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Abstract

A meta-conjecture of Coulson, Keevash, Perarnau, and Yepremyan [12] states that above the extremal
threshold for a given spanning structure in a (hyper-)graph, one can find a rainbow version of that span-
ning structure in any suitably bounded colouring of the host (hyper-)graph. We solve one of the most
pertinent outstanding cases of this conjecture by showing that for any 1 <j <k — 1, if G is a k-uniform
hypergraph above the j-degree threshold for a loose Hamilton cycle, then any globally bounded colouring
of G contains a rainbow loose Hamilton cycle.
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1. Introduction

A seminal theorem of Dirac [16] states that any n-vertex graph G with §(G) > n/2 contains
a Hamilton cycle. This inspired many further results exploring the optimal minimum degree
conditions for certain spanning structures in a host (hyper-)graph, and this area, sometimes
referred to as ‘Dirac theory’, is a cornerstone of modern extremal combinatorics. The field has
flourished in recent decades due to powerful tools being developed to tackle these questions, such
as the regularity method and absorption. In graphs, this has led to a deep understanding of the full
picture.

In hypergraphs, the situation is considerably more complex. This is, in part, due to the various
ways in which one can generalise the graph case. For example, when generalising Dirac’s theorem
to hypergraphs, one has a range of choices as to which minimum degree condition is considered
and what type of Hamilton cycle is desired. Indeed, for a k-uniform hypergraph G (k-graph for
short), one can consider

8;(G) := min {|{eeE(G):TCe}|:Te (V(J,G))} ,
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for 1 <j <k — 1. Likewise with Hamilton cycles, one can consider a cyclic ordering of the vertices
of G and require that each edge of the Hamilton cycle occupies k consecutive vertices in the order-
ing and every pair of consecutive edges intersect in precisely £ vertices for some 1 <¢ <k — 1.
Such a Hamilton cycle is called a Hamilton £-cycle, and when £ = 1, we refer to it as a loose cycle,
whilst the case £ =k — 1 is referred to as a tight cycle. Note that if an n-vertex k-graph G has a
Hamilton £-cycle, then one necessarily has that (k — £)|n.

In hypergraphs, our understanding of minimum degree thresholds is far from complete, even
in simple cases such as perfect matchings (see e.g. [38]). For Hamilton cycles, we make the
following definition to capture the relevant extremal minimum degree conditions.

Definition 1.1 (Hypergraph Hamilton cycle thresholds). For 1 <j, £ <k — 1, we denote by 8;‘([)
the smallest real number § > 0 such that for any € > 0 and n € (k — £)N sufficiently large, any
n-vertex k-graph G with §;(G) > (8 + &)n*7 contains a Hamilton £-cycle.

Determining these threshold values has proven to be a considerable challenge. For example,
in the case of loose Hamilton cycles (when £ = 1), a case that has been of particular interest, we
only know the location of 6}‘(1) when j=k — 2 or j=k — 1. For j = k — 1, the so-called codegree

threshold, this was established by Kiithn and Osthus [28] when k =3 and in general by Keevash,
Kiihn, Mycroft, and Osthus [26] and, independently, Han and Schacht [23]. For j =k — 2, this
was again solved first in the 3-uniform case, by Buf$, Han, and Schacht [8], and then for general
k by Bastos, Mota, Schacht, Schnitzer, and Schulenburg [15]. For other values of ¢, the results are
also sporadic; we refer the reader to the survey [38] for a comprehensive review.

Beyond determining extremal degree thresholds, another fruitful line of research in Dirac
theory has been to show robustness for these thresholds. The aim here is to show that when a
(hyper-)graph is above the minimum degree threshold (we will informally refer to such (hyper-)
graphs as being ‘Dirac’) with respect to a given spanning structure, the Dirac (hyper-)graph is in
fact robust with respect to containing that spanning structure. This includes considerations such
as the existence of many spanning structures and resilience to random edge deletions. We refer to
the nice survey of Sudakov [35] and the references therein for an introduction to these results in
the context of Dirac’s condition for Hamilton cycles. In this paper, we consider a notion of robust-
ness related to finding rainbow spanning structures in any bounded edge colouring of the Dirac
(hyper-)graph. This is motivated by the classical study of rainbow spanning structures in certain
colourings of graphs.

1.1 Rainbow-spanning structures

A subgraph H of an edge-coloured graph G is rainbow if each of the edges of H is a different colour.
Rainbow subgraphs appeared early on in combinatorics via connections to design theory with
several beautiful conjectures being posed. Perhaps the most famous such conjecture, known as the
Ryser-Brualdi-Stein conjecture [7, 33, 34] states that every n x n Latin square has a transversal of
size at least n — 1 and one of size n when 7 is odd. The first part of this (establishing the existence
of transversals of size n — 1) has only recently been solved by Montgomery [30]. Translating to
colourings of graphs, the Ryser-Brualdi-Stein conjecture is equivalent to the assertion that one
can always find a rainbow matching of size n — 1 (or n when 7 is odd) in any properly coloured
K., with n colours.

From a graph-theoretic perspective one can ask more generally what conditions on a colouring
of a host graph guarantee the existence of a rainbow (almost) spanning structure of interest. A
colouring being proper is equivalent to saying that the colouring is t-locally bounded (at each
vertex we see every colour at most ¢ times) with t = 1. One can also then consider globally bounded
conditions where we instead bound the size of each colour class in the whole (hyper-)graph. The
first result of this kind was due to Erdés and Spencer [19], who showed that any colouring of K;; ,
with at most ¢ edges of each colour contains a rainbow perfect matching. Another early example
of interest was due to Erdés and Stein (see [18]) who asked whether there is some constant ¢ > 0
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such that any colouring of K,, with at most cn edges of each colour contains a rainbow Hamilton
cycle. This was then explicitly conjectured by Hahn and Thomassen [22] and, after several results
towards the conjecture, was solved by Albert, Frieze and Reed [1]. A generalisation to hypergraph
Hamilton cycles was then given by Dudek, Frieze and Rucinski [17]. There has been a wealth of
similar results studying different spanning structures.

1.2 Rainbow structures in Dirac (hyper-)graphs

The majority of results concerning rainbow spanning substructures in bounded (and proper)
colourings have focused on the case where the host graph is a complete (hyper-)graph or com-
plete bipartite graph. When considering other possible host graphs, Dirac graphs arise naturally.
This perspective was first considered by Cano, Perarnau, and Serra [9] who showed that one can
find a rainbow Hamilton cycle in any globally o(n)-bounded colouring of G when G is either an
n-vertex graph or a balanced bipartite graph with » vertices in each part, and such that G has min-
imum degree 6(G) > (1 + 0(1))%. The asymptotic minimum degree condition was then replaced
to give an exact minimum degree condition §(G) > 5 by Coulson and Perarnau, first in the bipar-
tite case [13] and then in the non-bipartite case [14] as in Dirac’s original theorem. These results
thus give evidence of robustness for the extremal thresholds for Hamilton cycles. Note also that
in the bipartite case, these results can be seen as a direct strengthening of the result of Erdés and
Spencer [19], allowing for host graphs that are not complete (at the expense of a worse constant
for the boundedness).

Further examples of these types of results came from Coulson, Keevash, Perarnau, and
Yepremyan [12] who proved that (asymptotically) above the minimum degree for a given (hyper-)
graph F-factor, one finds a rainbow F-factor in any suitably bounded colouring, and from Glock
and Joos [21] who gave a rainbow version of the famous blow-up lemma [27], which allowed them
to give results of this flavour in considerable generality for graphs, in particular providing a rain-
bow version of the bandwidth theorem [6]. We remark that a nice feature of the work of [12] is
that they could establish such a result, even in cases where the minimum degree threshold has not
yet been determined.

All of these results provide evidence of a general phenomenon and caused Coulson, Keevash,
Perarnau, and Yepremyan [12] to explicitly give the “meta-conjecture” that once one is above the
extremal threshold for a given spanning structure, rainbow copies of that structure can be found
in any suitably bounded colouring of the Dirac graph. Our main result provides further evidence
for this conjecture by establishing that this is the case for loose Hamilton cycles in hypergraphs.

Theorem 1.2 (Main Theorem). Let 1 <j < k € N and let ¢ > 0 be arbitrary. Then there exists |1 >
0 such that for any sufficiently large n € (k — 1)N, we have that if G is an n-vertex k-graph with

5i(G) = (8}‘(1) + &)nk, the following holds. For any colouring x:E(G) — N of G such that

(B) |x ' (0)| < un*forallceN,
we have that there is a rainbow loose Hamilton cycle in G coloured by x.

Theorem 1.2 provides a first generalisation of the result of Coulson and Perarnau [14] to
the hypergraph setting and strengthens the previously mentioned work of Dudek, Frieze, and
Rucinski [17] who proved the statement in the case that the host hypergraph G is complete. Note
that the bound in (B) is tight up to the choice of i as some bound of the order of #*~! is required
in order to have sufficiently many colours available for a rainbow loose Hamilton cycle. Note also
that, as with the previous results on F-factors in hypergraphs due to Coulson, Keevash, Perarnau,
and Yepremyan [12], our result works even for the values of j where the threshold value 8}‘(1) is
not yet known.

We remark that Theorem 1.2 and the aforementioned result [12] on F-factors are the only
results of this kind, proving robustness via rainbow copies in bounded colourings, in the realm of
hypergraphs. It is not surprising that progress has been much slower when dealing with higher

https://doi.org/10.1017/50963548325100266 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325100266

4 A. Kathapurkar et al.

uniformities as many of the tools used in the graph setting [13, 21], in particular the regu-
larity method, face barriers for hypergraphs in Dirac theory, as discussed above. Our proof of
Theorem 1.2 follows the same scheme as that of [12] for F-factors, appealing to the local lemma
and using random samples to perform switches. The main barrier in applying these methods in
the setting of Hamilton cycles is that the structure we are trying to find is connected. This pre-
vents us from being able to locally adapt a copy of our desired spanning structure independently
from the structure as a whole. These local adaptations are at the core of the switching method
used in [12] and, at a high level, we overcome this obstacle by using absorption techniques to
piece back together loose Hamilton cycles after local alterations. Making this work requires new
ideas to overcome technical hurdles at many parts of the proof and we also require recent work
of Alvarado, Kohayakawa, Lang, Mota, and Stagni [3] who showed the existence of an absorption
scheme when the location of the threshold is not known. Another technical contribution of our
work is to remove the need for a local bound on the colouring. Indeed, the result of Coulson,
Keevash, Perarnau, and Yepremyan [12] found F-factors under the assumption (B) as well as an
additional constraint that every (k — 1)-set lies in at most pn edges of each colour. This local
boundedness condition is superfluous when k =2 (the graph case), but it is not implied by the
global condition (B) when k > 3. The authors of [12] justify this extra condition by showing that
for certain F, for example when F is a clique with more than one edge, the condition is in fact
necessary. However, in the setting of loose Hamilton cycles, Theorem 1.2 shows that the global
condition (B) suffices. Within the proof scheme of [12] and our work here, removing the need
for the local condition requires new ideas to maintain the existence of a rainbow structure. We
develop a novel strategy using random partitions and deterministic adjustments to the partition
and we remark that these ideas can be used to strengthen the result of [12] to be able to drop
the local boundedness condition on the colouring to get F-factors when F is linear, that is, when
any pair of edges in F intersect in at most one vertex. We discuss this further in the concluding
remarks, Section 7.

1.3 Organisation

In the next section, we collect some notation and terminology as well as some probabilistic tools
that we will use throughout. In Section 3, we then provide a proof overview and reduce the proof
of Theorem 1.2 to three main lemmas which are proven in Sections 4, 5 and 6. Finally in Section 7,
we discuss potential future directions of research.

2. Preliminaries
2.1 Notation and terminology

For k-graphs H and G, we use the notation H C G to indicate that H is a subhypergraph (or sub-
graph for short) of G. A loose path (or simply path, for short) of length t in a k-graph G is a
subgraph P of G defined by a collection of ¢ edges e, . . ., e; € E(G) such that there is some order-
ing vi,..., Vyk—1)+1 of V(P) C V(G) with e; = (V14 G=1)(k=1)> - - - > Vk(i=1)(k=1)} fori=1,...,t
The vertices VE(P) := {vy, Vek—1)+1) are referred to as the endvertices of the path.

