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Von Neumann Orbit Equivalence

Ishan Ishan and Aoran Wu

Abstract. We generalize the notion of orbit equivalence to the non-commutative setting by introduc-
ing a new equivalence relation on groups, which we call von Neumann orbit equivalence (vNOE).
We prove the stability of this equivalence relation under taking free products and graph products of
groups. To achieve this, we introduce von Neumann orbit equivalence of tracial von Neumann alge-
bras, show that two countable discrete groups I and A are vNOE if and only if the corresponding
group von Neumann algebras LI and LA are vINOE, and that vNOE of tracial von Neumann algebras
is stable under taking free products and graph products of tracial von Neumann algebras.

1 Introduction

Let T" and A be two countable discrete groups with free probability measure-
preserving actions I'~ (X, u) and A~ (Y,v) on standard probability measure
spaces (X, u) and (Y, v), respectively. An orbit equivalence (OE) for the actions is a
measurable isomorphism 6 : X — Y such that (I'x) = A6(x) for almost every
x € X. In this case, the two actions are called orbit equivalent. Two groups are said
to be orbit equivalent if they admit orbit equivalent actions. Singer [Sin55] showed
that for two free probability measure preserving actions I' ~ (X, u) and A~ (Y, v),
being orbit equivalent is equivalent to the existence of an isomorphism L®(X) ~T" =
L= (Y) = A which preserves the Cartan subalgebras L*(X) and L™ (Y). Orbit equiv-
alence theory saw some development in the 1980s (see [OW80, CFW81, Zim84]), and
has been an area of active research over the last two decades (see [Furll, Gab10]).
These advances in part have been stimulated by the success of the deformation/rigidity
theory approach to the classification of II; factors developed by Popa and others (see
[Pop08, Vael0, Toal3)).

The study of orbit equivalence can also be motivated from an entirely different
point of view, being a measurable counterpart to quasi-isometry of groups. Gro-
mov [Gro93] introduced measure equivalence (ME) for countable discrete groups as
a measurable analogue of quasi-isometry and since then, this notion has proven to
be an important tool in geometric group theory with connections to ergodic theory
and operator algebras. Two infinite countable discrete groups I' and A are mea-
sure equivalent if there is a standard infinite measure space (Q, m) with commuting,
measure-preserving actions I' ~ (Q,m) and A ~ (Q,m), so that both the actions
admit finite-measure fundamental domains Y, X € Q, thatis, m(Y), m(X) < oo and

Q=|_|7Y=|_|/1X.
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The space (L, m) is called an ME-coupling between I" and A, and the index of such a
coupling is
m(X)
[[:Alg = ()’

Notably, measure equivalence was used by Furman in [Fur99a, Fur99b] to prove
strong rigidity results for lattices in higher rank simple Lie groups. ME relates back to
OE because of the following fact, observed by Zimmer and Furman: for two discrete
groups ' and A, admitting free OE actions is equivalent to having an ME-coupling
so that the fundamental domains coincide (see, for example, [Gab05, Pyg5), [Furll,
Theorem 2.5]).

If X c Qis a Borel fundamental domain for the action I" ~ (, m), then on the
level of function spaces, the characteristic function 1x gives a projection in L™ (L, m)
such that the collection {1,x},er forms a partition of unity, i.e, 3., er 1,x = 1. This
notion generalizes quite nicely to the non-commutative setting, and using this, Peter-
son, Ruth, and the first named author, in [[PR24], defined that a fundamental domain
for an action on a von Neumann algebra I' ~7 M is a projection p € M such that
2yer 0y(p) = 1, where the convergence is in the strong operator topology. Using
this perspective for a fundamental domain they generalized the notion of measure
equivalence by considering actions on non-commutative spaces.

Definition 1.1 ((IPR24]). Two countable discrete groups I' and A are von Neumann
equivalent WNE), written I" ~yNg A, if there exists a von Neumann algebra M with a
faithful normal semi-finite trace Tr and commuting, trace-preserving actions of I" and
A on M such that the I'- and A-actions individually admit a finite-trace fundamental
domain. The semi-finite von Neumann algebra M is called a von Neumann coupling
between I" and A.

