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Abstract. In this paper we study the asymptotic behaviour of the escape rate of a Gibbs
measure supported on a conformal repeller through a small hole. There are additional
applications to the convergence of the Hausdorff dimension of the survivor set.

1. Introduction

Given any transformation 7 : X — X preserving an ergodic probability measure p and
any Borel set A C X, the escape rate quantifies the asymptotic behaviour of the measure
of the set of points x € X for which none of the first n terms in the orbit intersects U.
Bunimovich and Yurchenko [7] considered the fundamental case of the doubling map and
Haar measure, and where U is a dyadic interval. Subsequently, Keller and Liverani [16]
proved a more general perturbation result which was then used to show, amongst other
things, that a similar formula holds in the case that T is an expanding interval map and p
the absolutely continuous invariant probability measure. Other papers regarding this topic
include [1, 6, 9, 19] and references therein.

In this paper, we prove analogous results in the more general setting of Gibbs measures
supported on conformal repellers. Much of the analysis is undertaken in the setting of
subshifts of finite type; this not only allows us to prove similar results for a broad class of
maps which can be modelled symbolically but also improve on the work of Lind [18] who
considered the convergence of topological entropy for a topologically mixing subshift.

Another interesting aspect of our analysis is the connection with the work of Hirata [12]
on the exponential law for first return times for Axiom A diffeomorphisms. Some of
the ingredients in our approach were suggested by Hirata’s paper, although we had to
significantly modify the actual details.

Let M be a Riemannian manifold and f : M — M a C'-map. Let J be a compact
subset of M such that f(J) = J. We say that the pair (J, f) is a conformal repeller if:
(1)  fly is a conformal map;

(2) there exist ¢ > 0 and A > 1 such that ||[df]'v|| > cA"|lv| forallx € J, v € T, M, and
n>1;

(3) f is topologically mixing on J;
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(4) J is maximal, i.e. there exists an open neighbourhood V O J such that
J={xeV:f"x)eVforalln>0}.

Let ¢ : J — R be a-Holder and let i denote the associated equilibrium state, i.e.

P(qb):sup{hv(f)—l-/qﬁdv:f*(v)zv,v(]):l}=hu(f)+/¢d,u,

where h,(f) denotes the Kolmogorov—Sinai entropy of the measure v (see [26] for further
details).

Fix z € J; for € > 0, we define the escape rate of i through B(z, €) (i.e. the rate at
which mass ‘escapes’ or ‘leaks’ through the hole B(z, €)) by

1 .
ru(B(z, €)) = —lim Squ—moz logu{xeJ: fl'(x)€B(z,¢€),0<i<k—1}.

Our first result concerns the asymptotic behaviour of r, (B(z, €)) for small €.
THEOREM 1.1. Let (J, f) be a conformal repeller, ¢ : J — R Holder continuous, and
the associated equilibrium state. Fix z € J; then

ru(B(z, €)) 1 if z is not periodic,
—:d¢(z): ]7( )7 P( ) . . .
e—~0 u(B(z, €)) 1 — e?"@=PP@) if 2 has prime period p,
where §7(2) = ¢ (2) + ¢ (f () + - -+ ¢ (f 77 (2)).
We also obtain an asymptotic formula for the Hausdorff dimension of the survivor set:
Je={xeJ: f*x) €B(z ¢) forall k >0},
i.e. all points whose orbits are e-bounded away from z.
Suppose now that f € C!T%(J) for some a > 0. Let p denote the equilibrium state

related to the potential ¢ = —s log | f’|, where s = dimg (J). For € > 0, we let s denote
the Hausdorff dimension of the set J.

THEOREM 1.2. Let (J, f) be a conformal repellerwith f € C'*%(J). Let = —s log | f'|
and let p denote the associated equilibrium state. Fix z € J; then
. S — Se¢ dy(2)
lim = - .
>0 1(B(z,€))  [log|f'|du
Remark 1.3. A similar formula was obtained by Hensley [11] in the setting of continued
fractions.

The paper is structured as follows: in §2 we apply Theorems 1.1 and 1.2 to concrete
examples. In §3 we study the spectral properties of transfer operators acting on a certain
class of Banach spaces. Section 4 contains a perturbation result, while in §5 we prove the
result in the analogue of Theorem 1.1 in the setting of subshifts of finite type. Finally, §§6
and 7 contain the proofs of Theorems 1.1 and 1.2, respectively.

2.  Examples
To illustrate the main results, we briefly consider two simple examples.

2.1.  Hyperbolic Julia sets. Let f : C — C be a rational map of degree d > 2, where C
denotes the Riemann sphere. The Julia set of R is the closure of the repelling periodic
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points of f, i.e.
J=cl({z e C: fP(z) =z, forsome p > 1 and |(f?) (2)| > 1}).

The map f:J — J is a conformal expanding map and the results of the previous
section apply. As an example, the map f(z) =z + ¢ for |c| < 1/4 is hyperbolic. Define
¢:J — R by ¢(z) = —slog|2z|, where s denotes the Hausdorff dimension of J. Let
u denote the associated equilibrium state. Setting z = (1 + /1 — 4¢)/2, we see that
f(z)=zand |f'(z)| > 1 and accordingly Theorem 1.1 implies that

Bz o) 1
e—~0 w(B(z, €) 2z

2.2. One-dimensional Markov maps. Assume that there exist a finite family of disjoint

closed intervals Iy, I, ..., I, C [0, 1] and a C“”’—map f: Ui I; — [0, 1] such that:

(1)  forevery i, there is a subset P = P (i) of indices with f(I;) N J; Ii = Urep I

(2) for every x € | J; int(f;), the derivative of f satisfies | f'(x)| > p for some fixed
p >0

(3) there exist A > 1 and ng > O such that if f”(x) € |J; I; forall 0 <m < ng — 1, then
(7Y ()] = .

Let J ={x€[0,1]: f"(x) €, I; foralln € N}. The set J is a repeller for the map f

and conformality follows from the domain being one dimensional.

If we take I1 =[0, 1/3], I, =[2/3, 1], and let f(x)=3x(mod 1), the associated
repeller J is the middle-third Cantor set. Let z = 1/4; then z € J and has prime period 2.
Set ¢ (x) = —log(2) and let u denote the associated equilibrium state. Then Theorem 1.1
implies that

ru(B(1/4, €)) 1 3
m-—————=1—- —==-.
e—0 w(B(1/4, €)) 22 4
For € > 0, we set
Je={xeJ: fk(x) g€ B(1/4,¢)fork=0,1,2,...}.
Let sc = dimpy (J¢) and s = log(2)/log(3); then Theorem 1.2 implies that
. S — Se 3
lim = .
e—~0 u(B(1/4,¢€)) 4log(3)

3. Spectral properties of the transfer operator

In this section, we study the spectral properties of the transfer operator. We first fix notation
which will be used for the rest of the paper. Throughout the rest of the paper, ¢ will denote a
positive and finite constant which may change in value with successive uses. Let A denote
an irreducible and aperiodic [ x [ matrix of zeroes and ones, i.e. there exists a positive
integer d such that A4 > 0. We define the subshift of finite type (associated with matrix A)
to be

2 ={(xn)yeg : AQxn, Xp41) = 1 for all n}.