A loose Hamilton cycle H comes with a cyclic order on E(H) such that the only intersecting
edges of H are pairs of consecutive edges in the ordering (which intersect in exactly one ver-
tex). For each loose Hamilton cycle H of G, we will act under the convention that there is a fixed
orientation of this order of E(H) and will refer to an increasing path, of length ¢ say, from an edge
e € E(H) to be the path defined by taking e and the t — 1 edges that follow e when traversing the
loose Hamilton cycle according to the orientated order on E(H).

For a k-graph G and S C V(G) with |S| < k, we define the set Eg(S) C E(G) of edges incident to
Stobe

Eg(S):= {e€ E(G):SCe},
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and we define the degree of S in G to be

deg; (S) = [EG(S)I.

We write simply E(S) and deg (S) if the k-graph G is clear from context. We will also need neigh-
bourhoods and degrees defined relative to vertex subsets. For a k-graph G and vertex subsets
S, W C V(G) with |S| < k, we define the set Eg(S;W) C E(G) to be

EGg(S; W):= {e€E(G):SCee\SC W},
and we define the degree of S in G relative to W to be
deg; ($;W) = |Eg(S;W)].
We write simply E(S;W) and deg (S;W) if the k-graph G is clear from context.

2.2 Probabilistic tools

In this section we collect various probabilistic tools that will be used in the proof of Theorem 1.2.
We start with a general version of the (lopsided) local lemma, see [2, Lemma 5.1.1] and the
remarks following the lemma.

Lemma 2.1 (The lopsided local lemma). Suppose A is a set of events in a finite probability space,
" is a graph with V(I") = A and there are real numbers {xs : A € A} with0 <x4 <1 forall A e A.
Suppose further that for any A € A and subset A’ C A\ {A} such that AA" ¢ E(T) for all A’ € A’
and P[ Nyreq A'] > 0, we have that

PlAINwea AT<xa [] (1 —xp). (2.1)
B:ABeE(T")

Then with positive probability none of the events A € A occur.

Remark 2.2. The fact that we only have a condition for families A’ for which P[ Ngrc 4 A’] > 0 is
not mentioned in [2, Section 5.1] (or elsewhere in the literature). However such a condition is nec-
essary for the probability in (2.1) to be well-defined. This omission presumably stems from the fact
that Lemma 2.1 is in fact proven in [2] under the stronger assumption that A is mutually indepen-
dent from all of the events {A" : AA" € E(T')} and P[A] satisfies the inequality in (2.1). Therefore one
can bypass the issue of having P[ Nyrc ar A'] = 0 by using the mutual independence to deduce that
P[A| Naren Al =P[A] and bounding P[A]. Strictly speaking, there is still a potential issue here
with P[A| Nyrear A'] being well-defined but an inspection of the proof of [2, Lemma 5.1.1] shows
that one can add an extra induction over the size of | A’'| which will show that P[ Nprcar Al>0
forall A’ C A (and ultimately A itself) and so imposing (2.1) only for A" with P[ Ngrear Al > 0is
justified.

In fact, it will be easier for us to work with a slight modification of Lemma 2.1, for which we
make the following definition.

Definition 2.3. Let A be a set of events in a finite probability space. Suppose T is a graph with
V(I') = A and p € [0,1/2)A. We call T a p-dependency graph for A if for every A€ A and A' C
AN (A} such that AA' ¢ E(T) forall A" € A" and P[ Ny A’] > 0, we have P[A| Narear A'] < pa.

We now deduce the following corollary of Lemma 2.1 which we will use in applications. This
result is already known in the literature but we add its proof for completeness.

Corollary 2.4. Under the setting of Definition 2.3, if Y {pp:AB € E(I')} <1/4 for all A € A then
with positive probability none of the events in A occur.
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Proof. For each A € A, we set x4 = 2p4 and need to show that the condition (2.1) holds for such

values. So fix some A € A and some A’ C A with P[ Ngre 4/ A’] > 0 and such that AA’ ¢ E(T) for
all A’ € A'. Then

XA l—[ (1—xp)>xa [1— Z xg |=2pa |12 Z pB | = pa>PlAINwea A,
B:ABEE(T) B:ABEE(T) B:ABEE(T)

as required. U

We will frequently use concentration inequalities for random variables. The first such inequal-
ity, Chernoff’s inequality [11] (see also [24, Corollaries 2.3 and 2.4]), deals with the case of
binomial random variables.

Theorem 2.5 (Chernoff inequality). Let X be the sum of a set of mutually independent Bernoulli
random variables and let . = E[X]. Then for any 0 < § < %, we have that

PIX > (1481 <e ™ and PIX<(1—8)i] <e ™2
Moreover, if x > 7A, then P[X > x] <e™™.

The following well known bound gives a lower bound on the probability that a binomial ran-
dom variable hits its expected value. The form we give here can be found in [12, Lemma 3.6].

Lemma 2.6. Let X be binomially distributed with parameters (n, p) and suppose that A .= E[X] =
np € N is an integer with A = o(y/n). Then P[X = 1] > 1/(4/1).

We will also be interested in concentration inequalities when dealing with random variables
that are not mutually independent. Let {X;};c7 be a family of random variables on a common
probability space. A (strong) dependency graph for {X;}ic7 is any (2-uniform) graph I" with V(I') =
7 and such that if A and B are disjoint subsets of Z and {e € E(I") : e N A, e N B # J} = (J, then the
families {X;}ic4 and {X;}icp are independent of each other. The following inequality is a version of
Suen’s inequality [36] given by Janson [25] (see also [24, Theorem 2.23]) and it provides a bound
for the lower tail in the case that there is a strong dependency graph which is sufficiently sparse.

Lemma 2.7 (Suen’s inequality). Let {I;};cz be a finite family of indicator random variables
with some strong dependency graph T'. Let X:= ), 7 I;, »:= E(X) and write i~ j if ij € E(").
Moreover, let Ax = Z(i,j)dz E[LL] and 8x = maXjez ) erp~i PUk = 1]. Then for any 0 <
t<A,

g

_ > t

Finally we need the following inequality of Talagrand [37], which we give in the following form,
see [29, Section 10.1].

Lemma 2.8 (Talagrand’s Inequality). Let ¢,7 >0 and X be a non-negative random variable
determined by n independent trials satisfying the following conditions:
o (c-Lipschitz) changing the outcome of one trial can affect the value of X by at most ¢; and
o (r-certifiable) for any s > 0, if X > s then there is a set of at most rs trials whose outcomes
certify that X > s.
Then for any 0 <t < A:= E[X], we have that
t2

P [|X PV 60c\/rk] < 4¢" 8,

https://doi.org/10.1017/50963548325100266 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325100266

Combinatorics, Probability and Computing 7

3. Proof overview

In the remainder of the paper (with the exclusion of the concluding remarks in Section 7), we
fix 1 <j < k € N. For convenience, we also collect the following hierarchy of constants which is
adhered to throughout;

I/nmKLu<Ly L1/t pKe, 1/k. (3.1)

By this we mean that given any ¢ > 0 and 2 <k €N, we can choose constants from right
to left so that all required relations with these constants in our proof are satisfied. Indeed any
statement concerning these parameters in our proofs will be true under conditions of the form
¢ <fl(cr,...,ce) where ¢ is below ¢y, . . ., ¢¢ in the hierarchy. In order to highlight when we are
appealing to this hierarchy, we will state that we are using that ¢’ < ¢y, . . ., ¢,. We will also fix the
following key constants

Ti=(tk—1)+1), s:=1t9% m:=T.m and M:=T-m=T*-im.  (3.2)

throughout. The definition of /1 has some flexibility with the important thing being that it is much
larger than ¢ but still bounded by some polynomial in ¢. The definitions of T, m and M are more
rigid with it being crucial that m/m = M/m = T. Note that due to how the hierarchy is defined,
we can assume that y < 1/M, 1/m, 1/m, 1/T and likewise with all constants to the left of y in
the hierarchy. Finally, we will assume that n € (k — 1)N and fix some n-vertex k-graph G and a
colouring x : E(G) — N satisfying the assumptions of Theorem 1.2.

Our proof will work through an application of the (lopsided) Lovasz local lemma (Lemma 2.1/
Corollary 2.4), which is a powerful tool for finding rainbow spanning structures in (hyper)graphs
[1, 12-14, 17, 19]. Our probability space will be a choice of a uniformly random loose Hamilton
cycle Hy in G, noting that the existence of one such cycle is guaranteed by the fact that G has
minimum degree above the extremal threshold. Our bad events A will encode the possibility of
having two edges of the same colour in H, and thus our application of the local lemma will imply
that with positive probability, the random loose Hamilton cycle H, is rainbow.

In order to appeal to the local lemma, we need to bound from above probabilities of the form
P[A| Naren A'] for certain A’ C A. Ignoring the conditioning of these events momentarily, we
need an upper bound on the probability of some bad event A occurring, where A encodes the
appearance of two edges of the same colour appearing in H,. The key idea to estimate such prob-
abilities is to use switchings. Broadly speaking, we do a double-counting argument of the pairs of
loose Hamilton cycles (H, H') of G such that H satisfies A, H' does not satisfy it, and H' can be
obtained from H by reshuffling a small number of disjoint subpaths. Exhibiting many such pairs
for each H in which the bad event A occurs will allow us to conclude an upper bound on P[A].
The collection of subpaths that we will use to reshuffle the loose Hamilton cycle are what we will
call a splitting of the Hamilton cycle, as in the following definition.

Definition 3.1 (A Hamilton cycle splitting). Given a loose Hamilton cycle H in G, an m-splitting
of H is a collection of vertex-disjoint loose paths P = {P1, . .., Py} in G such that each path P; is a
subgraph of H. We say the splitting is t-balanced if each P; has length t and we say that the splitting
is t-bounded if each P; has length at most t.

We define V(P)=U{V(P):P e P} to be vertices of P, VE(P):= U{VE(P): P e P} to be the
endvertices of P and VI(P):= V(P)\ VE(P) = U{V(P) \ VE(P): P e P} to be the interior vertices
of P.

Given a splitting P of a loose Hamilton cycle H satisfying a bad event A, we will choose new
edges of G to piece back together a new loose Hamilton cycle H' which avoids A. The edges that we
use to do this will lie on the vertices V(P) of the splitting and furthermore, they will be transverse,
that is, each new edge will contain at most one vertex from each of the paths in the splitting P.
Using transverse edges in the new loose Hamilton cycle H’ will give us control over the colours
that feature on new edges which, as we will see shortly, is essential to our approach. In general, we
make the following definition of transverse sets and partitions.
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Definition 3.2 (Transverse with respect to a splitting). Given a loose Hamilton cycle H in G and
an m-splitting P ={P1, ..., Py} of H, a set of vertices S C V(P) is transverse (with respect to P) if
SN V(P)| <1 forall P € P. A partition of V(P) is transverse (with respect to P) if each part of the
partition is transverse.

Next we come to the notion of a switching, which encapsulates how we reshuffle a loose
Hamilton cycle H on the vertices of some splitting P to arrive at a new loose Hamilton cycle H'.
The switching will depend on a path Py which is a subpath of the original loose Hamilton cycle H
that can be thought of as a “troublesome” part of H. In applications, this path Py will contain
(at least one of) the pair of monochromatic edges described by some bad event A that
occurs in H.

Definition 3.3 (Switchings). Given a loose Hamilton cycle H in G and a loose Hamilton path Py of
length t with Py C H, we define a (Py, H)-switching of size m to be a triple (P, H', P’) such that P
is a t-balanced m-splitting of H with Py € P, H' is a loose Hamilton cycle of G, P’ is a 2t-bounded
m-splitting of H', and the following conditions are satisfied.

(O H[VGQ\VI(P)]=H [V(G\ VI(P)];
(1) V(Py) is transverse with respect to P’.

Condition (I) essentially says that when we switch from H to H’, all of the altercation takes
place on the vertices of a splitting P. Note also that condition (I) necessarily implies that VE(P) =
VE(P’). Condition (IT) will imply that in the new loose Hamilton cycle H', the vertices of V(Py)
are far apart. In particular, this will imply that our bad event A in H will no longer occur in the
new loose Hamilton cycle H' as at least one of the pair of monochromatic edges described by A
will no longer feature in H'.