Like ME, vNE is stable under taking the direct product of groups. But neither ME
nor vINE is stable under taking free products. For instance, since any two finite groups
are ME (and hence vNE), and amenability is preserved under both ME and vNE, one
gets that Z/27Z * Z/2Z (amenable) is neither ME nor vNE to Z/3Z * Z/2Z (non-
amenable). However, as suggested in [MS06, Remark 2.28], and proved in [Gab05,
Ppig6], stability under taking free products hold if one requires the additional assump-
tion that groups are ME with a common fundamental domain. In other words, OE is
stable under taking free products. This raises a natural question: Is vINE, with common
fundamental domain, stable under taking free products? We obtain an affirmative answer
to this question and introduce the following definition.

Definition 1.2. Two countable discrete groups I" and A are said to be von Neumann
orbit equivalent VNOE), denoted I' ~yNoE A, if there exists a von Neumann coupling
between I" and A with a common fundamental domain.

Theorem 1.3. IfI7;, A;, i = 1, 2 are countable discrete groups such that I'; ~yNog Ai, § =
1,2, thenI'y * I, ~yNOE A1 * Ag.

Green [Gre90], in her Ph.D. thesis, introduced graph products of groups, another
important group-theoretical construction. If G = (V, E) is a simple, non-oriented
graph with vertex set V and edge set E, then the graph product of a family, {T', } ey, of
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groups indexed by V is obtained from the free product *, ¢y I, by adding commutator
relations determined by the edge set E. Depending on the graph, free products and
direct products are special cases of the graph product construction. Adapting the ideas
of [Gab05], Horbez and Huang [HH22, Proposition 4.2] proved the stability of OE
under taking graph products over finite simple graphs (see also [Dem22]). To further
explore the study of graph products within the context of measured group theory, we
would like to draw the reader’s attention to the article [EH24]. In the current article,
we also prove the stability of vINOE under taking graph products.

Theorem 1.4. Let G = (V, E) be a simple graph with at most countably infinite vertices. Let
" and A be two graph products over G, with countable vertex groups {I', } ey and {A, }yev,
respectively. If Iy, ~yNoE Ay foreveryv € V, then I ~yNoE A

In attempting to prove the above theorems, if one tries to adapt the techniques
from one of [Gab05, HH22, Dem22], an immediate problem is presented by the lack
of “point perspective" in the theory of von Neumann (orbit) equivalence. The lack of
any natural non-commutative analogue of the notion of OE/ME cocycles, or that of
measured equivalence relation can be considered as a few problems presented by the
lack of point perspective. This often leads one to consider genuinely new techniques
and different alternatives (see e.g., [[PR24, Ish24, Bat23a, Bat23b]). To overcome this
obstruction, we introduce the notion of von Neumann orbit equivalence for tracial
von Neumann algebras that is “compatible” with vINOE of groups (see Definition 1.5
and Theorem 3.11), and prove the analogues of Theorems 1.3 and 1.4 at the level of
tracial von Neumann algebras.

The notion of von Neumann equivalence admits a generalization in the setting of
finite von Neumann algebras [[PR24, Section 8], and relates to vNE for groups as fol-
lows: T' ~,Ng A if and only if LT ~,Ng LA [IPR24, Theorem 1.5]. In parallel to this,
one might attempt to define two tracial von Neumann algebras to be vNOE if they
are VINE and admit a “common" fundamental domain, and identify a correct meaning
of “common". However, we take a slightly different approach, and motivated by the
recently defined notion of measure equivalence of finite von Neumann algebras by
Berendschot and Vaes in [BV25], we introduce the following definition.

Definition 1.5. Let (A, 74) and (B, 7p) be tracial von Neumann algebras. We say that
(A, 74) and (B, Tp) are von Neumann orbit equivalent, denoted (A, 74) ~ynoE (B, TB),
if there exists a tracial von Neumann algebra (Q, 7¢), a Hilbert A ® Q — B-bimodule
H, and a vector ¢ € H such that

(1) ((a®x)¢, &) = tala)to(x),and (yéb, &) = 1o(y)Tp(D) foreverya € A, x,y €
Q,and b € B.

(2) Span((A®Q)¢) = H = Span(Q¢B).