If we equip the set {0, 1, ..., [ — 1} with the discrete topology, then X is compact in the
corresponding Tychonov product topology. The shift o : ¥ — X is defined by o (x) =y,
where y, = x,41 for all n, i.e. the sequence is shifted one place to the left and the first
entry deleted.
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For 8 € (0, 1), we define a metric on X by dg(x, y) = 6™, where m is the least positive
integer (assuming that such an m exists) with x,, # y,,; otherwise, we set dp(x, x) =0.
Equipped with the metric dy, the space (X, dg) is complete, and moreover the topology
induced by dy agrees with the previously mentioned Tychonov product topology. Finally,
for x € ¥ and a positive integer n > 1, we define the cylinder of length n centred on x to
be the set

[x1n =[x0, X1, ..., Xp—1l={yeX:y=x;fori =0,1,...,n—1}.

Fix a dp-Lipschitz continuous function ¢ : ¥ — R and recall that we let u denote its
equilibrium state defined in the introduction, i.e.

P(¢p) ::sup{hv—i—/qﬁdv:o*(v):v, v(E):l}:hM—i—/q)du.
We let

Ll(u) = {w : 2 — C: w is measurable and / lw|dpn < oo},

which, equipped with the norm |w|; = f |w| du, is a Banach space. We now describe
a particular subspace of Ll(u) on which the transfer operator will act: for w € Ll(p,),
x € X, and a positive integer m, we set

osc(w, m, x) = esssup{|w(y) — w(z)| : y, z € [x]mu}.
We introduce the semi-norm

lwlo = sup 6~ [losc(w, m, )|l

m>1
We let
1
By ={we L (n):|wlp < oo}.
It is worth noting that if we were to take the supremum norm || - || in place of the L'
norm, then the space coincides with Lipschitz continuous functions (with respect to the
metric dp).

We equip By with the norm
lwlle = lwle + llwll-

This space was first introduced by Keller [14], in a more general framework, where the
following result was also proved.

PROPOSITION 3.1. (Keller) The space (Bg, || - |lg) is complete. Furthermore, the set
{webBy:||wle <c}is Ll-compactfor any ¢ > Q.
We introduce the transfer operator £ = Ly : Bg — By
Lw)x)= Y ?Dw(y).
o(y)=x
We let i = (ip, i1, . . ., ix—1) denote an allowed string of length k; then we can write

k(i . . . .
(Ckw)(x) = Zlilzk e? )y (ix), where the sum is over those strings for which the
concatenation ix is allowed, i.e. we require that ix € X.

https://doi.org/10.1017/50143385711000058 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000058

Escape rates 965

Another Banach space that we require is that of Lipschitz functions

Fo = {w 12— C:sup 67" |osc(w, m, )l < oo}.
m>1
The following theorem describes the spectral properties of £ acting on the space Fy of
dg-Lipschitz continuous functions; for a proof, see [21, Theorem 2.2].

PROPOSITION 3.2. (Ruelle) Let ¢ € Fy be real valued and suppose that A is irreducible

and aperiodic.

(1)  There is a simple maximal positive eigenvalue . = \y of L with corresponding
strictly positive eigenfunction g = g4 € Fy.

(2)  The remainder of the spectrum of L : Fy — Fy (excluding A > Q) is contained in a
disk of radius strictly smaller than .

(3) There is a unique probability measure v such that L*v = Av.

@) rFckw > g [ w dv uniformly for all w € Fy, where g is as above and [ g dv = 1.

We remark that the equilibrium state w is absolutely continuous with respect to the
eigenmeasure v, with the Radon—Nikodym derivative being given by the eigenfunction g.
By scaling the operator £, if necessary, we may assume without loss of generality that
A = 1; further, as g > 0, we may assume that £1 = 1.

Another useful property of u is the Gibbs property (see [3] for further details). Namely,
there exists a constant ¢ > 1 such that for any x € X and positive integer n we have that

_1 _ mIxla
= v = (D

We now prove a result relating to the spectrum of £ acting on By, namely that it has a
spectral gap. A crucial part in this process is proving a Lasota—Yorke inequality.

LEMMA 3.3. There exists ¢ > 0 such that for any w € By we have
1CFwlp < (@ wlo + lwll1)-
Proof. Let x, y € X be such that dg(x, y) < 6™; then

1Low() — Low < Y 1 Ewiix) — e Duiy)]
lil=k

< 3" " osc(w, k+m, ix) + e |1 — =Dy iy

li|=k
_ o* (ix)
<c Z(e¢k<mosc(w,k+m,ix)+9me,—/ |w|du>
7=k MlixTk4m [i X Tk-tm
- C
<c Z<e¢k(’x)osc(w,k+m, ix) +om / |w|du>,
lil=k WX T Stz

where we used the Gibbs property (1) in the final line, i.e.

e¢k @ix) c c?

- ==y = .
wlixleem — €@ 7 ulxlm

+ The term ‘Lasota—Yorke’ refers to the modern usage dating back to their paper [17]. Similar inequalities date
back to Ionescu Tulcea—Marinescu [13] and perhaps earlier.
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Thus,

osc(LXw, m, x) <c¢ Z <e¢k(ix)osc(w, k+m,ix)+ o / |w| du).
lil=k wlxm Jiixlesm

Integrating with respect to u, and again invoking (1), we see that

/ osc(Lfw, m, x) dp(x) < c(/ osc(w, k +m, x) du(x) + 6™ ||w||1>;
dividing by 6™ and taking suprema yields
[Lwly < (@ wlp + llwl1).
Finally, we see that
1Cfwle + 15wl

o (qwlg + wlly) + wll
c(@*wlp + wl). O

k
L5 wlle

A

IA

LEMMA 3.4. The operator L : By — By has a simple maximal eigenvalue A = 1, while
the rest of the spectrum is contained in a ball of radius strictly less than 1.

Proof. We begin by proving that for any w € By, Lfw converges to Jwdp in L'(w).
Fix € > 0 and choose v € Fy such that ||[v — w|; < €/3; by Proposition 3.2, there exists
a positive integer N such that || £"(v) — f vdul|l1 <e€/3 for all n > N, in which case we

see that
+H/vdu—/wd,u
1

£ (w) —/wdu < 1L (w — vl +
< €.

‘E”(v) - /v du

1 1

=2lv—-wlh +

LM(v) — / vdu

1
This in turn implies that for each w € B ={v € By : ||v]g < 1},

I£" () lcelh = in(g I£"(w) —cli — 0 asn— oo,
ce
where Ct = {w e By : f w dp = 0}. We claim that this convergence is uniform over B.

To see this, fix § > 0 and w € B; then there exists a positive integer N = N (w) such that
I£"(w)|crll1 <6/2 for all n > N. By Proposition 3.1, B is compact and so the cover

{B1(w, §/2)}wep has a finite subcover, say By (wy, §/2), Bj(wa2, §/2), ..., Bi(wy, §/2).
In which case, if n> N :=max;=12, _n N(w;), we have ”,C;(U))kci 1 <§ for
any w € B.

Finally, to show the existence of a spectral gap, from Proposition 3.3, we observe for
w € B and n > N that

L2 (w)lctllo < @™ 1L W)lexlo + 1L (W)l el
< O |lwlcele + 0" [wles i + 1£" )L )
<0 + 6" +9).
We may choose n and § so that 1L (w) |c1lle < 1, which proves that £ has a spectral
gap. ]
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3.1. Singular perturbations of the transfer operator. We introduce a perturbation of the

transfer operator L: let {U,}, be a family of open sets; further, we require that they satisfy

the following technical conditions:

(1) {Upn}, are nested with ()~ U, = {z};

(2) each U, consists of a finite union of cylinder sets, with each cylinder having length n;

(3) there exist constants ¢ > 0, 0 < p < 1 such that w(U,) < cp" forn > 1;

(4) there are a sequence {/,}, C N and a constant ¥ > 0 such that k <[,/n <1 and
U, Clz];, foralln > 1;

(5) if 0”(z) =z has prime period p, then o~ (U,) N [z0z1 - - - 2p—1] € U, for large
enough n.