As previously mentioned, we will use switchings to double count pairs (H, H') of loose
Hamilton cycles in G in which some bad event A occurs in H but not in H'. This in turn will
lead to upper bounds on the probability P[A] of A occurring. However, in order to appeal to the
lopsided Lovész local lemma (Lemma 2.1), what we actually want to bound is probabilities of the
form P[A| Narear A'] for any collection of events A’ that do not lie in the neighbourhood of A in
the dependency graph I' (see Definition 2.3). As usual in the local lemma, in order to be effective,
we will define I" locally and so bad events B that are adjacent to A in I" will be those in which the
edges involved in the event B intersect the edges that are involved in the event A. In practice this
will translate to having bad events B that are adjacent to A being those that involve edges intersect-
ing the troublesome path Py and all other bad events might feature in the set A’. We will condition
on some such collection of events A’ not happening and in order to estimate P[A| Nygrc 4/ A'], our
double counting will focus in on loose Hamilton cycles such that no event in A’ occurs. Thus we
assume that no event in A" occurs in H and our switching will also need to produce some loose
Hamilton cycle H' in which no event in A" occurs. This will be achieved by enforcing that the
switching is feasible as in the following definition.

Definition 3.4 (Feasible switchings). Given a loose Hamilton cycle H in G and a loose Hamilton
path Py of length t with Py C H, we say that a (Py, H)-switching (P, H', P') is feasible if F':=
H'[V(P')\ V(Py)] is rainbow and no edge of F' shares a colour with H [V(G) \ V(PI)].

Note that in order for a switching to be feasible we do not require that H’ is fully rainbow out-
side of V(Py). Indeed, it could be that there are edges of the same colour in H'[V(G) \ VIi(PH] =
H[V(G) \ VI(P)]. The key point is that in switching from H to H’, we are not introducing any
new pairs of monochromatic edges, apart from possibly some that include vertices of V(Py). As
we assume that no event in our collection A" occurs in H, this will guarantee that none of the
events in A" will occur in H’ neither. There is the exception of pairs of monochromatic edges that
intersect V(Pg) and might appear in H' (and not in H) but, as alluded to above, we will define our
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dependency graph I'" in such a way that these events will be adjacent to A in I" and thus will not
feature in A’

We are now in a position to state our first main lemma which precisely shows that if we can
find many switchings for any loose Hamilton cycle H and troublesome subpath Py, then we will
be able to prove the existence of a rainbow loose Hamilton cycle. The proof of Lemma 3.5, which
we give in Section 4, will follow from applying the local lemma (Corollary 2.4) and the double
counting argument sketched above.

Lemma 3.5 (Many feasible switchings implies a rainbow Hamilton cycle). Suppose that for every
loose Hamilton cycle H in G and loose path Py of length t with Py C H, there are at least yn™ !
feasible (Py, H)-switchings of size m. Then G contains a rainbow loose Hamilton cycle in G.

With Lemma 3.5 in hand, it remains to find many feasible switchings for any loose Hamilton
cycle H and subpath Py. To find a feasible switching, we first need to find a splitting P of H that
contains Py. The next definition captures the desired properties of such a splitting, that will allow
us to use it in a feasible switching.

Definition 3.6 (Suitable splittings). We say an m-splitting P of a loose Hamilton cycle H is suitable
fOi’ PyeP lf

(i) for any transverse S C V(P)\ V(Py) with |S| =k — 1, there are at most em/4 edges in
EG[v(p)|(S) that share a colour with an edge in H;
(ii) for any transverse X C V(P)\ V(Py), there is no pair of edges e, f € E(G[X]) with x(e) =
x(f) and leNf| =1; and
(iii) for any pair of disjoint transverse edges e, f € E(G[V(P) \ V(Po)]) with x (e) = x (f), we have
that there are two distinct P;, Py € P such that Py N e, Py N f # ¥ for x=1i,1’.

Remark 3.7. Note that condition (iii) of Definition 3.6 in particular implies that for any transverse
X C V(P)\ V(Py), there is no pair of disjoint edges e, f € E(G[X]) with x(e) = x(f).

Whilst the conditions for a splitting being suitable are somewhat technical, suffice it to say here
that these conditions will guarantee that we can choose new edges (all of which will be transverse
with respect to the splitting P) to contribute to the new loose Hamilton cycle H in our switch-
ing, in such a way that the switching will be feasible (Definition 3.4) and so not create any new
unwanted pairs of monochromatic edges.

On top of finding a suitable splitting, we also need to specify how we build our new H’ for our
splitting and in particular, the endpoints of the new paths in the splitting P of H'. This will be
given by a rerouting.

Definition 3.8 (Rerouting). Given a loose Hamilton cycle H in G and an m-splitting P =
{P1,...,Pu} of H, arerouting of P is a partition of VE(P) into pairs {{vy, v }ii=1,..., m} such
that connecting the paths in H [V(G) \ VI(P)] by identifying v, and véfor i=1,...,mresultsina
(single) loose cycle.

Recall the definition of a partition being transverse with respect to an m-splitting (Definition
3.2) and note that if we have a ¢t-balanced m-splitting P and X = {Xj, .. ., X} a partition of V(P)
that is transverse with respect to P, then necessarily we have that each part in & has size exactly
m =T - m. Given a (suitable) splitting PP of a loose Hamilton cycle H, in order to find a feasible
switching (P, H', P’) which uses P, we will first find transverse partition X of V(P) and then
define our new loose Hamilton cycle H' and corresponding splitting P’ in such a way that each
path in P’ belongs to one part of the partition X' In particular, this will guarantee that each of the
edges that features in H' and not in H will be transverse with respect to P. The next definition
captures what properties we require from the partition of V/(P).
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Definition 3.9 (Viable partition). For a t-balanced m-splitting P of a loose Hamilton cycle H, we
say a partition X = {X, ..., Xt} of V(P) is viable if it is transverse with respect to P and

(a) there exists a rerouting {{vﬁz, vZ} :i=1,...,m} of P such that for each h € [T] there are
(exactly) m indices i € [m] such that {v!, VZ} C Xy; and

(b) 8(GLX4]) > (65(1) + §)m* for each h € [T).

Condition (a) is necessary because we wish to build the paths in P’ so that each path is con-
tained in one part of X and so we certainly need a rerouting (which dictates the endpoints of the
paths in P’) in which pairs of vertices that feature in the rerouting lie in one part of the partition
X. The condition that there are exactly m pairs in each part will imply that necessary divisibility
conditions are adhered to so that we can cover the vertices of each part with disjoint paths between
pairs of the rerouting. The condition (b) will be useful also to imply the existence of these disjoint
paths. Indeed, without a minimum degree condition we will have no guarantee that G[Xj] for
h € [T] contains any sort of useful spanning structure for creating H'.

Our next major lemma, proved in Section 5, shows that it in order to find a feasible switching,
it is enough to find a suitable switching that admits a viable partition.

Lemma 3.10 (Suitable splittings with viable partitions give feasible switchings). For a loose
Hamilton cycle H in G and a path Py of length t with Py C H, if P is a t-balanced m-splitting of
H that is suitable for Py and such that V(P) admits a viable partition, then there is some (size m)
feasible (Py, H)-switching (P, H', P’).

To prove this lemma, we will build the paths in P’ which define the new loose Hamilton cycle
H’, by building paths in each part of the viable partition X, one at a time. Within each part Xj,, ata
high level, we use absorption techniques to find the relevant collection of disjoint paths that cover
the vertices Xj,. In fact, we are able to use a recent result of Alvarado, Kohayakawa, Lang, Mota,
and Stagni [3] (which is proven using absorption techniques) as a black box to find our desired
paths. Still though, there is some technical work needed to get in to a position where we can apply
their result, and we also need to prove that we can build our paths in such a way that the resulting
switching is feasible, which we will be able to achieve by appealing to the conditions of P to be
suitable.

Finally then, to complete the proof of Theorem 1.2, it will remain to prove that we can indeed
find suitable splittings that admit feasible partitions. This is the content of our last main lemma,
Lemma 3.11, which is proven in Section 6 by sampling both a random splitting and a random
partition and showing that with positive probability, all the required conditions will hold in these
random samples.

Lemma 3.11 (Many suitable splittings with viable partitions). For a loose Hamilton cycle H in G
and a path Py of length t with Py C H, there exists yn™~1 distinct choices of t-balanced m-splittings
P of H such that P is suitable for Py and V(P) admits a viable partition.

With these three main lemmas in hand, the proof of Theorem 1.2 is immediate. We conclude
this section by spelling it out in detail.

Proof of Theorem 1.2. By Lemma 3.5, it suffices to show that for any loose Hamilton cycle H in
G and loose path Py C H of length t, there are at least yn™~! feasible (Py, H)-switchings of size
m. Lemma 3.10 then implies that it is sufficient to find yn™~! t-balanced m-splittings P of H
with Py € P and such that P is suitable for Py and admits a viable partition. The existence of these
splittings is then given by Lemma 3.11. U
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4. Many feasible switchings imply a rainbow Hamilton cycle
In this section we prove Lemma 3.5, which has a similar proof to that of [12, Lemma 2.2].

Proof of 3.5. Let H, be a loose Hamilton cycle of G chosen uniformly at random. Recall the
hierarchy of the parameters: 1/n K u <y < 1/m <K 1/tin (3.1).

For every Py loose path of length t in G and every ey, fo € E(Py) with |eo N fo| <1 and
x(e) = x(f) define the events A(ey, fo;Po) = {Po C H.}. Similarly, for every pair of vertex-disjoint
loose paths Py, Qp of length t in G and every ey € E(Py) and fy € E(Qp) with x(e) = x (f), define
B(eo, fo;Po, Qo) = {Po, Qo € Hy}. Then we define

A= {A(eo, fo; Po) : P[A(eo, fo ; Po)] > 0},
B = {B(eo, fo ; Po, Qo) : P[B(eo fo ; Po> Qo)] > 0},
E=AUB.

Note that if none of the events in £ hold, then H is rainbow. Indeed, for every pair ey, fo €
E(H,) we have |eg N fy| < 1 and by avoiding the events in &, any such pair satisfies x () # x (f).

For each A = A(ey, fo;Po) € A, we write V(A) := V(Py) and for each B = B(ep, fo;Po, Qv), we
write V(B) := V(Py) U V(Qp). Consider the graph I with V(I") = £ where for every E;, E; € £ we
have E; E; € E(T") if and only if V(E;) N V(E;) # . We will choose values p 4, ps € [0, 1/2) such
that I is a p-dependency graph for £, where py =p 4 for all A € A and pp = pg for all B € B. For
X € {A, B}, define

dy =max [{X € X : EX € E(I')}|.
Ee€

To apply Corollary 2.4, it suffices to check that p 4d 4 + ppdp < 1/4.
To bound the degrees in I', we bound the number of events whose vertex set intersects a given
vertex v € V(G). Recall that T = #(k — 1) + 1 is the number of vertices of a loose path of length ¢.
For every v € V(G), we claim that

|Ac A:ve V(A)| <2(k+ 1)Tlun1. (4.1)

Indeed, suppose that A = A(eo, fo;Po) € A with v € V(A). There are at most (k + 1) unk—1 pairs
of edges ey, fo € E(H,) of the same colour with |ey N fy| < 1; indeed, there are at most n* choices for
eg, at most (k + 1) for ey N fo and at most unk—1 for fy, by (B). From them, at most (k + 1)pun2k-2
pairs satisfy v € ey U fy (as one can assume that v € ey which gives at most n¥~! choices for e). If
v ¢ (eg UJfy), then there are at most T'n” 2k ways to complete the path Py containing both edges,
and if v € (eg U fy) there are at most TinT—2k+1 ways to do it. In total, v intersects with at most
2(k 4 1)T'\unT~! events in A, proving (4.1).