We prove in Proposition 3.5 that vNOE is indeed an equivalence relation. We
should remark that, in the above definition, { can also be considered as an A —
B ® Q°P-bimodule satisfying conditions analogous to the two mentioned in the def-
inition. This essentially is the reason for the symmetry of vINOE, even though the
definition seems asymmetric at first. To prove transitivity, inspired by [BV25, Lemma
5.11], we establish an equivalent characterization of vNOE in Theorem 3.1, and show
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in Theorem 3.11 that I' ~ynog A if and only if LT ~ynog LA. Since L(I" = A) =
LI+ LA, Theorem 1.3 follows from the following theorem, which we prove in Section
3. We should remark that the above definition, as stated, depends on the choice of
the traces 74 and 7p. Outside of the case of finite factors, it is not immediately clear
whether the above definition is independent of the choice of the traces for general
finite von Neumann algebras.

Theorem 1.6. If (A;,Ta,), (Bi, TB,), i = 1,2 are tracial von Neumann algebras such that
(Ai, Ta;) ~vNOE (Bi,TB;), i = 1,2, then, (A1%A3, Ta, %Ta,) ~wNOE (B1%B3, Tp, *TB,).

Similar to free products, one also has that the group von Neumann algebra of a
graph product of groups is isomorphic to the (von Neumann algebraic) graph prod-
uct of the group von Neumann algebras, and hence Theorem 1.4 follows from the
following theorem.

Theorem 1.7. Let G = (V, E) be a simple graph with at most countably infinite vertices. Let
(A, 74) and (B, TB) be two graph products over G, with tracial vertex von Neumann alge-
bras {(Ay,7A,) }vev and {(B,, 7B, ) }vev, respectively. If (A, Ta,) ~vNOE (By, 7B,) for
every v € V, then (A, 7ta) ~yNoOE (B, TB).

Remark 1.8. Since graph product over a totally disconnected graph, i.e., a graph with
no edges, gives free product, Theorem 1.6 follows from Theorem 1.7. In particular,
Theorem 1.7 shows that Theorem 1.6 holds for free products of countably many tracial
von Neumann algebras similar to the result obtained by Gaboriau in [Gab05, Pyg6*].
Furthermore, Horbez and Huang [HH22, Proposition 4.2] proved the stability of OE
under taking graph products over finite simple graphs, but our result holds for an
arbitrary, countably infinite graph product. We include a proof of Theorem 1.6 for two
reasons. Firstly, the notation is a little less involved compared to the proof of Theorem
1.7. Secondly, for the convenience of a reader who might be interested in the result
but is not familiar with graph products.

In Proposition 3.14, we show that vNOE tracial von Neumann algebras are vNE
in the sense of [IPR24]. We should remark that vINE does not imply vINOE in general.

In the final section, we obtain a partial analogue of Singer’s theorem [Sin55]
for OE in the setting of vNOE of groups. As noted in [I[PR24, Example 5.2], if "
and A are countable discrete groups with trace-preserving actions I' ~ (A, 74) and
A~ (B, tp) on tracial von Neumann algebras (A, 74) and (B, 7g), respectively, and
if@: Bx A — AT is a trace-preserving isomorphism such that (B) = A, then
I' ~ynoE A. As a partial converse to this, we prove the following theorem.

Theorem 1.9. IfI" and A are countable discrete groups such that I' ~y,NoEg A, then there exist
tracial von Neumann algebras (A, Ta), (B, Tg), trace-preserving actions ' ~ A, A~ B,
and a trace-preserving isomorphism 6 : B< A — A>T
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2 Preliminaries and Notations

We set up the notations and collect some facts that will be needed in this article.

2.1 Tracial von Neumann algebras and the standard form

A tracial von Neumann algebra A is endowed with a trace, i.e., a faithful, normal, unital
linear functional 7 : A — C such that 7(xy) = 7(yx) for all x,y € A. The trace T
induces an inner product on A given by (x, y) = 7(y*x),x,y € A, and we let L?(A)
denote the Hilbert space completion of A with respect to this inner product. When
we view an element x € A as a vector in L?(A), we denote it by . An element x € A
defines a bounded linear operator on L?(A) given by L,(§) = Xy,y € A, and thus
we have a representation of A in B(L?(A)), called the standard representation. There
is also a canonical anti-linear conjugation operator J : L?(A) — L?(A), defined by
J(x) = )?‘, x € A, and we have that A’ = JAJ, where A’ is the commutant of M inside
B(L*(A)). By the tracial property of 7, for x € A, the operator R, on L?(A) defined
by R« (§) = yx,y € A is bounded. If we let p(A) = {R, : x € A} € B(L*(A)), then
p(A) = A"