Remark 3.5. We observe that (5) above is not absolutely essential for the application to
conformal repellers and serves only to greatly simplify the analysis.

For n > 1, we define the perturbed operator L,, : By — By by
Ly(w)(x) = L(xuew)(x).

For a positive integer n, we let X, = ﬂkzo ¥ \o ~/(U,). By choosing n large enough,
we can ensure that the system (X,, o|yx,) is topologically mixing, and so the results of [8]
apply, namely we have the following proposition.

PROPOSITION 3.6. (Collet, Martinez, Schmitt) For each n, there exist a continuous gy :
¥ — R with g, > 0 and a A, > 0 such that L, g, = Angn, moreover, for any continuous
w: X — C, we have

I L5 w — v (wls,)gnlloo = 0,

where vy, denotes the unique probability measure guaranteed by Proposition 3.2, i.e. vy
satisfies supp(v,) = Xy, and (Lvy)(w) = Ay, (w) for w € Fo(Zy).

Moreover, we may prove a Lasota—Yorke style inequality for £, : By — By, which, in
conjunction with Proposition 3.6 and the methods of Lemma 3.4, we can use to show that
gn € By and that A, is a simple maximal eigenvalue for £,, : By — By.

The perturbation £, is singular with respect to the || - ||¢ norm. We adopt the approach
of [15] and introduce a weak norm

lwllp := lwlp + [wlli = sup sup 6~ / o lwldp 4wl
o=/ (Un)

j=0m>1

Throughout this section, we assume that 6 € (p, 1). Our first result states that the weak
norm is dominated by the strong norm.

LEMMA 3.7. Under the assumptions above, we have
lwlln < cllwlle

for all w € By.
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Proof. We first relate the strong norm with the L> norm. Let ¢ = maxX;—o,1,...;—1 pli ]l_l;
then, for u almost all x € X,

()] < osc(w, 1,x)+cf ol e

[xo]1
< c<f oscw, 1, y) du(y) +f [l du)
[xo]1 [xol1
< cllwllg. @)
I£0 € (p, 1), then
lwis < sup 8~ (U)o < cllwlls. o
m>1

3.2.  Convergence of the spectral radii. In this section, we prove a preliminary result
relating to the behaviour of the spectra of the operators £, acting on Bg. From
Proposition 3.6, it is easy to see that for any u € ¥ we have

1
Ps, (¢) :=log A, = lim — log(LX1(u)). (3)
k—o0 k
PROPOSITION 3.8. Under assumptions (1)—(5), we have lim, o0 A, = A.

Proof. As U, C [z];,, setting f:n = 2\ﬂk>oo’k[z]1n, it is easy to see that in C .
Accordingly, it suffices to show that Pin (¢)_—> P(¢).

As (I, o) is topologically mixing, we may find a positive integer d such that A? > 0.
Fix u € X; for integers k and n, we set

By = {xox1 -+ - Xg—1 1 xX0x1 - - - Xk—1u € T},
Bin = {xox1 -+ - Xg—1 € Bi : [xox1 - - - xk—11 N Ty # 0},
k k
Zi(9) = Z e FoxiXic) 7 () = Z P (oxpxequ)
Xox1 -+ Xk—1 € By X1+ Xk—1€ By n

It is easy to see that £X1(u) = Zi(¢) (respectively Eﬁl(u) = Zk.n(¢)) and so by (2)
we have that P(¢) =limy_0(1/k) log Zi(¢) (respectively Py, (¢p) =limg_,o0(1/k)
10g Zi 0 ().

Fix € > 0. By (3), there exists a > 0 such that Z;(¢) > aek® @)= for all k > 1. In
addition, as /op(0) > 0, there exists b > 0 such that | Bx| > bekop()=€) for all k > 1.

Fix large integers k and n such that both beX"er@=€) 5 | _ k41 and 2(k + d) <
l,€. Observe that the string zoz; - - - z;,—1 has precisely [, — k + 1 subwords of length k;
accordingly, the first condition on k& and n guarantees the existence of a finite word
x € By such that x does not appear as a subword of zozi---z;,—1. Fix meN and
let yl, y2, ..., Y" € By, _2—2q4; wWe now associate with this list a unique element
of Bu@,—k). Choose shos2 .., sm b 2 ..., t" e By so that the word w:=
ylslxz‘lyzszxz‘2 . tm_lyms’"xtm ell,2,..., l}m(l"_k) is such that t™u € X; this is
possible as A4 > 0.

It is easy to see that as x is contained in any subword of length n, the word zoz1 - - - 77,1
cannot be contained as a subword of the periodic extension of w. Hence, w € By, k)1,
and so

Loty (9) > (aeUn=2k2DP@=ym (ol (1=€)(P@)=€)ym.
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Taking logarithms, dividing by m, and letting m — oo yields

P @ = 2D (o (pg) o)

s —€ —€).

N Ly —k

Finally, letting n — oo and € — 0 gives the result. O

Remark 3.9. The proof of Proposition 3.8 is modified from [4], where an analogous result
for topological entropy is proved.

3.3. A uniform Lasota—Yorke inequality. We now prove that the transfer operators L,
satisfy a uniform Lasota—Yorke inequality. We assume that the transfer operator L is
normalized, i.e. £1 = 1. Iterating the perturbed operator L,,, we see that

L)@ = 3 hax (e Vw(y),

ok (y)=x
where A, 1 (x) = [T52) xug (07/x) and ¢*(y) = 3524 ¢ (07 (7).
LEMMA 3.10. For any positive integers k, n, we have
Lyl < 1.
Proof. Letw € L!: then

1Lawlly =/|£Xu,gw|dﬂ
< /Elxu,gwldu

=[|XU;U)|dMSIIwII1- “4)

In addition, fixing j > 0, m > 1, we see that

o [ gwaw=o [ LGl du
o=/ (Un) oI (Un)

=9_’"/ , xuelwldp
o=UtD(Up)

<o [ [l dp < fwls.
=Gt Un)
Taking the supremum over j and m yields
ILpwln < |wlp. &)
Combining (4) and (5) and iterating completes the proof. O
LEMMA 3.11. There exists a constant ¢ > 0 such that for any positive integers n, k we

have
—k
[hncwlo < |wlp + e |wlln

Sfor all w € By.
Proof. We prove this by induction, namely we prove that for any w € By we have

Xo-iweywlo < lwlg + 677 [lwlli. 6)
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To show this, fix a positive integer m. We consider two cases, namely: j +n <m and
m < j + n. If we suppose that j + n < m, then osc(xo__,-(U’g)w, m, x) < osc(w, m, x) for
all x € ¥, and thus

6" f 0SC(Xg—j (eyw, m, x) dpu(x) <0~ f osc(w, m, x) di(x) < |wlg.  (7)
On the other hand, if m < j +n it is easy to see that if [x], Co’j(U,f), then
0SC(Xg—j ey W, M, X) = osc(w, m, x). If, however, [x],, N o~/ (Uy,) # ¥ then
08C(Xy—i ()W M, x) = max(osc(w, n, x), || X[x1,, Wlloo)
in which case

0S¢(Xg—i (gyw, m, x) = max(osc(w, m, x), [ X[x], Wlloo)

1
f lwldpu,
wlxlm [x]m

< osc(w, m, x) +

which implies that

G_m/OSC(XJ—./(U;)w,m,X) dM(X)§|w|9+9_m/ _ lwldw.  (3)
{x:[x1mNo =/ (Un)#0}

We now analyse two further subcases. If m < j, we see that

9""/ , lwldpu <677 |wl. ©9)
{x:[x]mNo—/ (Un)#90}

If j <m < j + n, the fact that the open sets {U,}, are nested implies that
el N o™ (Un) # 0} C o™/ (Un—)).