For every v € V(G), we claim that

IBeB:ve V(B)| <2(T)un*T=2. (4.2)

Indeed, suppose that B = B(ey, fo;Po, Qo) € Bwithv e V(B).If v € (eg U fy), we may assume that
v € ep and there are at most 15! choices for ey and at most /Lnk_l for fy of the same colour, again
by (B). Then there are at most (T)2n2T=2k choices for Py and Qg containing ey and fy respec-
tively. If v ¢ (eg U fp), then there are at most ,unZk_l pairs ey, fo of the same colour, and at most
(T)2n2T—2k=1 choices for Py and Qg containing ey and fy respectively, such that v € Py U Qp. In

total, v intersects at most 2(T!)>un?T—2 events in B3, proving (4.2).
By the definition of I" and since |V(E)| < 2T for all E € &, there exists C = C(k, t) such that

dy < Cun™™' and dg<Cun*T2 (4.3)
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In order to bound p 4 and pg we will use switchings. Recall that p 4 is an upper bound on

P[A | Ngeg E] where A € A and
E'C{Ec&\{A}:AE ¢ EI)). (4.4)

Fix A = A(ep, fo 5 Py) € Aand &' as in (4.4). Let H = H(E') be the collection of loose Hamilton
cycles of G that satisfy Ngce/E, which we may assume is non-empty. Let Ho = {H € H : Py C H}.
Consider the bipartite multigraph 7,4 with parts H( and # and where an edge is added between
H € Ho and H' € H for each feasible (Py, H)-switching Y = (P, H', P’) of size m.

In fact, for every feasible (P, H)-switching Y = (P, H', P’), we have H' € H \ H,. Indeed, by
Definition 3.3, since V(Py) is transverse with respect to P/, Py is not in H'. Moreover, by Definition
3.4, all edges in H' that are not in H either intersect Py or have a unique colour in H'. However, by
the definition of " and (4.4), all events that intersect Py are not in &', thus H' € H.

Let §4 be the minimum degree in F4 of the vertices in H and A4 be the maximum degree in
Fa of the vertices in . Double-counting the edges of 74, we obtain

Hol _ Aa
Ml = b4

It suffices to upper bound A4 and lower bound é4. The hypothesis of the lemma and the fact
that every feasible switching produces a loose Hamilton cycle in #, imply that §4 > yn™~1. To
bound A4, we fix any H' € H and bound the number of pairs (H,Y) where H € Hy and Y =
(P,H',P') is a feasible (Py, H)-switching of size m. By the previous observation, it suffices to
check it for H' € H \ Hp. By condition (II) in Definition 3.3 , all vertices in V(Py) are in different
parts of P’. We first construct P’. As P is fixed by A, the number of ways to choose T paths in
H’ of length at most 2t and each one containing exactly one vertex in V(Py) is a constant only
depending on t, k. Additionally, there are at most #~T choices to complete P’ with m — T paths
in H' (each factor of n corresponding to a choice of starting point in H’ for one of the remaining
paths in P’). Once P’ has been fixed, the number of ways to construct P and H is a constant only
depending on t, k, m. So Ay < C'n™ T, for C' = C'(k, t, m). We obtain

P[A | Ngeg/E] = (4.5)

PIA| Npesr E1 < Cy ' T=ipy. (4.6)

Similarly, we choose pg to be an upper bound on P[B | Ngcg E] where B = B(ey, fo;Po, Qo) € B
and &' satisfying (4.4) where A is replaced by B. Define H = H(E’) as before and now let Hy =
{H € H : Py, Qo C H} and construct the bipartite multigraph Fp with parts Hy and #, where an
edge is added between H € H and H' € H for each pair (Y, Z) where

- Y =(P, Hy, Py) is a feasible (Py, H)-switching of size m, such that V(P) N V(Qp) =¥, and
- Z=(Q,H’, Q) is a feasible (Qy, Hy)-switching of size m, such that V(Q) N V(Py) = @.

As in the previous observation, if there is an edge between H and H’, then H € H \ H,.
Define Ap and 8p analogously to A4 and &4 for the multigraph Fp. To compute 85, note that
some switchings are invalid as they violate the disjointness conditions. However, given Py and
Qo, there is some constant C > 0 depending only on ¢ and k such that there are at most Cn™ 2
many (Py, H)-switchings Y = (P, Hy, Py) such that V(P) N V(Qp) # ¥ and at most Cnm=2 many
(Qo, Hy)-switchings Z = (Q, H', Q') such that V(Q) N V(Py) # @. Therefore a negligible propor-
tion of the the pairs of switchings are disallowed and by the hypothesis of the lemma, §p >
%yznzm—z‘ Similarly as before, we have that Ap < C' n2m=T) 1t follows that

P[B| Ngegr E] <2C'y 2n® T =i pg. (4.7)
Combining equation (4.3), (4.6) and (4.7), and since pu < y,1/m,1/t,1/k, we have that
pAda + ppdp < 1/4. The lemma now follows by applying Corollary 2.4. u
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5. Suitable splittings with viable partitions give feasible switchings

In this section, we will prove Lemma 3.10 showing that for a loose Hamilton cycle H containing
some length t path Py, if we have a t-balanced m-splitting P that is suitable for Py and such that
V(P) admits a viable partition, then we can find some feasible (Py, H)-switching (P, H', P’). We
therefore need to find a new loose Hamilton cycle H which is the same as H outside of the vertex
set VI(P). Recall that given the viable partition X = {X1, . .., X1} of V(P), there is some rerouting
R= {{Vfr VZ} :i=1,...,m} of P such that each X}, contains exactly mu pairs in R. We will define
H’ by considering each Xj, in the viable partition X individually and finding some collection Cj,
of m vertex-disjoint paths in X}, that cover the vertex set of X}, and such that each path P € Cj, has
as endpoints one of the pairs in R that lies in Xj. Note that, due to the fact that R is a rerouting
(Definition 3.8) and our requirement that the collections Cj, will cover all the vertices in V(P),
taking the paths in the collections along with the paths in H[V(G) \ VI(P)] will indeed define a
new loose Hamilton cycle H'.

For each h € [T], in order to find the required path collection Cy covering X}, we will use the
following lemma.

Lemma 5.1 (Path tilings). Suppose that G’ C G is a k-graph with |V(G')| = m and §;(G) > (8}‘(1) +

%)mk’f. Suppose also that there is some collection R' = {{ui ué} ie[m]}C (V(G/)) of m disjoint
pairs of vertices in G'. Then there is a collection C' = {P ;i € [m]} of m vertex-disjoint (loose) paths
in G’ each of length at most 2t and such that V(G') = Uje[n) V(P ) and VE(P;) = {ul, ub}for each
i € [m]. Moreover, for any (2-uniform) graph B with V(B) = V(G') and A(B) < 2tk%, we can find a
collection C' = {P;:i € [m]} as above such that no edge of any path P; contains an edge of B.

We now show how to use Lemma 5.1 to establish Lemma 3.10.

Proof of Lemma 3.10. We fix some path Py of length ¢ in G, some loose Hamilton cycle H con-
taining Py and some t-balanced m-splitting P = {Py, . . ., P,—1} of H, that is suitable for Py and
such that V(P) admits a viable partition X ={X;, ..., Xr}. By the definition of X’ being viable
(Definition 3.9), we have that there exists a rerouting R = {{vfl, VZ} :i=1,...,m} of P and some
partitionof RasR=R; U---UR7 with |Ry| =mand Ry, C ()g’) for each h € [T]. Moreover, as
X is a viable (and hence transverse) partition of V(P) of size T we necessarily have that for each

he[T] and eachi=0,...,m — 1, the intersection X; N V(P;) contains a single vertex. We label
the vertices of each Xj, as X, = {ug > . . . » Uyy—1,5} S0 that u; € V(Py) fori=0,...,m — 1. We fur-
ther set Xj, := Xj, \ {uo,n} = {uip:i € [m — 1]} to be the vertex set obtained from X, by removing
uo,n € V(Po).

Our aim is to show that there is some feasible (Py, H)-switching (P, H', P’). We will do this by
finding a collection Cj, of paths in X}, for h € [T] in succession. For each h, we will guarantee the
following properties of Cy:

(1) Cpisapath tiling in G[Xy], that is, the collection of paths in Cy, are vertex-disjoint and cover
the vertex set Xj;;

(2) The set of pairs of endpoints {VE(P): P € C,} is precisely set R, and each path in Cj, has
length at most 2t.

For the next conditions we define éh = {P[X,] : P € C},} to be the collection of paths obtained
from Cy, after deleting the vertex 1} € X and the edges that contain it. Note that by removing

ug,p,» one of the paths in Cj, might split into two paths in Ch. When we refer to edges in Cp, we mean
the collection of edges that feature on some subgraph belonging to the set Cj,.
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(3) No edge in éh shares a colour with an edge in H[V(G) \ V(PhHI;
(4) No edge in éh shares a colour with an edge in Ulﬁh/<héh/;
(5) The subgraph of G obtained by taking all edges in C} is rainbow.

We claim that after finding such Cp, for all h € [T], we will be done. Indeed, note that the graph
obtained by taking H[V(G) \ V(P)] and all the paths in P’ := UZZI{P:P € Cp}, defines a new
loose Hamilton cycle H' in G, using here the conditions (1) and (2) above, and the fact that R is
a rerouting as in Definition 3.8. Moreover, by (2), note that P’ is an m-splitting of H' which is
2t-bounded. Note also that H'[V(G) \ VI(P')] is precisely the graph H[V(G) \ VI(P)] and that
V(Py) is transverse with respect to P’ as the partition X was transverse with respect to P and all
the paths in P’ lie in one part of X. Thus the triple (P, H', P’) defines a (Py, H)-switching of size
m (as defined in Definition 3.3). Furthermore, the graph F':= H'[V(P’) \ V(Py)] is rainbow due
to the conditions (4) and (5) and no edge in F’ shares a colour with an edge in H[V(G) \ V(PhH]
due to the conditions given by (3). Hence (P, H', P’) is a feasible (Py, H)-switching, as required.

It remains to prove that we can find the collections Cj, as claimed and as previously men-
tioned, we will show how to construct these sequentially for h=1,..., T. So suppose that we
are at the point of constructing Cy, for some h € [T] and that all Cjy with 1 <’ < h have already
been constructed. Firstly, we let G’ C G[X}] be the k-graph obtained from G[Xj] by deleting any
edge e C Xp =X\ {ug,} that shares a colour with some edge in H. Note that as P is a suitable
splitting of H and &X' is a viable partition, we have that §;(G") > (8}‘(1) + %)mk_j . Indeed, for any
subset S C Xj, with [S| =7, property (b) of Definition 3.9 implies that S is contained in at least
(8}‘(1) + %)mk*j edges in G[Xj] and property (i) of Definition 3.6 implies that at most %mk’j
of these share a colour with some edge in H. We will find our paths in G’ and thus ensure that
property (3) holds.

Next we define a (2-uniform) graph B, with vertex set V(By,) = Xp, = {uop, . . - » Um—1,4} and
a pair of vertices {u;y, uy 5} € ()gh) being an edge of By, if and only if 0 ¢ {i, /'} and there is some
1 <k < h such that the pair {u;, uy ) lies in an edge e € E(G[Xh/]) that features in éh/. We
claim that A(By) < 2tk%. Indeed, for a vertex u = u;, € X}, we have that degp (1) =01if i=0
and otherwise we bound the number of choices for i" with {u, uy ;} € E(By,) by a choice of W' < h
(at most t(k — 1) < tk choices), a choice of edge e € G[Xj,] that lies in (fh C Cp, and contains u;
(at most 2 choices) and a choice of vertex uy jy that lies in e (at most k — 1 < k choices).

By the ‘moreover’ part of Lemma 5.1, we can obtain a collection Cj, of 71 paths in G'[X},] that
satisfy the conditions (1) and (2) above and such that no edge in a path in Cj, contains an edge of
By,. It remains to establish properties (4) and (5). For (5), note that as (fh is a collection of vertex-
disjoint loose paths, any pair of edges e, f € X, C V(P) \ V(Po) that feature in C;, necessarily have
that e N f| < 1. Thus, as Xj, is transverse with respect to P, we have that x(e) # x(f) due to con-
ditions (ii) (for [eNf| = 1) and (iii) (for |e N f| =0, see Remark 3.7) of Definition 3.6 and the fact
that P is suitable for Py. This establishes (5). Finally, for (4) suppose for a contradiction that there
is some edge e in C, that shares a colour with some edge f in (), for some 1 <h' <h. As P is
suitable for Py and e, f C V(P) \ V(Py) are disjoint edges that are both transverse with respect
to P (as they lie in different parts of the transverse partition '), condition (iii) of Definition 3.6
implies that there exists distinct i, i’ € [m — 1] such that u;y, uy y C f and u;p, uy , C e. However,
this implies that {u;, uy ;} € E(By) contradicting the fact that no edge on a path in Cj, contains
an edge of By,. This concludes the proof. U
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5.1 Path tilings

It remains to prove Lemma 5.1. For this, we will use the following recent theorem due to Alvarado,
Kohayakawa, Lang, Mota, and Stagni [3, Theorem 9.3] which shows that the j-degree threshold
for a loose Hamilton cycle coincides with the threshold for a loose Hamilton path between any
pair of vertices.

