of Lemma 5 (a), (3.1) is satisfied for all & >x, (since ag>7y—1).

‘We have
4 = n+a) _ (e+1)...(c+n) - IF(n+a+1)
" n n! T(n+DM(a+1)
Y Azt =zF'(z)(1—z)"%§
n=0

It follows from the relation

! x—-1 - I (X)I (y)
= A ~AV"g) = A2
B(x, y) L (1=Ay~'di ( )

t Cf. (8), Theorem 3.

1 See Flett (7), Theorem-1 and Theorem 3. - -
§ See Flett (5), p. 114, formula (2.1.6).
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that

n=0

T gsgrte = J Te—ir L (-1
0 dt
= Jz =)A=t *F'(t)ydt+ fz (z=0%(1 —0)"*F"(t)dt
1] (V]
+ jz (z—=Dat(1 —t)"* 1 F'(t)dt = I, +1,+1;, say. 3.3)
1]

From Lemma 4 together with Minkowski’s inequality and the relation a <q/p,
we obtain

{I |I1 |Pd0} ,,= {jn do Iz(z—t)ﬁ(l—t)‘aF’(t)dt lp}w
j (r— p)’” llf(t)l: d"} dp=0{ J ' (r—p)“(l—p)""dp}, (34
-n - 0

as r—1, where t = pe®, z = re’. Since a> —1, integration_by parts gives

r at1 _ r
_[ (r—pY(L—p)'dp="— + -k (r—py*'(1~p)~2dp
0 o 1+a 0

1+

< L 1R gy, (3.5)

In view of (3.2), we see that « +k—1<0. It follows from (3.4) and (3.5) that

[~ i/p
{ | 1, l"dB} = O{(1—r)*++"1},

as r—1. In a similar way, it can be readily shown that

(fn i/p
{ |12|”d0} _ o{(1—ry1y,

as r—1. Since a<Zq/p,

A=0"""' =0{(1—p)~ [ 1—t |97},
it follows in a similar way that

U e Ipdo}w =¢ {f e=pra-p —p)"-‘dp} = 0{1 -1},
-n 0

Hence

uMg

My ={ § 1w pao] "= 0fa-ryry G.6)
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as r—1. The expression M(p) is a non-decreasing function of p. This gives
M(min (p, 2)) = O{(1 —r)***"1}.

min (p, 2)
min (p, 2)—1

{; | 7 I"} = 0{(1—r)fe*~ 1},
Setting r = 1—1/n, we obtain

n /P
{ | I”} = O(n'~***) = O(n"),

v=1

Write P = , then by Hausdorft’s theorem, we have

where s = 1—a—k. By Hélder’s inequality,
n n ulP
2 r< 7 P nP=0P — Of plsutp=pp+m)pl X
v;l l ‘ - {v ;1 l l } { }

provided that 1<u<P = p/(p—1) = p’, which is satisfied by (3.2). Then by
Abel’s transformation, we obtain

n n—1
z yrr=1 I ‘tt |u = 0{ Z vsu+(p-up+n)/p+u7-2+nnv-1+su+(p-up+u)/p}
v=1 v=1

= 0(1), 3.7

as n—oo, provided that su—(p+up—p)fp<—1—puy, or s<1-1/p—y, which
is equivalent to the condition a> —k+1/p+7 in (3.2). Hence (3.1) is satisfied
for 1<p=<2. Consider next the case p>2. Then by Holder’s inequality, we
have for all j

T e .= 2
-n -2z -r o= -z

=0{(1-n*"7},

provided that (pw—29)/(p—2)<]1, i.e. provided that w<1+4+2(g—1)/p. Thus
provided that w<1+2(g— 1)/p, the condition (1.6) holds for all j with p and ¢
replaced by 2 and w respectively. Hence, we have (3.1) provided that

a>—1,a<l~k,a<w/2,a>t—k+y, 1<u=s2.
In order that the statement (3.1) should not be vacuous, we require
1—k>3-k+y,ie y<i,

wi2>5—k+y. (3.8)
Take w = 1+2(q—1)/p—2¢, where ¢ is chosen so that O<e<(g—1)/p+k—7y
(this is possible by (iv)). Then (3.8) is satisfied, and w<1+42(g—1)/p, and
hence (3.1) holds for ay<a<min (1—k, w/2), and therefore by Lemma 5 (a),
for all @>ay. This completes the proof for u>1.

and
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We now consider the proof of Theorem 1 for the case u = 1. Let us insert
y’ > 7 so that for given a, the conditions (iv), (v) of Theorem 1 can be written as:

@(iv) 0= y<y'<min (3, (—1)/p+k),
(V) a>ag+(y'—y) >0 = max 3—k+y, 1/p—k+y).

Then as in the proof for u>1, ay<a=Zp/q,

1=

v g2 |k = 0(1),
1

as n— 0, and therfore by virtue of Lemma 5 (b), we see that

v

yHr—1 I 7 Iu = 0(1)’
1

as n— oo, for all a>a,. By a similar argument as in the proof for the case
u>1, we see that when p>2, the above relation still holds when a>a,. Thus
the proof of Theorem 1 is completed.

Proof of Theorem 2. Let f(t)~ Y. A,(t) and write z = re",
n=0

;M=

Fi2) = Zo A (x)z".

The odd function y(?) is the imaginary part of the boundary function of F(z).
By (1.7) and Lemma 1, we obtain (1.6) + and the result follows immediately
from Theorem 1.

Finally for the proof of Theorem 3, we see that in virtue of Hélder’s

inequality.
j" | W(t+h) —y(e—h)|2dt = I | W(t+ ) —y(t —)|2de
° . o (P2-2)/(p2-p1)
<1 {f | !//(t+h)—l//(t—h)lp‘dt}

U | e+ k) — (e —R)|Pdt

X

b4

}(2 - p1)/(p2~p1)

which is equivalent to the condition (1.7) with p = 2,4 = 0, k = k’ in Theorem
2. Hence the result follows at once.
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