In which case,

9—'"/ wl dp < 6wl (10)
{x:[x]mNo =7 (Up)#0}

If we combine (7), (9), and (10), we obtain (6). This completes the proof. O

LEMMA 3.12. There exists a constant ¢ > O such that
1Lywllo < c@lwllg + lwlla)
forall w e By andn, k > 1.

Proof. Fix x, y € ¥ and suppose that dg (x, y) = 6™ with m > 1; then

(Chw) ) = (LEw) )] = Y 16" Py g ix)wlix) — e Oy g iyywiiy)]
li|=k

< 3 A N (0w (i) — by i)Wy

lil=k

ko ko: k o+

+ e? (lx)|1 —e® @iy)—¢ (lx)||w(iy)|
< Z e‘z’k(ix)[osc(hn,kw, k+m,ix)+c-osc(w, k+m,ix)]

lil=k

o* (ix)
e
+ O™ Z —/ lw| du.
X e Jpgixt g

lil=
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Integrating and dividing by 6 implies that
ILEwlg < O ((wlg + 1hn xwle) + cllwll;. (11)
And so, from (4) and (11) along with Lemma 3.11, we deduce that
ILEwllg = [LEwlg + I1LEwi
< O (Ihnxwlp + lwlp) + wll;
< ¥ wlp + clwlly < O wllg + cllwlls.

This completes the proof. |

Remark 3.13. The advantage of introducing the weak norm || - ||, is that it overcomes the
restrictions imposed by the usual weak norm || - ||;. In particular, had we considered the
usual || - ||; norm it would have imposed the condition that 0 < 6 < 1 be chosen sufficiently
small (leading to complications later in the proof when we also require that p < 6 < 1).

3.4. Quasi-compactness of L,,. A prerequisite for proving quasi-compactness of £, is
that the unit ball is compact with respect to the weak norm.

PROPOSITION 3.14. The set B={w € By : |wllg < 1}is || - ||n-compact.

Proof. Let (f,), € B be any sequence. By Proposition 3.1, there exist a subsequence
(fu )k and f € B such that || f,,, — fll1 — 0. It suffices to show that |f,, — flp — 0.
As f, fn, € B, wehavethatc =sup;> || f — fullo < 00. Fix € > 0 and choose a positive
integer M such that 67" u(U,,) < €/c for all m > M. Choose a positive integer K such
that || f — fu,l1 <6Me forall k > K. For fixed m, j, if m > M we have

9_'"/ , If = fal du < 07" (Ul f = fplloo < €. (12)
oI (Un)
Otherwise, m < M, in which case for k > K we have
97'"/ _ If—fnkldMSQ’M/If—fnkldu<e. (13)
o™/ (Un)

Taking (12) and (13) together implies that | f — f;,,|n < € for k > K. This completes
the proof. O

We now prove quasi-compactness of £, using a criterion of Hennion.

LEMMA 3.15. The essential spectral radii of the operators L, are uniformly bounded
by 6.

Proof. To show that the essential spectral radii of the operators £, are bounded by 6, we

note that Lemmas 3.12 and 3.14 show that the operators £, satisfy the hypotheses of [10,

Corollary 1], namely:

(1) L,({w e By :|lwlg < 1}) is conditionally compact in (Bg, || - [ln);

(2) for each k, there exist positive real numbers Ry, ry such that lim infy_, oo (7%)
r < A, for which

1k _

ILEw)llo < rellwllo + Rellwlly,  for all w € By.
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In which case, we conclude that £, is quasi-compact with essential spectral radius
bounded by r. Condition (1) can be deduced from Proposition 3.1, while condition (2)
is the uniform Lasota—Yorke inequality proved in Lemma 3.12. Finally, Proposition 3.8
implies that for any 6 € (0, 1) we have that 1,, > 0 for large n. a

3.5. Stability of the spectrum. We introduce a so-called ‘asymmetric operator norm’ for
which the operators £, converge to £ as n — oo. For a linear operator Q : 3y — By, we
define

QI = sup{l| Qwllx : llwlle < 1}.

Recall the Gibbs property (1) of u, namely that there exists a constant ¢ > 1 such that
for any x € X and a positive integer n we have that

_1 _ Mlxln c
— e x) — 77

(14)

Using the above, it is relatively easy to show the following proposition, which is stated
without proof.

PROPOSITION 3.16. (Gibbs property) There exists a constant ¢ > 0 such that for any
positive integers n, m and j > n we have

w(Un N o™ (Un)) < ctt(Un)(Un).-
LEMMA 3.17. There exists a constant ¢ > O such that
L — Lalll < c(p6™ "
for all n.
Proof. Let w € By be such that ||w|lg < 1; then
(£ = Lowl = I1Lxu,wlh

= lxv,wih
< nUpllwlleo = cpn(Unlwlle < cpu(Up). 15)

On the other hand, for fixed m, j we have
o / (L — Ly)wldp < cd " (oYW, N U wll.
o=/ (Un)

Fix positive integers m, j. We study three cases, namely:
) n<j+1;
2 jH+l<n<m4+j+1;
@) m+j+l<n
First, we suppose that n < j + 1, which implies from Proposition 3.16 that

07" (oY W) N UL) < 07" (Un) u(Uy) < cp”. (16)

Next, we suppose that j+1<n <m-+ j+ 1; then, observing that the nested
property of {U,}, gives us o~ Uthw,HynU, co~UtHw,)n Uj+1, combining this
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with Proposition 3.16 we see that
0" u(o "W N U < ue™ VW) N U1
<0 " uUmn)n(Uj+1)
< c9_m,0m+j+1
< ¢ pyn it
<@ 'p)". a7
Ifn>m+j+1,
07" (@ VWU N U 07" 1(Un) <07 1(Up) <c@'p)".  (18)
Combining (16), (17), and (18) yields
(£ = Lywly <@ p)"llwlle.
Combining this with (15) completes the proof. O
We note that Lemmas 3.10, 3.12, 3.15, and 3.17 show that the operators L, satisfy the

hypotheses of [15, Theorem 1]. We now cite a specific consequence of the result.

Foré >0andr > 6, let

Vs.r ={z € C:|z| <rordist(z, spec(L)) < 5}.
Then, by [15, Theorem 1], there exists N = N (8, r) such that
Ss.r =sup{ll(z — L) lg:n>N,zeC\Vs,} < oo, (19)

where ||(z — £,) ! || denotes the operator norm of (z — £,) "' : By — Bp.

We may use quasi-compactness of £, to write

En = Ey + Wy,

where E, is a projection onto the eigenspace {cg, : c € C} and E, ¥, =V, E,, = 0.
PROPOSITION 3.18. There exist a positive integer N and constants ¢ > 0and 0 < q < 1
such that for alln > N we have

II‘I’ﬁllloo chk forany k > 1.