2.2 Free product and amalgamated free product

Let (A1, 11) and (A3, 72) be tracial von Neumann algebras. The free product of A; and
A, is the unique, up to isomorphism, tracial von Neumann algebra (A, 7) containing
Ajand A, and is such that 7|4, = 7;,i = 1,2, A is generated by A; U A, and A;, A;
are free inside A, i.e, T(a1az - -ax) = 0, whenever a; € A,, with n; # n;4; for all
ie{l,....,k—1},n; € {1,2} and 7, (a;) = Oforall 1 <i < k. We will say that an
element aja; - - - a of the algebraic free product A; *,5 A3 is an alternating centered
word with respect to T if a; € A,, withn; # n;y foralli e {1,...,k—1},n; € {1,2}
and 7y, (a;) = O0forall 1 <i < k.

Fori = 1,2,let (A;, 7;) be tracial von Neumann algebras, Q C A; be acommon von
Neumann subalgebra, and E; : A; — Q be faithful, normal conditional expectations.
The amalgamated free product (A, E) = (A1, E1)*g (A2, E;) is a pair of a von Neumann
algebra A generated by A and A, and a faithful normal conditional expectation E :
A — Q suchthat Aj and A are freely independent with respectto E: E(aya, - - - ay) =
0 whenever a,, € A, withn; € {1,2,}, Ey;(a;) =0forall 1 <i < k,and n; # nj4;
foralli € {1,...,k — 1}. An element aja; - --ax € A will be called an alternating
centered word with respect to E if a,, € Ap, withn; € {1,2},E,,(a;) = 0 for all
1<i<k,andn; # n;4 foralli € {1,...,k -1}
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For the construction and further details on (amalgamated) free products, we refer
the reader to [Voi85, VDN92, Pop93, Ued99].

2.3 Graph product

Let G = (V,E) be a simple graph with the vertex set V and the edge set E C
VXV \{(v,v):v € V}. We assume that the graph G is non-oriented, i.e., (v,w) € E
if and only if (w,v) € E. A word vyv,---v, of vertices in V is called reduced if it
satisfies the following property: if there exist k < [ such that vi = v, then there is
some k < j < [suchthat (vi,v;) ¢ E.Let G = (V, E) be a simple graph, (A, 7)
be a tracial von Neumann algebra, and {(A,, 7,) : v € V} be a family of tracial von
Neumann subalgebras of (A, 7) such that 7|4, = 7, forall v € V. We say that the
family {(A,, 7,) : v € V} is G-independent if the following property holds: if vy - - - v,
is a reduced word and a;,...,a, € A are such that a; € A,, and 7(a;) = 0, then
7(ay---ay) = 0. On the other hand, given a simple graph G = (V, E) and a family
of tracial von Neumann algebras {(A,,7,) : v € V}, there is a unique, up to iso-
morphism, tracial von Neumann algebra (A, 7), called the graph product over G of the
family {(A,,7,) : v € V}, and trace-preserving inclusions ¢, : A, < A such
that the family {¢, (A,) : v € V} is G-independent and generates A as a von Neu-
mann algebra (see [Mlo04, CF17]). We denote the graph product (A, ) of the family
{(Ay,7y) :v e V}by

(Av T) = *VEV(AVv Tv)~

Remark2.1. If G = (V, E) isasimple graph, and {I",, : v € V} isa family of countable
discrete groups, then L(% ey I)) = d ey LD, (see [CF17, Remark 3.23]).

2.4 Modules over tracial von Neumann algebras

For details on the proofs of the facts collected in this subsection, we refer the reader
to [AP21, Chapter 8].

Definition 2.2. Given von Neumann algebras A and B,

(1) aleft A-module is a pair (H, m4), where H is a Hilbert spaceand 4 : A — B(H)
is a normal unital *-homomorphism.