Theorem 5.2 (Hamilton paths). For any ng > t/2 such that ng — 1 € (k — 1)N, if G is an no-vertex

k-graph with 8;(Go) > (8}‘(1) + %)ng_], then for any pair of vertices wl, w? € V(Gy), there is a loose

Hamilton path in Gy with endpoints w', w?.

With Theorem 5.2 in hand, the simple idea behind proving Lemma 5.1 is to partition V(G’) into
msets V1,. .., Vi of (roughly) equal sizes such that the collection of pairs R’ = {{u;, uZ}:i € [m]}
is distributed amongst the vertex sets with {ufz, ué} C V; for each i € [m]. We can then hope to
apply Theorem 5.2 to each G'[V;] individually to get a path P; in G'[V;] between ufl and u;] and
thus obtain the desired path tiling C' = {P;:i € [/n]}. In order to be able to apply Theorem 5.2 in
each of the vertex sets V;, we need the graphs G'[V;] to inherit the j-degree condition of G'. This
is achieved by taking a random partition (apart from pairs in R’ which are placed in the desired
set V;). We also need the divisibility conditions that |V;| — 1 € (k — 1)N for each i € [m]. When
randomly distributing the vertices amongst the V;, we will not be able to ensure such a divisibility
condition but we overcome this by setting aside some vertex sets W; with |W;| =k — 2 for i € [m]
which will be used to adjust the sets V; and establish the required divisibility conditions. In order
to prove the ‘moreover’ statement of Lemma 5.1, we show that with high probability the random
sets V; induce almost independent sets in B. If each V; was truly an independent set in B then the
loose Hamilton paths output by Theorem 5.2 would not use hyperedges that contain edges of B.
To turn the almost independent sets into truly independent sets in B, we will need to adjust our
sets slightly by moving some limited number of vertices between parts of the partition. Moreover,
by choosing our sets W; carefully to avoid edges of B, we can also maintain that the B[V;] are
empty graphs after adding vertices from W; to amend the divisibility constraints. We now give
the details.

Proof of Lemma 5.1. We will prove the whole statement including the ‘moreover’ part and so
we fix some G’ with vertex set V =V (G') C V(G), some (2-uniform) graph B with V(B) =V and
some collection of pairs of vertices R’ = {{u}, uy }:i € [m]} as in the statement of the lemma. We

let R:= Ulfh Aul, ué} be the set of vertices that appear in a pair in R’. We will now define vertex

sets Wi, Y; C Vfori=1,...,m — 1 sequentially, and initiate the process by defining Wy = ¢ and
Yo =V \ R. For each i € [mm — 1] we will define W; C Y;_; to have |W;| =k — 2 and Y; will be
defined as Y; =Y;_; \ W;_;. This will guarantee that the sets W; are disjoint from each other
and for each i € [ — 1] we will have that |Y;| > m — 2m — (k — 2)(i — 1) > (¢t — 1)m. We will also
impose that W; C Y;_; has the property that the only possible edges in B[{u/, ué} U Wi_1 U W]
and B[{uf;’l, uZH} U W;] are {ufl, ué} and {ué“, uZH} respectively. Let us see that such a vertex set
W, indeed exists. We start with Y;_; which has size at least (t — 1)m and remove all the vertices

that are B-neighbours of a vertex in {uil, uZ, ué“, uzﬂ} U Wi_; to get some vertex set Yi/_1 CcYig

which has size at least (t — 1) — (4 + (k — 2))2tk? > (t — 2)inas 1/t < 1/kand /i = t'9% by (3.1)
and (3.2). As A(B) < 2tk* there is some vertex set Y/ | C Y/, with |Y/ || >|Y]_|/(2tk* + 1) >
m/2tk’ > k — 1 such that B[Y/" | ] is empty. Choosing W; arbitrarily from this vertex set Y/’ | gives
the desired properties, noting here that we have previously chosen W;_; so that the only possible
edge in B[{ufl, uZ} UW;_1]is {ufl, ué}. After choosing W;, we define Y; = Y;_; \ W; by removing
the vertices of W; from Y;_; and move onto the next step i + 1 (or finish, if i = 1 — 1).

At the end of the process above we have defined W; for i=0,1,...,m — 1 and the vertex
set V/:= Yj;;_1 which is the vertex set obtained from V by removing R and all of the sets W;.
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We further define W;; =#@. Note that |V/'|=T-m—2m— (k—=2)m—1)=m({t—1)(k— 1)+
k — 2. We proceed with the following claim, which will find a partition V' = Uy U - - - U Uj;, of the
vertices V' which have certain properties. For each i € [fi1] we will define U;" := U; U {u/, uZ} U
W; U W;_;. Recall that by construction, there are no edges in B[ UI-Jr \ U;] with the possible excep-
tion of the edge {u!, ué}. We say that U; is good if there is no edge in B[U;'] different from {u?, ué},
bad if there is at least one edge in B[U;'] different from {u/, uZ}. Moreover we say Uj is very bad if
there is no choice of a single vertex u € Uj that is incident to all edges in B[ Ui"' ] other than {u;, ui}.
Recall that we have chosen 8 such that 1/t < 8 < e.

Claim 5.3. There is a partition V' = Uy U - - - U Uy, of the vertices V' such that the following holds:
(A) t—1)(k—1)=Bt<|Uj| <(t —1)(k— 1)+ Bt foralli € [m];
(B) foranyS e ( ) and i € [m], we have that §¢ (S; U+) > (8"(1) + 1¢ )|U+|k =,

(C) none of the U; with i € [m] are very bad; and
(D) at most k3 of the sets U; with i € [m] are bad.

Proof of Claim: We will consider a random partition of the vertices of V’ and show that all the
properties (A), (B), (C) and (D) hold with probability at least 4/5. Thus with probability at least
1/5 all four conditions will be satisfied and so a partition as claimed does indeed exist. In more
detail, each vertex v € V' is assigned to U; with probability 1/7 for each [#] and the allocations
of different vertices is done independently. Note that the expected size of each U; is L := (t — 1)
(k—1+ &2 <t —1)(k—-1)+1.

For part (A), note that for a fixed i € [fn] we have that |U;| is binomially distributed and so by
Chernoff bounds (Theorem 2.5),

Bt
PIUl ¢ [A— Bt — 1L, A+ Bt]] <2¢ o <e V',

Thus the fact that with probability at least 9/10 > 4/5, (A) holds follows from a union bound over

all /i = t19% choices of i € [#71], using here that t is sufficiently large.
For condition (B), we fix some i € [#71] and some j-set S C V = V(G'). We define N(S) := {A C
V' AUS € E(G')} and note that [N(S)| > (8}‘(1) + 4 - B)mFI. Indeed, we have that the number

of edges in G’ containing S is at least (5}‘(1) + %)mk_j due to the minimum degree condition on

G and atmost |V \ V/|mF 71 < kimnm* =1 < Bm*J of the sets A C V(G') with AU S € E(G') are
such that A 51 V’. Now let X;(S) = |{A € N(S): A C U;}| be the random variable that counts the
number of sets in N(S) that end up in U;. Each set in N(S) is in U; with probability (1/ M)k~ and
so Ai(S) := E[X;(S)] > (8}‘(1) + % — B)(t(k — 1))*7. We will use Suen’s inequality (Lemma 2.7)
to prove concentration for A;(S) and so for each A € N(S) we let I be indicator random variable
for the event that A C U; and define a graph I' with vertex set V(I") = N(S) such that A ~ A’ if
and only if AN A" # (. Then I' is a strong dependency graph for the family of indicator random
variables {I4}4en(s) and following the notation of Lemma 2.7, we have that

k—j—1 k—j—1

(k—j)— en_of 1 2(k—j)—¢ o
Axi(s) = Z Z E[Ialy] < Z ( . ) 2(k—j)— (E) < (2k)? 20k=i)=1

=1 (A,A")eN(S)?
|ANA'|=¢

and similarly

k—j—1

— k_j k—j—¢ 1 K 3k, —1
8x;(5) = Amﬁf() Z Elly] < Z ( ' )m = < (2tk)**m

ATANA|=1 =1
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By Suen’s inequality (Lemma 2.7), we have that P[X;(S) < 1;(S) — B(t(k — 1))k < eVt and so
a union bound over all m/ = (%% T choices of § C V and all /i = t'9% choices of U; gives that
with probability at least 9/10 we have that X;(S) > 1,(S) — B(t(k — 1))k~ for each i € [] and S €
(Y), using here that ¢ is sufficiently large. Moreover, we showed that condition (A) holds with
probability at least 9/10 and so with probability at least 4/5, both (A) and the lower bounds on
all X;(S) hold. This establishes the degree conditions (B) by using our lower bound on the values
Ai(S), the upper bound on the sizes of |Uj| (and the resulting upper bounds on |UiJr |) from (A)
and the fact that 8 < ¢ in our hierarchy (3.1).

It remains to establish conditions (C) and (D). Again, note that we defined the sets W; in
such a way that the only possible edge in B[Ui"' \ Ui] is {ufl, ué} for all i € [m]. For each i € [m],
it suffices to consider edges in B[U;] and edges in B between U; and Ul-Jr \ U;. Fixing some
i€ [m] and considering edges in B[U;], we note that by the maximum degree condition on B,
we have that B[V’] contains at most 2tk’>m edges and each edge lands in U; with probability
1/m?. Similarly for edges between Ui+ \ U; and Uj;, we have that there at at most (2k — 2)2tk?
edges between U;r \U;= {ufl, uZ} U W; U W;_; and V' and each such edge lies in B[UiJr ] with
probability 1//m. Therefore the expected number of edges with at least one endpoint in Uj is at
most 2tk*m - (1/m)? 4+ (2k — 2)2tk? - (1 /) < 6t2k> /i and by Markov’s inequality, we have that
P[U; is bad] < 6t°k> /i for each i € [i71]. Similarly, the probability that Uj is very bad can be upper
bounded by the expected number of pairs of edges in B[U;" ], each having an endpoint in U; using
Markov’s inequality. We get that

Qtk*m)?  2tk*m - 2k —2)2tk>  ((2k —2)2tk*)>  40k°t*
—— + — + — <—
m m m m

P[U; is very bad] <

>

where the first summand accounts for vertex-disjoint pairs of edges in B[U;], the second one
accounts for an edge in B[U;] paired with a disjoint edge between U; and U;" \ U; and the last
one counts pairs of edges which are both between U; and U;" \ U;, and which by definition of very
bad, do not intersect in U;. Note that one of these three scenarios must necessarily occur for U;
to be very bad as otherwise there would be one vertex in U; incident to all edges in B[U;r ] other
than {u?, uf’}. Thus, by linearity of expectation, the expected number of very bad sets Uj is less
than 40k°#* /fi1 < 1/5 and the fact that 3 holds with probability at least 4/5 follows from Markov’s
inequality. Similarly, the expected number of bad U is at most 6t2k> by linearity of expectation,
and so P[— (D)] < 6/t < 1/5 as required. O

We now fix some partition V' = U; U - - - U Uy, as in Claim 5.3 and we will first slightly adjust
the partition so that all the sets become good. By condition (D) of Claim 5.3 there is some set
of indices Iy C [/] with |Ig| < £*k* and such that Uy is good for all i’ € [n] \ Ip. For each bad
index i € Ip as Uj is not very bad due to (C), we have that there is some vertex z; € U; such that
U!:= U; \ {2} is good, that is, such that the only possible edge in B[U U {1, ué} UW;UW,;_]is
{ufz, uZ}. Moreover, there are at least /i1 — t3k*> — 4tk* > /2 indices i’ € [#] \ I such that adding
z; to Uy results in a set Ulf, = Uy U {z;} which is good. Indeed, z; has at most 2tk* neighbours
in B and each neighbour of z; rules out at most 2 possible choices for such an i’ (the 2 here is
necessary in case the neighbour lies in some set W;»). Therefore for each i € I corresponding
to a bad set U; we can find a i/ =7(i) such that adding z; to Uy results in both U] := U; \ {z;}
and U, := Uy U {z;} being good and we can do this for all i € I in such a way that i'(i1) # ' (i2)
for distinct i1,i, € Ip. Let V/'=U; U... U U;h be the resulting partition after switching all the z;.
Here, for any set iy € [#1] \ Ip such that ij is not chosen as i (i) for some i € I, we simply leave Uj,
unchanged and define U; = Uj,.