Proof. Fix g € (8, 1) such that spec(£)\{1} C B(0, ¢). Then by Proposition 3.8 there
exists a positive integer N such that for all n > N, we may write using standard operator
calculus

1
W= *a— L) " dr.
2 |t|=q

Then, from Lemma 3.7 and (19) above, we see that
@5 Lo < cllWhLllg

< cf G = L) g di
[tl=q

= ch. O

Remark 3.19. This result (Proposition 3.18) is claimed in an article of Hirata [12].
However, the proof presented in the article contains an error which we correct in this
section. In particular, this allows us to recover the exponential and Poisson return time
estimates claimed in [12] for conformal expanding maps.
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PROPOSITION 3.20. There exists a constant ¢ > 0 such that for all n

[Enllloo < c.

Proof. Forn > N, write

1
E,=— (t — L) L dt.
270 Jj—1)=1—¢

Then, from Lemma 3.7 and (19) above, we see that
IExllloo < cllEnlllg
< c/ It — L) lo dr
[t—1l=1—¢q

C. O

IA

4. An asymptotic formula for A,
In this section, we prove the following proposition.

PROPOSITION 4.1. Fix ¢ € By, then

A—hn {)» if z is not periodic,

im = )
n—00 (Uy) A(1 —A~Pe?” @) if z has prime period p.

We prove the proposition in the case that £ is normalized, i.e. £1 = 1; the more general
statement above can be deduced by scaling the operator.
Let m,, denote the restriction of u to I,,, i.e.

_ Mo,
w(Up)
The following four lemmas were motivated by corresponding results in [12].

n

LEMMA 4.2. If z is non-periodic, then

E,(Lxu)d
lim L EnCxv) dmn E,1dm, = 1.
n— 00 1—x, n—00

Proof. For simplicity, we put

[En]Z/ En(ACXUn)dmm

Then, by using Lxy, =1 — L, 1,

(Ex]= (1 — ) / E,1dm,.

As z is non-periodic, it follows from the fact that a countable intersection of nested
compact sets is non-empty that for any integer k > 1, there exists Ny such that Uy, N
cr*j(UNk)zﬂforjz 1,2,...,k.

Then, for any x € o’jUNk, 1 < j <k, we have that x € Uy,. So, for any n > Ny and
any x € ok U, , we see that

xus () xue (0 () -+ - xue (@1 (x)) = 1.
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So, for n > Ni, we see that
XU, DLy 1(x) = xu, () L1(x0) = xu, ().

Andso [ L,1dm, =1 foralln > N.
We now use the decomposition £X = Ak E,, + WX to see that for any k and n > Ny we

have
‘l—fEnldm,,

= ‘(Aﬁ—l)/EnldmmL/\yfldmn

11— 25 En oo + 1951100
eIl =281+ ¢5).

IA

IA

where Propositions 3.18 and 3.20 were used in the final line. This completes the proof. O

LEMMA 4.3. If 7 is non-periodic, then

li f En(£XU,,) dmy,
m ———
100 n(Un)

=1

Proof. We let T, (x) denote the first return time (assuming that it exists) for x € U,, i.e.
T,(x) =inf{i e N: o' (x) € Up}:

then

00
/ T,dm, = Zimn(Tn =1)

i=1

o0
=my(Ty =1+ i / L7 Lyu,) dmy
i=2
0 .
= mu(T, = 1) +/ En(Lxu,) dmy Y ix!
i=2

Y / Wi (L xw,) dm
i=2
= (T—l)-i-/E(ﬁ )d ;—1
=muydy = nLXU,) amy (1_)%)2

o0
+ Y [, 20)
=2
But, by Kac’s theorem, f T, dm;, = 1/u(U,) and thus

fEn(ﬁXU,,)dmn o (/ En(EXUn)dﬂn
u(Uy) 1 —%n

—1 -0

00
X (mn(Tn =1) - / E,(Lxu,) dmy + Z \Ij,lil dmn) .
k=1

2
) + f En(Lxu,) dmy

=0(1)
This completes the proof. O
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LEMMA 4.4. If 7 has prime period p, then

E,(Lxu.)d
lim L EnCxv)dmn E,ldm,=1— @,

n— 00 1—A, n— 00

Proof. Fix alarge positive integer ¢ and set k = pt. We have for large n that

- Kl (x) = _ 6
XU, () = xu, LALX) = xu,(x) Y X omiwn e
ok(y)=x
k(y

= xu, (%) Z xak—p[z(,zl...zp,l](y)e¢ W)

ok (y)=x
pm

= XUn (x) Z e¢ ()’) Xg_P(m_l)[ZOZl“'prl](y)

ol (y)=x

= XU, )L™ (Xizz12p_11 0 7" ") ()

= XU, (x)ﬁp()([z(,zl...Zp_]])(x),

where assumption (5) on the family {U,}, was utilized in the second line. Hence,

IA

‘1 —e?’@ / £ﬁ1 dm,, / EP(X[Zozl‘.Azpfl])(x) —e?"@ dm,(x)

< sup [9P(y) — ¢ (2)]
YeElzliy+p
|¢|(9,oo .
< ﬁdlam(Un) -0 (n— 00),

where | - |9, denotes the usual Holder semi-norm.
Hence, for any k = pt,

lim | Lf1dm, =1—¢"®,

n—oo

On the other hand, by Lemma 4.2, for large n

'/U;,ldmn—x’;/Endmn =‘/‘l’,’§1dmn

We fix k = pt and A,, — 1 as n — o0; hence,

k k
< Wy lleo <cq”.

lim | E,1dm,=1—¢*"®@, O

n—oo

LEMMA 4.5. If z has prime period p, then

lim f Ey(Lxu,) dmpy = (- e¢l7(z))2.
n—>00 w(Un)

Proof. The proof of this is a combination of the methods from Lemma 4.3 and the result
of Lemma 4.4. O

Combining Lemmas 4.2, 4.3, 4.4, and 4.5 proves Proposition 4.1.
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5. Escape rates for Gibbs measures
In this section, we prove the analogue of Theorem 1.1 in the setting of a topologically
mixing subshift of finite type, namely, we prove the following theorem.

THEOREM 5.1. Suppose that the {U,}, satisfy assumptions (1)—(5). Let ¢ : ¥ — R be
Holder continuous and let  denote the associated equilibrium state; then

. rp(Uy) {1 if 7 is not periodic,
lim —— =

n—00 w(Uy) |1 = 9" @-PP@ if z has prime period p,

where §7(2) = ¢(2) + ¢ (0 (2)) + - - - + (0771 (2)).

It is well known that the escape rate r, (U,) is related to the spectral radius A, and we
include the proof of the following proposition only for completeness.

PROPOSITION 5.2. We have the following relation:
ru(Un) = —log(Ay).

Proof. We can write

k—1
preX o' () gUn 0si<k—1}= /(1‘[ m(ol’x)) dpu(x)
i=0

k—1

= / Ek(H XU;;(G’x)) dp(x)
i=0

k

= / L,1(x) dp(x)

=3k | E1d k

= A, Wldu+ | W ldup.

Using Propositions 3.18 and 3.20, we see that
1 .
ru(Up) =klim % logpu{xeT:0'(x) ¢U,, 0<i <k — 1} =—log(h,).
—00

We now prove Theorem 5.1.