(2) a right B-module is a pair (H, np), where H is a Hilbert space and ng : B —
B(H) is a normal unital x-anti-homomorphism, i.e, 75(xy) = np(y)7p(x) for
all x,y € B.In other words, H is a left B°?-module, where B°P is the opposite
algebra.

(3) an A — B-bimodule is a triple (H, w4, np) such that (H, 74) is a left A-module,
(‘H, mp) is a right B-module, and the representations w4 and 7 g commute. For
& € H,x € A and y € B, we will write x£y instead of ma(x)7g(y)¢ (=

mg(y)ma(x)E).

Definition 2.3. Let (A, 74), (B, 7p) be tracial von Neumann algebras and let H be
an A — B-bimodule. A vector ¢ € H is called

(1) tracial if (x¢&,&) = To(x) for every x € A, and (¢y, &) = 75(y) for every y € B.
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(2) bi-tracial if (x¢y, &) = ta(x)tp(y) forallx € A,y € B.
(3) cyclicif Span{xéy:x € A,y € B} = H.

Let (Q, 7o) be a tracial von Neumann algebra. Given two left Q-modules H and
K, we denote by o B(H, K) the space of left Q-linear bounded maps from H into %K,
that is

0B(H, K) ={T € B(H,K) : T(x£) =x(T¢) forallx € Q,& € H}.

We set 9 B(H) = oB(H, H). It is straightforward to check that o B(H) = Q' N
B(H). Moreover, o B(H) is a semi-finite von Neumann algebra equipped with a spe-
cific semi-finite trace Tr, depending on 7. Before stating the result that characterizes
Tr, observe that, given S, T € QB(LZQ, H),wehaveTS* € gB(H),and S*T € JQJ,
where J : L?Q — L2Q is the canonical conjugation operator. The following is a
translation of [AP21, Proposition 8.4.2] for left O-modules.

Proposition 2.4. If H is a left Q-module over a tracial von Neumann algebra (Q, Tp), then
the commutant g B(H) = Q' N B(H) is a semi-finite von Neumann algebra equipped with
a canonical faithful normal semi-finite trace Tr characterized by the equation

Tr(TT*) = 10 (JT*TJ)

for every left Q-linear bounded operator T : L>Q — H.

Remark 2.5. Suppose (Q, 7g) is a tracial von Neumann algebra and H is a left Q-
module. If ¢ € H is a tracial vector, then the orthogonal projection P : H —
Span(Q¢) lies in o B(H). Moreover, since ¢ is tracial, the operator U : L*Q —
Span(Q¢) given by Ux = x&,x € Q is a unitary. Extending U to an isometry from
L?Q into H in an obvious way and applying Proposition 2.4to T = PU : L*Q — H
yields that Tr(P) = 1o (1) = 1.

2.5 Actions on semi-finite von Neumann algebras

For a semi-finite von Neumann algebra M with a faithful normal semi-finite trace
Tr, the set np, = {x € M | Tr(x*x) < oo} is an ideal. Left multiplication of M on 1,
induces a normal faithful representation of M in B(L?(M, Tr)), called the standard
representation, where L?(M, Tr) is the Hilbert space completion of ny; under the inner
product {a, b), = Tr(b*a).

IfI' ~7 Misatrace-preserving action of a countable discrete group I" on M, then
I" preserves the || - ||2-norm on ny,. Therefore, restricted to nry, the action is isometric
with respect to the || - |[;-norm and hence gives a unitary representation 0* : I' —
U(L*(M, Tr)), called the Koopman representation. Considering M c B(L*(M, Tr))
via the standard representation, we have that the action o : I' — Aut(M, Tr) is
unitarily implemented via the Koopman representation, i.e., forx € Mandy € " we

0

have o, (x) = 0'7160';’,1 (see [Haa75, Theorem 3.2]).
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3 Von Neumann Orbit Equivalence

In this section, we define von Neumann orbit equivalence for tracial von Neumann
algebras and for countable discrete groups. We shall see that groups are von Neumann
orbit equivalent if and only if the corresponding group von Neumann algebras are,
and we conclude this section with the proof that von Neumann orbit equivalent tracial
von Neumann algebras are von Neumann equivalent in the sense of [[PR24].