Next we will distribute vertices in the sets W; to get a partition of V=V(G)as ViU .- UV
with U U {ufl,u};} C V;and |V;] — 1€ (k—1)N for each i € [m]. We define V; fori=1,...,m
sequentially via the following process, initiating with W := Wy =¢ and Vo =#. Suppose we
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are at step i € [m] and that Vy and W, are defined for all 0 <i’ < i. Then we let k; := (Ul +
IW._,I+1) mod (k—1) and note that k; € {0, ..., k — 2}. We define Wl+ C Wi to be an empty
set if k; =0 and some arbitrary set of size k — 1 - k,- if k; # 0. Furthermore, we define V; to be
Vii= U[UW,_, U {ufl, u;'g} U Wl-Jr and W :W; \ Wi+. We then continue to step i 4+ 1 or finish if
i = m. Note that, for all i € [ — 1] this process will succeed at step i and result in a set V; such that
|Vil mod (k—1)=|U/|+|W_,|+2+ (k—1—k;) mod (k— 1) and so we indeed have that
| Vil — 1 € (k — 1)N. For i = i we claim that k; = 0 and so the algorithm also succeeds and |V};| —
1 € (k—1)N (if kj # 0 then the algorithm would stall as Wj; =9 and $0 an appropriate WT

would not exist). To see it, observe that U;h Uuw, U {u;h, ub m=V\( U Vl) and for each i €
[ — 1] we have that |V;]=1 mod (k—1) from above. Thus as |V| T-m=({tk-—1)+
Dm=m mod (k—1), we get that |[U.|+|W. ||+2=m—(—1)=1 mod (k—1) and
indeed kj = 0 as required.

Note that for each i € [m], the vertex set V; and the set Ui+ defined via Claim 5.3 differ by at

most 2(k — 1) + 1 vertices, and so condition (B) from Claim 5.3 implies that Sj(G/ (Vi) = (6}‘(1) +

8)|V,|k_j Note also that |Vj| > |U;| > (t — 1)(k — 1) — Bt > t/2 by part (A) of Claim 5.3. We are
therefore in a pos1t10n to apply Theorem 5.2 in G'[V;] to obtain some loose Hamilton path P; in
G'[Vi] between u!, and uy,. Doing this for each i € [m] results in some collection C = {Pyie[m])}
which we claim satlsﬁes the required conditions. Indeed, part (A) of Claim 5.3 and how we formed
Vi implies that we certainly have |V;| < tk and so P; will have length less than 2¢, for each i € [n].
Moreover, for each such i € [1#1], due to how we defined V; (and U;), we have that the only possible
edge in B[V;] is {u!, ué} and the pair {u/, uZ} does not lie in any edge of P; as they are the endpoints
of the path. This concludes the proof. U

6. Many suitable splittings with viable partitions

In this section, we prove Lemma 3.11 showing that for a fixed loose Hamilton cycle H and loose
path Py C H, there are many suitable splittings containing Py that admit viable partitions. We
encourage the reader to remind themselves of the definitions of suitable (Definition 3.6) and viable
(Definition 3.9) in order to follow the contents of this section. Lemma 3.11 will be achieved by
random sampling, showing that with probability bounded away from 0, a randomly sampled m-
splitting will suffice. As there are many m-splittings containing Py, indeed there are Q(n™™1),
we thus obtain the desired lower bound. In fact, instead of sampling an m-splitting, we will use
a slightly more general model to sample, with more independence which will be useful in the
analysis. Moreover, we will achieve our aim with two rounds of randomness, first showing that
our random sampling results in a suitable m-splitting with probability bounded from 0 and then
showing that such an m-splitting admits a viable partition which will be found again by appealing
to a random choice of partition. In order to set ourselves up for this second round of randomness,
we need slightly more from our random m-splitting than it just being suitable, as the following
lemma details (see (3.2) for the definition of M).

Lemma 6.1. Let G be as described in Theorem 1.2. For a loose Hamilton cycle H in G and a
path Py C H of length t, let E, C E(H) be a random subset of E(H) obtained by sampling each
edge independently with probability p := UEILES Py be the collection of length t increas-
ing paths in H starting from an edge in E,. Then with probability at least 1/m, we have that
Py ¢ Py, the collection of paths Py := P, U {Py} is a t-balanced m-splitting' of H suitable for Py

and §i(GIV(P.)]) = (87(1) + 3F)M* .

'In particular the paths in P, are disjoint from P,.
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Proof. Before embarking on the proof, we make some useful definitions and observations. We say
that a pair of vertices u, v € V(G) are close if there are edges e, f € E(H) with u € e, v € f and such
that there is a path of length at most 2¢ + 1 in H containing both e and f. We say that u, v € V(G)
are spread if they are not close and we say that a set S C V(G) is spread if there are no pairs of close
vertices contained in S. We say that a subset S C V(G) is almost spread if there is exactly one pair
of vertices u, v € § that are close but all other pairs of vertices in S are spread.

Now note that for a vertex v € V(G), the probability that v belongs to the set V(P;) is 1 —
(1 —p)™lif vis a vertex of degree 2 in H and 1 — (1 — p)’ if v is not a vertex of degree 1 in H. In
either case we have that

a-pm _nﬂ)M <Plve V(Py)] < Ztka (6.1)

recalling that 8 is fixed so that 1/t < B < ¢ in our hierarchy (3.1) and m is much larger than
t; see (3.2). For a spread set of vertices S C V(G) note that the events that each v € V(P,) are
independent for v € Sand so P[S C V(Py)] =[],cs Plv € V(Pp)].

We collect the following events:

&1 := {V(Pp) contains a spread S with |S| = k — 1 and there are at least em/4 edges in Eg[v(p,)|(S)
that share a colour with an edge in H},

& := {V(Pp) contains a pair e, f € E(G) with x(e) = x(f), [eNf| < 1 and with e U f spread},

& := {V(Pp) contains a pair e, f € E(G) with x(e) = x(f),eNf = and e U f almost spread},

Evi= {§(GIV(P]) < (6] (1) + 3)M*}, and

&5 := {V(P,) contains a pair of close vertices in distinct paths in P,}.
The proof of the lemma will be deduced from the following claim.

Claim 6.2. For each i € [5], we have that P[&;] < 1/m.

To see that Claim 6.2 implies the lemma, first note that by Lemma 2.6 with probability at least
1/(44/m) > 6/m, we have that |Ey| = E[|Ey|] = m — 1 and hence |Px| = m. Thus, with probability
atleast 6/m — 5 - (1/m) = 1/m, we have that |P,| = m and none of the events &, . . ., & hold, by
Claim 6.2. In particular, event & not holding implies that there are no pairs of intersecting paths
in P, and so Py is indeed a t-balanced m-splitting of H. The degree condition in the statement of
the lemma is given directly by event £, not holding and it remains to establish that P, is suitable
for Py. For this, note that any transverse Y C V(P) \ V(Py) is necessarily spread by event & not
happening and so condition (i) of being suitable (Definition 3.6) follows from the absence of event
&1, whilst condition (ii) follows from the absence of event &,. Finally, for condition (iii) consider
two disjoint edges e, f € G[V(Px) \ V(Po)] with x(e) = x(f) and suppose that there are not two
distinct P;, Py € Py \ Py with PxNe, Py Nf # @ for x=1i,7. Then e U f intersects at least 2k — 1
members of P, and thus e U f intersects at most one P; € P, in two vertices (and no P; in more
than 2 vertices). Due to the absence of event &s, there is no pair of close vertices in distinct paths
in P,. Hence we have that e U f can contain at most one pair of close vertices (coming from the at
most one path that it intersects in two vertices), that is, we must have that e U f is spread or almost
spread. If the former, then we get a contradiction due to &, not happening whilst if the latter is the
case, then we contradict that &3 did not happen. Thus (iii) indeed occurs and P is suitable for Py,
as required.

It remains to establish Claim 6.2 which we now do by considering each event separately.

Bounding P[&;]. Let x(H) denote the colours featuring on edges in H and E,(y):= {e€
E(G):x(e) € x(H)} be the set of edges that share a colour with an edge of H. Let us fix a:=

&£/(32tk) and say that a (k — 1)-set S € (‘;(_Ci)) of vertices in G is bad if |[EG(S) N Ey (i)l > an and
good otherwise. We begin by showing that the probability that there exists some bad spread set
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Se (‘ZEGI)) such that S C V(P,) is at most 1/2m. Indeed, we have that |E, )| < % cunkt < pnk
using that H has n/(k — 1) edges (and so at most this many colours featuring in x (H)) and the
global bound (B) of Theorem 1.2. Hence the number of bad spread (k — 1)-sets in G is at most
(ukn*=1) /. Each such set S appears in V(P,) with probability at most (2tmk/ n)k—1 using the
upper bound in (6.1) and the fact that S is spread and so each vertex of S appears independently.
Hence, by Markov’s inequality the probability that there exists a bad spread set in V() is at most

ukn*=1  (2tmk)k—1 _ !

2m

o nk-—1
using that u <« 1/m, 1/t,1/k, ¢ and o = g/(32tk).

Now foragood (k — 1)-setS € (z(_ci)), let Y(S) := |Eg[v(p,)(S) N Ey (z)| be the random variable
which counts the number of edges in G[V(P,)] containing S that share a colour with an edge of
H. We will show that the probability that there is some good spread S that appears in V(P,) with
Y(S) > em/4 is at most 1/(2m). Hence with probability at least 1 — 1/ all the spread (k — 1)-sets
in V(P,) are good and have a bounded Y (S), establishing Claim 6.2 for &;.

In order to measure the probability of some good S having large Y(S), consider the subset
N(S) obtained from {e\ S:e € EG(S) N E, (1)} C V(G) by removing all vertices that are close to a
vertexin § U V(Py). Then consider the random variable Z(S) := |N(S) N V(P,)|. As Y(S) < Z(S) +
(2t +1)-2k* < Z(S) + em/8 =: Z'(S) for any good S, we will instead bound the probability that
the random variable Z'(S) is larger than em/4. For bounding Z'(S), note that for any good spread
S, we have that Z'(S) is tk-Lipschitz and 1-certifiable. Moreover, using (6.1) and the definition of «
we have that A := E[Z/(S)] < an - (2tmk)/n+ em/8 < 3em/16. Hence by Talagrand’s Inequality
(Lemma 2.8),

82m2
P[Z/(S) > em/4] <P [Z’(S) > em/8 + 60tkﬁ] <de 5120R% < m~ K2,
as 1/m < 1/t,1/k, €; see (3.1). Moreover, due to the fact that we removed vertices close to S in

order to get N(S), the events {S C V(P,)} and {Z/(S) > em/4} are independent and so occur con-

currently with probability at most (2tmk/ k1.1 / m)**2. The required bound on the probability
of some good spread S C V(P,) having Y(S) > em/4 thus follows from a union bound over the at

most 7€~ choices for good spread S in V(G).