Proof. We assume without loss of generality that P(¢) = 0. In which case, we see from
Proposition 5.2 that

ru(Uy) _ —log(A,)
w(Uy) w(Up)
_ log(*) —log(xy)
B w(Uy)
_ A= )Ln IOg()‘) - IOg()Ln)
CwWn) A=

The result now follows from Proposition 4.1. O

https://doi.org/10.1017/50143385711000058 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000058

978 A. Ferguson and M. Pollicott

We also can obtain results relating to the convergence of the topological pressure.

THEOREM 5.3. Suppose that the {U,}, satisfy assumptions (1)—(5). Let ¢ : ¥ — R be
Holder continuous and let u denote the associated equilibrium state; then

_P@) = Pr,9) _ :1 if 2 is not periodic,

i =
n—>00 w(Un) 1 — e?"@O=PP@) if 2 has prime period p.

Proof. Using A = el (¢), we see that
P(¢) — Ps,(¢)  P(@) — Px, () A — Ay

= . 21
w(Un) eP@ — ePu @ 1 (U,) @l
Observing that
. P(¢) - P):n (‘15) _ —P@©)
A e @ — ¢
and combining this, (21), and Proposition 4.1 completes the proof. O

An immediate corollary is the following.

COROLLARY 5.4. Let [ denote the measure of maximal entropy (i.e. the Parry
measure [20]); then

oo w(Un)

li hiop(0) — hiop(alx,)) 1 if z is not periodic,
m =
1 — e~ Phov(@)  if 7 has prime period p.

Remark 5.5. The rate of convergence of the topological entropy of the restriction of the
shift to these sets was studied by Lind [18] who proved, in the case that the U,, consisted
of a single cylinder of length n, i.e. U, = [z],, the existence of a constant ¢ > 1 such that

1/c < htop(U) - htop(U|Zn)
w(Uy)

<c¢ forall n.

6. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. Let M be a Riemannian manifold and f : M — M

a C!'-map. Let J be a compact subset of M such that f(J) = J. We say that the pair (J, f)

is a conformal repeller if:

(1)  f]s is a conformal map;

(2) there exist ¢ > 0 and A > 1 such that ||df]v|| > cA"||v| forallx € J, v € Ty M, and
n=>1;

(3) f is topologically mixing on J;

(4) J is maximal, i.e. there exists an open neighbourhood V O J such that

J={xeV:f"x)eVforalln>0}.

Let ¢ : J — R be o-Holder and let u denote the associated equilibrium state. For an
open set U C J, we let r, (U) denote the escape rate of p through U.

It is well known that an expanding map has a finite Markov partition {R1, Ry, ..., R;},
and that there exists a continuous semi-conjugacy m : ¥ — J, where X is a subshift of
finite type on / symbols. By choosing A7 < 8 < 1 and considering ¥ equipped with the
metric dy, it can be seen that the map 43 =¢ o : ¥ — Ris dy-Lipshitz, and so (ﬁ € By.

https://doi.org/10.1017/50143385711000058 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385711000058

Escape rates 979

We state without proof the following result of Bowen [2].

PROPOSITION 6.1. (Bowen) There exists a positive integer d such that the cardinality of
7~V (x) is at most d for all x € J.

This proposition was used to prove the following corollary.
COROLLARY 6.2. (Bowen) x € X is periodic if and only if w(x) € J is periodic.
We also require the following technical lemmas.

LEMMA 6.3. For any periodic point z € J, there exists a Markov partition {R1, Ra, . . .,
Ry} such that z € | J7-, int(R;).

Proof. This follows easily from the standard construction of Markov partitions (using
shadowing); for example see [27]. O
LEMMA 6.4. There exist constants s, ¢1 > 0 such that ;1(B(z, €)) < c1€® forall ¢ > 0.

Proof Let ¢:¥ — R be defined by é(x) =¢((x)), and denote the associated
equilibrium state by f; then u = 7 * ().
For € > 0, let U, denote the Moran cover associated with the Markov partition {R7,

Ro, ..., Ry} (see [23, p. 200]). Then for z € J we choose elements Uy, Us, . .., U € U
which intersect B(z, e) A basic property of Moran covers is that:
I U —7T[ZOZ1 ] where 7/ € =;

2) diam(U;) <€ < dlam(yr[zoz1 n(zf)—l]);

(3) k <K, where K is independent of both z and €.

In which case, it suffices to show that ©(U;) < ce® for some constant ¢ > 0. To see this,
we observe that a basic property of Gibbs measures is that for any x € X, there exist
c¢>0and y € (0, 1) such that fi[x], <cy" forn=1,2,.... In addition to f € Cclte
and conformal, we have that can@) < € for any € > 0. In which case, we see that

w(B(z, €)) < Z w(U;) = Z M[Zozl Z )] K o1 H10g(r)/log(0) —log(y)/log)
i=1 i=1

Next, we require the so-called ‘ D-annular decay property’, that is, there exists a constant
¢y > O such that forall x € J, ¢ > 0and 0 < § < 1, we have that

u(B(x, \B(x, (1 = 8)€)) < c28” u(B(x, €)). (22)

A related condition is the ‘doubling’ or ‘Federer’ property, namely there exists a
constant K > 1 such that for all x € J and € > 0, we have

wn(B(x, 2€)) < Ku(B(x, €)).

Evidently, a measure that satisfies the D-annular decay property also satisfies the
doubling property. The converse was shown by Buckley in [S, Corollary 2.2]. In the
context of an equilibrium state i supported on a conformal repeller, Pesin and Weiss [22]
showed that p satisfies the doubling property. We collect these two results in the following
proposition.
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PROPOSITION 6.5. There exists a D such that p satisfies the D-annular decay property.

We now prove Theorem 1.1.

Proof. We first prove the result if z € J is not periodic. ~As a consequence of
Proposition 6.1 we have that n_l{z} = {zl, 2., z"}. Further, Corollary 6.2 implies
that each z’ is non-periodic.

Hence, to show Theorem 1.1 it suffices to show that

ra(m 1 (B(z, €)))
m-————=1.
e>0 A(mr~!(B(z, €)))

First, we observe that Theorem 5.1 may be modified to accommodate multiple non-periodic

points appearing in the intersection; this modification is trivial and we therefore omit the

proof. For non-periodic points, the new hypotheses become:

(1) let {V,} be a family of nested sets with each V, being a finite union of
cylinders. Suppose further that (1),.; V, consists of finitely many non-periodic
points {z!, 2%, ..., z"}; -

(2) there exist constants ¢ > 0 and 0 < p < 1 such that i(V,) < ¢p*» for all n > 1; here
k,, denotes the maximum length of a cylinder in V,;;

(3) There exist a sequence (/,), and a constant k > 0 such that ¥ <[,,/k, > 1 and
V, c Ui, [2'],, foralln > 1.

If the sets {V,}, satisfy these hypotheses, then we conclude that
tim 2
n—>o0 1(Vy)

For € > 0 and a positive integer k, we set
k=1
Uke = {U (S \/ fT'"R:UNB(z,¢€) ;é(Z)}
i=0

We observe that due to f being uniformly expanding, there exist constants ¢3 > 0 and

0 < p < 1 such that
diam(U) < c3p*

forany U € Uge.

Let 8 = c30% /(e + ¢3p%), in which case it is easy to see that

U UC B(z, € +c3p") =Bz, (1 — &) Le).
UeUy,e
Fix n > 0 small and choose k = k(e, n) such that
k - € < k-1
a3 HhP —1)

in which case we see that
(l—n)u< U U) s(l—cza,?m( U U)
UeUy U€eUr,e
< (1 —8P)u(B(z, (1 — &)~ 'e))
< n(B(z, €)), (23)
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where the D-annular decay property was used in the final line. Now let {¢,}, be any
monotonic sequence with €, — 0 and set

un= U U

U€Uken.n).en

Observing that U, is a finite union of k, :=k(e,, n)th level refinements of the
Markov partition, there exists V,, C X, a finite union of cylinders of length k,, such that
(Vi) = Up.