Bounding P[£;]. For a pair of edges e, f € E(G) with eU f being spread and |eN f| <1 we have
that PleUf C V(P,)] < (21,‘141k/n)2k’1 by (6.1). The number of such pairs e, f with x(e) = x(f) is
at most /LnZk_l due to the bound (B) on the colouring in Theorem 1.2. Hence, by a union bound,

2k—1
P[&,] < ankfl . (%) < %, using here that u < 1/m, 1/t, 1/k.
Bounding P[&3]. The number of pairs of disjoint edges e, f € E(G) with x(e) = x(f) is at most
un?*=1 due to the global bound 1 on the colouring in Theorem 1.2. If such a pair is almost
spread, then PleUf C V(Pp)] < (2tmk/ n)%~1 Indeed this follows from (6.1) and the fact that
we can remove one vertex from eUf to get a spread set. Hence by a union bound, P[£3] <

2%—1
,unZk_l . (%) < %, as required.
Bounding P[£,]. Let S € (V;G)) be some j-set in V(G) and define Eg(S) — S:= {e\ S:e € Eg(S)} C

(‘g_G])) to be the collection of subsets that form an edge with S. Moreover, let N'(S) € Eg(S) — S
be the subcollection of sets A such that A is spread and no vertex in A is close to a vertex in
SU Py. Note that N’(S) can be obtained from Eg(S) — S by deleting at most 2tk2 k=1 4 k=17
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2tk < ﬁnk_j sets and so |[N'(S)| > (8}‘(1) +e&— ,B)nk_j by our minimum j-degree condition on G
in the statement of the lemma.

Let now X(S) := [{A € N'(S): A C V(P,)}| be the random variable that counts the number of
sets in N’(S) whose vertices are contained in the random set V(Pp). The fact that N'(S) does not
contain any close pairs implies that vertices of sets in N'(S) appear in V(P;) independently. Due
to this as well as our lower bound on N’(S) and the lower bound in (6.1), we have that

_ k—j _
W) = (8] (1) +7e/8yM" 7, (6.2)

V= E[X(9)] = (87(1) +& — B)n* - (
using here that 8 < ¢. Let I" be the auxiliary graph with vertex set N’(S) such that two sets A, A" €
N'(S) are adjacent in I whenever there is a pair of close vertices u, &/ with u € Aand v’ € A’. Then
I" is a strong dependency graph for the indicator random variables {A C V(P))}aenr(s) and we
are in the setting of Suen’s inequality (Lemma 2.7). For A, A’ € N(G') let s(A, A’) denote the size
of a largest spread subset of AU A’ and note that when AA’ € E(T") (equivalently, A~ A’) one
necessarily has k — j < s(A, A”) < 2(k — j) — 1. Then in the notation of Lemma 2.7, we have that

2(k—j)—1 2(k—j)—1

2tmk\* .
Ax< Y. Y PAUACV®)I< Y n'- (k) (Tm) < (4th) 21,

s=k—j A~A"s(AA")=s s=k—j
using (6.1). Similarly we have that 8x(s) <2 - (4tk) - n¥=177 (2tmk/ n)kij <1, using that sets in

N’(S) do not contain pairs of close vertices and the fact that 1/n <« 1/m, 1/t, 1/k (3.1). Therefore
appealing to Lemma 2.7, and using (6.2) we get that

P [X(S) < <5]1,<(1) + 3{) Mk_f} <P [X(S) <\ - ng—f]

4tk)6km2(k—j)—1

2 2(k—))
<exp (— 5120 ¢ ) <exp (v/m), (6.3)

where in the last inequality we used 1/m < 1/t, ¢, 1/k.

Finally then we need to sum over all possible S € (V(J.G)). For any such §, let s(S) be the maximal
size of a subset of S which is spread and contains no vertices close to Py. Then P[S C V(P,)] <
(2tmk/n)*® using (6.1) and the fact that vertices in such a maximal subset appear independently.
Moreover, as sets in N'(S) do not contain vertices close to S, we have that the events {S C V(P,)}

and {X(S) < (8}‘(1) + 3¢ /4) Mk } are independent. Thus by a union bound

Pl = Y PISC VP -P[X(S) < (85(1) + 3e/4) M|
SG(VSG))

J 2tmk\*
>y (7) exp (— /m)
s=0 {S:s(S)=s}
j s
< Z - (s + tk) (4tk)y - (Zt—:k> - exp (— +/m)
s=0
1
S )
m

where the second summand in the penultimate line accounts for choosing vertices in S that are
close to a vertex in Py or a vertex in the maximal spread subset of S with size s(S).
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Bounding P[&5]. The expected number of vertices in P, that are close to some vertex in V(Po) is
at most

(3t + Dk - <%> 1
n

— ij

by (6.1). Moreover, again using the upper bound of (6.1), we have that the expected number of
pairs of vertices that are close and appear in distinct paths in P, is at most

2tmk\? 1
n-4tk- | — | < —.
n 2m

Therefore by Markov’s inequality, the probability that there is some pair of close vertices that
appear in distinct paths in P, is at most 1/m, as required.

Next we show that any splitting as in Lemma 6.1 admits a viable partition. We will first consider
arandom partition and show that it has some of the desired properties, for example satisfying the
degree condition 2 of Definition 3.9. We will then utilise the directed version of Dirac’s theorem
for Hamilton cycles in digraphs [20] (see Theorem 6.3 below) to dictate some small adjustments
to this random partition that will result in a viable partition.

Let us first recall some relevant notation and termlnology for digraphs. A digraph D has a

vertex set V(D) and edge set E(D) consisting of ordered palrs uv of verticesu # v € V(D) The out-
degree of a vertex u € V( ) is d+(u) = |{uve E(D) Ve V(D)}l and the in-degree of u € V(D)
d(u):= |{vu e E(D) ve V(D)}| The minimum out-degree is 8+(D) = mm{d*(u) ue V(D)}
and the minimum in-degree 5~ (D) is defined analogously. A Hamilton dicycle H in an n/-vertex
digraph Disa subdigraph o of D defined by the edge set E(H) = {u; Ui 1:i=0,...,n — 1} for some
labelling of the vertices of Das V( ) ={uo, . .., uy_1} (and taking u,, :== ug). Ghouila-Houri [20]
proved the following natural generalisation of Dirac’s theorem to digraphs.

Theorem 6.3 (Dirac’s theorem for digraphs [20]). If Disan n'-vertex digraph with 6~ (5), 8*(5) >
' /2, then D contains a Hamilton dicycle.

We are now in a position to prove the second part of Lemma 3.11, by finding a viable partition
of our suitable splitting.

Lemma 6.4. For a loose Hamilton cycle H in G and a path Py C H of length t, suppose that P is a t-
balanced m-splitting of H suitable for Py and §;(G[V(P)]) > (8}‘(1) + %)Mk_j. Then V(P) admits
a viable partition.

Proof. Let P={Py,...,Py_1} and for each i=0,...,m — 1, label the endvertices of the path

P; as VE(P)) := {ufl, uZ} in such a way that if we start at some edge e € E(H) \ E(P;) and traverse
H according to the implicit orientated cyclic order on E(H), we meet the edge of P; contain-

ing u before meeting the edge of P; containing uy. Further, we fix U, := {u:i=0,...,m—1)}
and Uy, := {u}; :i=0,...,m— 1} so that VE(P) = U, U Uy, Finally we follow the convention that
ut o= ud, = ud, uyl = u land u, = 0 U

We proceed with the following claim.

Claim 6.5. There exists a transverse partition Y ={Y1,...,Yr} of V(P) with respect to P (with
parts of size m) such that for each h € [T] we have that

(A) 1YnNUpl=m;
(B) |Y,NUy| < Bm; and
(C) degg (S:Yp) = (85(1) + 3)m* forall S € (V(jp)).
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Proof of Claim:. The claim is proven by considering a uniformly random transverse partition.
We will show that with probability at least 1/(4+/7)'®~1 property (A) holds for all Y},. On the
other hand, we will show that the probability that (B) or (C) fails is at most e~ V™ Hence using
that 1 = t'9% and m > / by (3.2), with positive probability the conditions are all satisfied and
such a transverse partition does indeed exist.

First let us lower bound the probability of property (A) occurring for all Y},. Note that we can
generate the uniformly random partition ) via the following random process. We first choose
Y1 by taking a uniformly random vertex from each of the V(P;) with i=0,...,m — 1. Next, we
choose Y, by taking a uniformly random vertex from each of the remaining sets V(P;) \ Y; with

i=0,...,m—1and so on. At the last step our random choice for Y;_,) also defines Yr as the
only remaining vertex from each of the V(P;) withi =0, ..., m — 1. Now we have that
t(k—1)
PlA)]= [] PlIYanUsl=1n | |Yyy N Uy| = forall ' <h], (6.4)
h=1

noting again that Y7 is fully determined by the previous choices of Y} and if each of the choices
satisfy | Yy N Up| = m then certainly we will have |Y7 N Up| = . Now for a given h € [t(k — 1)],
given that | Y}y N Uy| = for all i < h, we have that there exactly m — (h — 1)in=1m - (t(k — 1)
+ 2 —h) indices i € {0,...,m — 1} such that ué is available for Yj; and not used in previous
Yy,. Each of these vertices is chosen for Yj with probability exactly 1/(¢(k — 1) +2 — h). Thus
in expectation we have that |Y;, N U,| = m and as the the choices are independent for the dif-
ferent i € {0, ..., m — 1} we have that |Y; N U,| is binomially distributed. Using Lemma 2.6 to
lower bound each of the terms in the product in (6.4) thus gives our required lower bound on the
probability.

We now turn to (B). Fixing a h € [T] we have that each vertex in U, lies in Y}, with probability
1/T.Hence E[|U, N Yy|] = m/T = m. Moreover the events {u € Y}} are independent for different
u € U,. Therefore we are in the setting of Chernoff’s inequality (Theorem 2.5) and as 1/t < 8,
we get that P[|U, N Yy,| > Bm/4] < exp (— Bm/4). Taking a union bound over the choices of h €
[T], we get that with probability at least 1 — exp (— 4/m) all the constraints on the sizes of these
intersections are satisfied.

Finally, we address the degree condition (C). For S € (V(]_P)), define

N(S) := {A =e\ S:ee€ Egyp)(S) and A is transverse with respect to 73}

As N(S) is obtained from the collection of all sets of the form e\ S with e € Eg{y(py|(S) by deleting
at most M*~1 . (tk) < BMF~J sets, we have that |N(S)| > (8}‘(1) + % — B)M* for all S, using
the minimum degree condition in the statement of Lemma 6.4. As there are at most M/ j-sets in
V(P) and T different Y}, using a union bound, it suffices to show that for any fixed S € (V(Jp))
and any h € [T], we have that P[zh(S) < (8}‘(1) + 5{)mk*j] <exp (— m3/4), where 2;,(8) =|{A€
N(S):A C Y}}| counts the number of sets in N(S) that fall into Y},. Now for any such Sand h e
[T] we have that A C Y, with probability (1/ Tk = (m /M)k’j, as it is transverse, and so using
our lower bound on |N(S)|, we get that A= E[Zh(S)] > (8}‘(1) + %8 — B)ym*. An application of
Suen’s inequality (Lemma 2.7) will then give exponential concentration to this mean and imply
that indeed IP’[zh(S) < (8}‘(1) + 5g‘g)mk_j] <exp(— m3/%), as required. As the calculations for AZ(S)
and § 7(s) Are very similar to those done in bounding IP[£4] in the proof of Lemma 6.1, we skip the
details here. O

Claim 6.5 puts us in good stead to prove the lemma. Indeed, the partition ) is transverse with
respect to P and condition (b) of Definition 3.9 is already satisfied (with some room to spare)
due to condition (C). However, we are missing condition (a) of being viable and need to give a
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Yy Y Yy Y3 Yy BN D
V(P) o€ o’ ob od
V(P) S 7 . 1
V(P) o o o o
V(Ps) od ol o o
V(Py) S S ‘ ?
V(Ps) od o’ ob o
V(Ps) o o’ od ob 5 3
V(Py) S !
Figure 1. On the left, an example of a transverse partition ) = {Yl, Y2,Ys, Y4} with paths Py, . .., P7 (which are just single

edges of a 4-uniform hypergraph in this case) such that V(P;) = {ua, U Ugs ud} (denoted in the flgure simply as a,b,c,d in
each row) and u/, and ub are the endpoints of P;. On the right, the digraph Ks \ D where Kg is the complete digraph on 8
vertices with all edges i with 0 <i<i <8,and Disthe auxiliary digraph defined by V.

0

ot
w

4

Figure 2. An example of Hamilton dicycle Hinthe digraph h) given by the partition ) given in Fig. 1.

rerouting which is compatible with the partition. Claim 6.5 gives us some help to do this as we
already have that each part Y}, contains the correct number of vertices from U, that we need for a
rerouting. Hence we will leave these Uy, vertices fixed and move the U, vertices, slightly modifying
the partition ) in the process, in order to get some viable partition X'

Now to find the reshuffling, we appeal to an auxiliary digraph D with vertex set V(D) =
{0,...,m—1} and for i #i we have ii’ € E( ) if and only if u; and ”b ! lie in different sets
Y},. An example of (the complement of) this digraph is given on the right side of Fig. 1. Note that,
by definition, ii, ¢ E(D) whereiy:= i+1 mod m,foralli=0,...,m— 1. Due to property (A)
glven by Claim 6.5, we have that 6~ (D) 8+(D) >m — 1 — m > m/2 and therefore by Theorem 6.3,
D contains some Hamilton dicycle H. See Fig. 2 for an example of such a Hamilton dicycle for the
partition from Fig. 1.

Letting R := {{u}, uzfl }:i?’ € E(Ijl)}, we have that R is a rerouting (Definition 3.8). Indeed, any
path in H[V(G) \ V!(P)] has endpoints u;;l and u; for somei€ {0, ..., m — 1} and identifying a
pair of vertices in R results in joining two of these paths by identifying an endpoint from each. The
fact that H is a Hamilton dicycle guarantees that identifying all the pairs in R results in a single
loose cycle. See Fig. 3 for the pairs R defined by the Hamilton dicycle in Fig. 2 for the partition )
in Fig. 1.
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y Yy Y Y3 Yy i i X X1 Xo X3 Xy
V(Py) B o — 2,00 = 0 V(R B
V(P o xb ed oC By = 1wy = ul V() P
V(Ps) ol o€ o o § hy = 2,wy = u? i V(P) ol o ol o
V(Ps) S By = 4, wy = u? V(Py) S T
V(Py) a? =’ o ol i ha = 3,wy = ul § V(Py) a? o a’ o
V(P5) ol o’ u? o€ § hs = 4, w5 = ul i V(P5) od o€ u o
V(FPs) o€ u? od Db § he = 3, w = uf i V(FPs) of od nl b
V(Py) el & e he = 1,wr = ul V(P;) s

Figure 3. Onthe left, the pairs R are identified for the partition ) according to the Hamilton dicycle Hfrom Fig.2. Thevalues
of h; and the vertices w; are then given and the resulting partition X.

Now for i€{0,...,m—1}, let h;€[T] be the index such that uz_l €Yy, where i'e
{0,...,m— 1} is such that il € E(I_:I). Further, define w; € V(P) to be the unique vertex lying
in the intersection of V(P;) and Y},. Note that due to how we defined the auxiliary digraph D, we
have that w; # uf’ as we guaranteed that for each edge il E(ﬁ ) C E(B) we have that ué and ui_l
lie in different parts of . It may be the case however that 1, € Y}, and thus w; = u),. Examples are
given in Fig. 3.

We now define X' := {Xj, ..., Xr} to be the partition of V(P) obtained from ) by swapping
all the pairs {{u}, wi} :i=0,...,m — 1}. Formally, we have that for h € [T],

Xpi= (Yu \ (Ua Ufwp, si € b)) Uiwizi €0, ..., m— 1} with u}, € Yj,} U {ulsi € I},

where I}, := {i € {0, ..., m — 1}:h; = h}. See Fig. 3 for an example.

Note that whenever we remove a vertex in Y, N V(P;) for some i € {0, ..., m — 1} it is replaced
by some other vertex in Y N V(P;) and so X is again a transverse partition of V(P) into parts of
size m. Moreover, due to condition (A) of Claim 6.5, the fact that w; ¢ U, forallie€ {0,...,m — 1}
and how we defined the partition X', we have that each X}, contains exactly  pairs of the rerouting
R. Thus condition (a) of being viable (Definition 3.9) is satisfied. Note also that for each h € [T],
we have that

Yo\ Xp| < 1Y, N ULl + I < Bm+m<em/8,

using properties (A) and (B) of Claim 6.5 and the fact that any index in Ij, corresponds to a vertex
in Uy N Yy,. Thus for any S C Xj, with |S| = j, there are at most em*J /8 sets in (kY_hJ.) \ (]:X_hj) Hence
the j-degree of S relative to Y, is close to its j-degree in Xj,. Thus, due to property (C) of Claim 6.5,
we get that for each h € [T], we have §;(G[X}]) > (8](‘(1) + %)mk’j, verifying property (b) of being
viable (Definition 3.9) and completing the proof of the lemma.

With Lemmas 6.1 and 6.4, Lemma 3.11 follows easily.

Proof of Lemma 3.11. Recall that H is a loose Hamilton cycle and Py C H. Let P denote the
collection of t-balanced m-splittings PP of H that are suitable for Py € P and such that V(P) admits
a viable partition. Moreover, let P, be the output by the random procedure in Lemma 6.1. Then
by Lemmas 6.1 and 6.4, we have that

n+1
1/m <P[Py € P] =ZIP’[7’* € P| [Pl =] P[|Px| =i] <P [Py € P| [Psl =m],
i=1
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using that P [P, € P| |P«| =i] =0 for all i # m in the last inequality. Given that |P,| = m, each
of the possible ("~

m—1

equally likely. Hence

) outcomes of P, (given by a choice of E, C E(H) with |E,| =m — 1), are

_n_ 1 _n_
[Pl =P [Ps e P |7>*|=m]< k- )z—( BT )zynml,
m—1 m\m—1

as required, using here that y < 1/m, 1/k. U

7. Concluding remarks

In this paper, we made progress towards the meta-conjecture of Coulson, Keevash, Perarnau, and
Yepremyan [12] that whenever one is above the extremal threshold for a given spanning struc-
ture, one can find a rainbow copy of that spanning structure in any suitably bounded colouring.
Indeed, Theorem 1.2 confirms this phenomenon for loose Hamilton cycles in hypergraphs. We
also elucidate what constitutes a suitable bound on the colouring, with the global bound (B) in
Theorem 1.2 capturing the optimal qualitative conditions in the setting of loose Hamilton cycles.
As mentioned in the introduction, for F-factors in hypergraphs, the theorem of Coulson, Keevash,
Perarnau, and Yepremyan [12] requires an extra local bound that every (k — 1)-set is in o(n) edges
of the same colour. This is necessary in some cases. Indeed, with k > 3 consider G to be the com-
plete k-graph and assign a unique colour to each (k — 1)-set of vertices of G. If we then colour the
edges of G by ordering its vertices and colouring each edge by the colour corresponding to the first
(k — 1)-set of vertices in the edge, we have that this colouring is globally but not locally bounded.
Moreover, if F is such that every (k — 1)-set of vertices of F is contained in at least two edges of F
(for example, if F is a clique on at least k + 1 vertices), then one can see that any F-factor in G is
not rainbow. This justifies the necessity of the local bound in general. However, as mentioned in
the introduction, one can use our proof, in particular our method in Lemma 5.1 using a partition
to avoid edges of the bad graph B, to remove the need for a local bound when F is linear, that is,
when no pair of edges of F intersect in more than one vertex. It remains to fully determine optimal
“suitable” conditions on bounds for all F-factors.

Even more pertinent is the meta-conjecture for other types of Hamilton cycles in hypergraphs,
where we lack any sort of positive result. Focusing in on the other extreme to loose Hamilton
cycles in hypergraphs, for tight Hamilton cycles the only result known is due to Dudek, Frieze,
and Rucinski [17] who showed the existence of rainbow tight cycles in the complete k-uniform
hypergraph and under a strong global bounded condition of having o(n) edges of each colour.
It would be interesting to generalise this result to Dirac hypergraphs and establish an analogue of
Theorem 1.2 in the context of tight cycles (or indeed any Hamilton £-cycle with £ > 2). We remark
that the proof scheme used here which appeals to switchings and double counting, seems to break
down for these cases as tight Hamilton cycles are, in a sense, more connected and so there is less
flexibility to locally alter a Hamilton cycle to obtain (enough) new ones. Ultimately, it would be
interesting to establish optimal conditions on the boundedness needed to guarantee the existence
of tight Hamilton cycles (and the other £-cycles) in Dirac graphs, as we have for loose cycles. This
was already raised explicitly in [4]. Even in the complete case, this remains mysterious and Dudek,
Frieze an Rucinski [17] asked if some strong global bound (or a local bound as above) is in fact
necessary. That is, they asked if there is some colouring of the complete k-graph with ®(n) edges
of each colour and no rainbow tight Hamilton cycle. They also suggested that they believe the
answer should be positive. Alternatively, it could be that a weak global bound of o(n*~!) edges
of each colour (as in Theorem 1.2) already suffices to force a rainbow tight Hamilton cycle. This
remains open but the following example shows that, at least in some range of minimum degree,
bounding the colouring further than the weak global bound is necessary.

https://doi.org/10.1017/50963548325100266 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548325100266

Combinatorics, Probability and Computing 27

Figure 4. The construction for Example 7.1 in the case that n € 3N.

Example 7.1. For any 0 <« < 2/3 and n sufficiently large, there exists an n-vertex 3-graph G with
82(G) = an and a colouring of G with no colour appearing more than n times such that there is no
rainbow tight Hamilton cycle.

Proof. We first define the graph G and the colouring, see Fig. 4. Partition the vertex set V of G
into three vertex subsets Vi, V3, V3 such that |V;| € {|n/3][n/3]} for each i € [3]. For every pair
of vertices {u, v} € (‘2/) such that {u, v} C V; for some i € [3], define a unique colour c(u, v). Now
the edges of G are precisely the sets S = {u, v, w} such that |SN V| =2 for some i’ € [3] and we
define the colouring of S € E(G) to be ¢(SN Vy). The fact that §,(G) > an follows from the fact
that o < 2/3 and n is sufficiently large. It is also clear that each colour appears at most 2[n/3] <n
times. To see that G does not contain a rainbow tight Hamilton cycle, suppose for a contradiction
that it does and let v, v . . ., v, be a cyclic ordering of V corresponding to the cycle. Moreover,
without loss of generality, suppose that v; € V; and v, € V,. Let t € N be the least integer such
that v¢ € V3 and consider v;_j, v;—1 € V1 U V,. We must have that there is some i, € [2] such
that v;_», v,—1 € Vj,. Indeed otherwise, as the ordering corresponds to a tight Hamilton cycle,
there would be an edge {v;—», v;—1, v+} € E(G) with one vertex in each part, which is not possible.
Now v;—3 ¢ V;_ as no edge is completely contained in V;_ and so we must have that v,_3 € V3_;_.
Therefore both {v;_3, vt—2,vs—1} and {v¢—2, vs—1, v¢} lie on the Hamilton cycle and have colour
c({vi—2, vt—1}), meaning that the Hamilton cycle is not rainbow, a contradiction. g

It was proven by Rodl, Rucinski and Szemerédi [32] that the codegree threshold for tight
Hamitlon cycles 8;(2) (see Definition 1.1) is located at 1/2. Therefore Example 7.1 shows that
in the minimum degree range 1/2 < 6(G) < 2/3, there are 3-graphs above the extremal threshold
for which an o(n?) global bound on the colouring does not force a rainbow Hamilton cycle and
some extra local bound is necessary. In general, we believe that the optimal bounds on colourings
for tight Hamilton cycles (and other Hamilton £-cycles also) may depend on the minimum degree
of the Dirac hypergraph in question and it would be interesting to explore this further.

Finally we remark that we have only focused on qualitative features of bounding colourings
and one may also ask for the best possible quantitative bounds, for example trying to optimise the
constant > 0 in the global bound (B) in Theorem 1.2. This seems like a very challenging prob-
lem in general, even for the simplest case of perfect matchings in globally bounded colourings
of complete bipartite graphs. Here, the constant of Erdds and Spencer [19] has been improved
slightly by Bissacot, Fernandez, Procacci and Scoppola [5] who showed that if no colour appears
more than 271/256 times, then there is a rainbow perfect matching. From above, it is clear that
a global bound of 7 is necessary in order to have enough colours. It follows from a recent con-
struction of Pokrovskiy and Sudakov [31] (see also the very recent improvement [10]) that being
globally n-bounded is not enough to guarantee a rainbow perfect matching, but it is still possible
that a bound of the form n — o(n) suffices.
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