We claim that V), satisfies the hypotheses of the modified Theorem 5.1. Clearly, the V,,
are nested (1), so it suffices to show that ji(V},) decays exponentially in n. To see this, we
observe that

(1=~ Bz, €))
crey < er(es((ean™HP = 1) p* =D

IA

IA

And, thus, we see that j1(V},,) decreases exponentially in k,, which proves (2).

As fis conformal and 7 € [z']; for all i and [, there exist constants ¢4 > 0 and 0 < o<1
such that for any i € {1, 2, ..., r} and [/ € N, we have that c4_1 < diam(n[zi]l)/gl. Let/,
be the minimum such / such that czlgl > 2¢,. It is easy to see that for such a choice
of [, we have that V,, C U?:l [zi]ln. In addition, we have that [,, > csk, for some constant
¢s > 0; this proves (3). Thus, we deduce from the modified Theorem 5.1

(V.
fim 2
n—o0 [1(Vy)

And, so, by monotonicity of escape rates and (23), we see that

B(z, 1 U,
n—00 I»L(B(Za €n)) n—oo M(Un)

(v,
=(1- ;7)_l lim sup rfl( n)
n—oo  M(Vy)

=1-nh (24)

Similarly, using the same method we may obtain a lower bound, which in conjunction
with (24) gives
ru(B(z, €))
m ——— = 1.
n—>c0 (B(z, €))

We now turn our attention to the case where z is periodic. By Lemma 6.3, we may
assume that 77 ~!(z) consists of a single point of prime period p, say 7 (z) = z.

As before, we approximate B(z, €) from outside using elements of \/f:_é f~I'R, which
may be thought of as cylinders of length & in a subshift of finite type. Recall the hypotheses
for Theorem 5.1:

(1) let {V,} be a family of nested sets with each V,, being a finite union of cylinders.
Suppose further that (),,.; V, = {z}, where z’ has prime period p;

(2) there exist constants ¢ >0and 0 < p < 1 such that @ (V,) < cpk" forn=1,2,...;
here k,, denotes the maximum length of a cylinder in Vj;;

(3) foreachn > 1, we have that 0 7 (V;,) N g2} - - - Z;,_l] C Va.
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In which case, we deduce from Theorem 5.1 that

im ri;(Vn) =1 @),
n—o0 (1(Vy)

We first approximate B(z, €,) from outside using the same method employed
previously. For n > 0, we obtain U, D B(z, €,) nested, each being a finite union of
elements from \/k(") i f'R for some k, with the property that u(U,) < (1 —n)~!

w(B(z, €,)). As before, we may find a V,, C ¥ which is a finite union of cylinders. It
is easy to see that V,, satisfies conditions (1) and (2). To see (3), we observe that for ¢,
small, expansivity of f and the fact that z has prime period p yields f~7(B(z, €,)) N
mlzp 2)s e s z/p_ ] C B(z, €,). A simple argument extends this to approximations of
balls centred on z. Using monotonicity of escape rates together with the conclusions of
Theorem 5.1 yields

ru(B(z, €)) -1 ru(Un)
s B ey = s
= =0 timsup
= (1—pa =)
= (1—m~ 11— (25)

Similarly, using the same method we may obtain a lower bound, which, in conjunction
with (295), yields
rIi(B(Zy €1)) —1— e¢1’(z).
n—>00 u(B(z, €y))

7. Proof of Theorem 1.2
In this section, we study the asymptotic behaviour of the Hausdorff dimension of the non-
trapped set. Let f : J — J be a conformal repeller as defined in the previous section; we
make the further assumption that f € C!**(J) for some « > 0. Fix z € J. For € > 0, we
define

Je={xeJ: f¥x) €B(z ¢, forall k > 0},

i.e. all points whose orbits are e-bounded away from z.

Let w denote the equilibrium state related to the potential ¥ = —s log | f/|, where
s =dimg (J). As before, we may study the escape rate r, (B(z, €)) of u through B(z, €)
and its associated asymptotic, i.e.

ru(B(z, €))
2 wBG oy

The method of proof is as follows: in a similar vein to the proof of Theorem 1.1, we
first prove the result where the hole consists of a finite union of refinements of the Markov
partition and then extend it to the case of geometric balls via an approximation argument.

LetR ={R1, Ry, ..., R, } denote a Markov partition for the conformal repeller J; this
induces a semi-conjugacy m between a subshift of finite type (X, o) and the conformal

dp(z) =
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repeller (J, f). Let I,, € \/?:_01 f /'R be a nested family such that mnzo I, = {z}. We let
J,, denote the set of points in J which do not fall down the hole 7, i.e.

Jo={xeJ: ffx) €1, forall k > 0}.
Let s denote the Hausdorff dimension of the set J.
PROPOSITION 7.1. Under the assumptions above,
. S—8y dy(z)
lim = . .
n>o0 u(l)  [log|f'ldu
A crucial ingredient to the proof of Proposition 7.1 is the following result of Ruelle [24].

PROPOSITION 7.2. (Ruelle) Let s>0 be the unique real number for which
P(—slog|f']) =0; then dimg (J) = s.

Let ¢(x) := —log | f/(;w(x))|. It is easy to see that the semi-conjugacy 7 being one—
one on a set of full measure for all equilibrium states for Holder potentials implies that
the Hausdorff dimension of J is the unique real number s for which P(s¢)=0. A
similar argument shows that dimg (J,,) = s, where s, is the unique real number satisfying
Ps, (anz;) = (0. We may therefore translate the problem into the language of subshifts of
finite type. As the family {I,} is nested, there exists a point 7' € X such that w[z'] = I,,.
Accordingly, if we set

Sh={xeT:ofx) &[], fork=0,1,2,...},

then 7 (X%,) =J,. Let ¢;(x) = —log | f/(w(x))|; then it is easy to see that the semi-
conjugacy 7 being one—one on a set of full measure for all equilibrium states for Holder
potentials implies that the Hausdorff dimension of J is the unique real number s for which
P(s¢~>) =0. A similar argument shows that dimg (J,) = s,, where s, is the unique real
number satisfying Py, (sn¢) =0. We therefore may prove the result in the setting of
subshifts of finite type.

Fort > 0, we let L; : By — By denote the transfer operator associated with the potential
¢, ie.

wy) .
| f/ (eIt

analogously, we define the perturbed transfer operator £, ,, : By — By to be (L; ,w)(x) =
(L, X[z/]gw)(x)- We let g; (respectively g; ) and v; (respectively vy ,) denote the eigen-
functions and eigenmeasures guaranteed by Proposition 3.2 applied to £; (respectively
L n). We shall assume without loss of generality that f g dv; = f 8t.n dvs, =1 for all
t>0 and n>1. The associated equilibrium states will be denoted by u; and sy,
observing that one can show that du, = g; dv; (respectively du;, = gr.n dvin). We
proved earlier that both £, and £;, have spectral gaps; we denote their maximal
eigenvalues by A; and A, ,, respectively. As log(x;) = P(tqg) (respectively log(A; ;) =
Py, (t<;~5)), the problem of finding the Hausdorff dimensions of J (respectively J,) reduces
to finding the values of ¢ (respectively #,) such that A; = 1 (respectively A;, , = 1).

The proof of Proposition 7.1 relies on a few elementary facts: the maps ¢ — A; , are

(Law)(x)= Y

o()=x

analytic and non-increasing in ¢, while for a fixed ¢ the sequence {X;,}, is increasing
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(and converges to A;), we use Taylor’s theorem applied to A;, about f =s to obtain
an approximation of A;, close to A ,, we then use Theorem 5.1 and let n — oo to
prove the result. The main problem then reduces to analysing the behaviour of the first
A, =d/dt (A ) and second A/, = d?/dt* () ) derivatives of A, ,, which is the focus of
the following two technical lemmas.

LEMMA 7.3. Foranyt > 0, we have that lim,,_, k;’n =

Proof. We first obtain an explicit formula for A;,n; to do this, we follow an argument of
Ruelle [25, p. 96, Exercise 5] to prove that forany r >0andn =1, 2, ..,

Ao = At f log | f'l dpsn. (26)
Analogously, for the unperturbed operator,
A;:—k,/log|f/|du,. 27
To see this, we take the eigenfunction equation
Lingtn="nn&tn- (28)
Differentiating once yields

L;,ngt,n + Lt,ng;,n = )\;,ngt,n + )w,ng;,n,

and then integrating with respect to v; , and cancelling terms yields

)‘;,n = / 'C;,n(gt,n) dvt,n = / Et,n (¢gt,n) dvt,n = )\t,n / ¢ d//‘t,n

where ¢ = —log | f'|. This shows (26); the proof of (27) is analogous and is omitted.
Without loss of generality, we may assume that g, =1, that is, £,1(x) = ;. We
decompose the transfer operators £; , and £, as

Et,n = )‘«I,nEt,n + ‘I’t,n, »Cz = )\tEt + \Dt,

where E; , and E; are projection operators given by

Emw=/wdwwm, Ew=/wdw (29)

and WV, ,, (respectively W;) has a spectral radius strictly less than A; , (respectively A;).
From [15], we have that lim, . [||E;» — E/||| =0 and so

lgrn — &llt < llgrn — &lln
= 1(Et.n — ED)Wlp < W Etn — E¢lllliTlle — 0. (30)

Finally, to show that A;,n — A, it suffices to show that E; ,(g;.¢) = E/(¢). We
first show that there exists a constant ¢ > 0 such that ||g; ,¢|l¢ < c for all n. We note
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that by [15, Corollary 1] there exist a constant ¢ > 0 and a positive integer N such that
|E: qnwllo < c|E;w]||p for any w € Bg and n > N. In which case,

lgrn®lle = lI8r.n®llo + l18r.n It
< llgrnllocl®le + 181.nloll@lloo + @ llccllgrnlln
< 2(¢llollge.nllo + lldlloollgr.nlln
=2lllol Ernlllo + Pllocligrnlln
< 2clplloll Ecnllin + lldllocligrnlln
= 2clillo + lldlloo)llgenlln-

We observe that || g; , — 1||1 — O implies that ||g; , — 1|l — 0 and so ||g;.»|l¢ is bounded.
Next, we note that

1Et,n(81,nP) — E:(@l1 = 1Etn — EclI&rn@llo + 1E: (@(g,n — D)t

< cllEin — Edlll + pllcoll Ecll1ligr.n — Tl

A

Both terms tend to zero by (30) and [15]. This completes the proof. O

LEMMA 7.4. For any s > 0, there exists § > 0 such that sup,,~| SUp;c(s_s 515y M p < 0O

Proof. We first obtain an expression for A7,. Fix a positive integer N. Taking

the eigenfunction equation [,f\fn 8tin = AfYn gr.n and differentiating twice, integrating with
respect to v; ,, and cancelling yields

_ 1 _
Mkt = ﬁ[ / @")?gin dvin — N(N — l)u,,,{x;,,,ﬂ}

1 _
+ 2[ﬁ / Vgl dvin — ik, f g du,,n}.

We observe that as du; , = g:.n dv; , 1s strong mixing, this second term tends to zero
as N — oo, and thus

_ ] _
by = lim ﬁ[ / @")2gen dvin — N(N — 1)@,,,%;,”)2}. (31)

We now estimate the term N ~! f (¢>N )2g,’n dvy »: expanding the term (¢N )2 and using
the dual identity Ef’n(v,’n) = As nVr.n yields for n large enough
N—1N—-1

N f(¢N)zgt,n dvin=Y > /gt,n¢ oo'¢poal dv,

i=0 j=0

2 N-—1
=lIgl5+ Z(N—k)/gz,nwoak dvin
k=0

2 N—1
= Ipl3+ 5 > (N =iy f Ly, (8n®)¢ dvip. (32)
k=0
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We apply the decomposition L; , = A; , E; , + W, , along with Proposition 3.18 to (32) to
obtain

3 2 N-—1
N~ / @") g dvin =915+~ Y (N —k)
N k=0
% [ Eun(ato + 34V 00 d

2
— 112+ (N + 1)( / b1 dvt,n>

N-1

2
b X =ik [ Gdp dva 39

k=1
‘We note that (f DL n dv,,,,)2 = (k;,l X;’n)z and so combining (31) and (33) we obtain
N—1

_ _ ) 2 _
Aaal = 19lI3 + 200 A )% + lim — § (N—k))\,’,’;/\y,’jn(g,m)(p dvy p.
N—oo N =

Finally, we observe that the perturbation ¢ + L; is analytic and so for any ¢ > 0 such
that spec(Ls)\{As} C B(0, g), there exist a positive integer M and § > O such that A; , > ¢
and spec(L; n)\{A:n} C B(0,q) for all n > M and t € (s — &, s + ). Combining this
observation with Proposition 3.18 completes the proof. |

We now prove Proposition 7.1.

Proof. We begin by proving that s — s, = O (u(I)); to see this, we observe that the map
t — A, is analytic, and so using Taylor’s theorem we may write

)an,n =1= )Ls,n + )‘/S,,,n(sn —5) (34)

for some &, € (s;,, s). We note that Proposition 4.1 and Lemma 7.3 prove the claim. Next,
we use Taylor’s theorem once again to see that

Moy = 1= Ao+ Xy (50 — 8) + AL, 0(u(In)?)
for &, € (s, s). Rearranging yields

s — S, 1 |:1—)»s’n
n

+ Ag;,nom(ln»}

w(ly) =N, L o)
Finally, we let n — oo, observing that the right-hand side converges by Lemmas 7.3
and 7.4. This completes the proof. a

We note that as in the case of escape rates Proposition 7.1 generalizes easily to the case
of finite unions of symbolic holes. We now prove Theorem 1.2.

Proof. Let {€,}, be any monotonic sequence with €, — 0. Fix > 0 and choose U, C
B(z, €5) C V,, which consist of finite unions of refinements of the Markov partition R
such that

(I =muVe) = n(B(z, €)) < (1 +n)p(Uy). (35)
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From the proof of Theorem 1.1, it is clear that we may choose the families {U,}, and
{Vi}n so that they satisfy the hypotheses of Proposition 7.1. Let s, (respectively 5,,) denote
the Hausdorff dimension of the non-trapped set with respect to the hole U, (respectively
V). Monotonicity of the Hausdorff dimension along with (35) yields

1 s—§n< s — Sy 1 s—35,
L+nu(Up) — n(B(z, €)1 —nu(Vy)
for any n; combining this with Proposition 7.1 and letting n — 0 completes the proof. O
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