3.1 Von Neumann orbit equivalence for tracial von Neumann algebras

Theorem 3.1. Let (A, 74), and (B, Tg) be tracial von Neumann algebras. Then the follow-
ing are equivalent.

(1) There exists a tracial von Neumann algebra (Q, Tg) and a pointed A ® Q — B-bimodule
(H, &) such that ¢ € H is a cyclic and (bi-)tracial vector for both A ® Q-module struc-
ture, and Q — B-bimodule structure. That is, for alla € A,b € B, andx € Q,

@ ((a®x)&,¢&) =tala)to(x), and (xéDb, &) = 1o (x)T(D); and
(b) Span((A® Q)¢) = H = Span(Qé&B).

(2) There exists a tracial von Neumann algebra (Q, 7o), and a normal *-homomorphism
¢ : B — A®Q such that
(a) Ego¢ = g, whereEgp : A ® Q — Q is the normal conditional expectation; and

(b) Span{x¢(b) : b € B,x € Q}“'||2 =L*(A®0Q).

Proof Let(H,Q,¢)beatripleasin(1). We thus obtain a canonical unitary U: H —
L%(A®Q) such that U(yé) = y forall y € A®Q. Hence we can define a right action
of Bon L?>(A®Q) by

n-b=UU"(n)b), foralln € L*(A®Q), b € B.

For b € B, welet R, € B(L*(A®Q)) be the operator corresponding to right mul-
tiplication by b. Since H is an A®Q — B bimodule, and U is A ® Q-linear, so, the
right action of B commutes with the left action of A®Q on L?>(A ® Q), and hence
Ry, € (A® Q) NB(L*(A® Q)) for every b € B. Since the commutant of A®Q act-
ing on L2(A®Q) is p(A®Q) we define ¢: B — A®Q as follows: for b € B, ¢(b) is
the unique element in A ® Q such that R, = p(¢(b)). This is directly checked to be a
normal *-homomorphism. Moreover, by definition of ¢, we have thatn - b = n¢p(b),
foreveryn € L>(A® Q), b € B.Since ¢ is Q- B bi-tracial, we have forallb € B,x € Q
that

10 (0)7p(b) = (x¢b, &) = (U™ ()b, U (1)) = (x¢(b), 1) = 7(x¢ (b)),

where 7 denotes the trace on A ® Q. Furthermore, since 70 0 Eg = 7, we have

70(78(b)x) = T(x¢(b)) = 70 (Ep(x¢(D))) = 10 (xEg(4(D))),
forallx € O, b € B, whence it follows that Eg o ¢ = 7p. Finally,

1112

Span{x¢(b) :x € 0,b € B} =~ =U(Span{xéb :x € Q,b € B}) = U(H) = L*(A®Q).

2025/12/08 12:05

https://doi.org/10.4153/S0008414X25101909 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101909

Von Neumann Orbit Equivalence 9

Conversely, suppose condition (2) holds, and let H = L*(A®Q),and & = 1. Define
aright action of Bon H by n - b = n¢p(b). Then for x € Q, b € B we have

[I-1l2 II-1l2

Span{xé-b:x€Q,be B} = =Span{x¢(b):x € Q,be B} = =L*(A®Q),

and for x € Q, b € B we have
(€ b,€) = (x¢(b). 1) = T(xp(b)) = 10 (xEo(8(h))) = 70 (x) 75 (b).

Remark 3.2. Since the operation of taking adjoints is isometric on L*(A® Q),

in condition (2) of Theorem 3.1, one might equivalently require that
lI-112

Span{¢(b)x : b € B,x € Q} = L*(A®Q).

Definition 3.3. Let (A, 74),and (B, 7g) be tracial von Neumann algebras. We say that
(A, 74) is von Neumann orbit equivalent to (B, Tg), denoted (A, 74) ~yNoE (B, TB), if
either of the two equivalent conditions in Theorem 3.1 is satisfied. If (A, 74) is von
Neumann orbit equivalent to (B, 7p), then the triple (H, Q, &) or the pair (Q, @) of
Theorem 3.1 will be called a vINOE-coupling between (A, 74) and (B, 7).

Remark 3.4. As mentioned in the introduction, the above definition depends on the
choice of the traces 74 and 7. When in a situation where the traces are fixed, and
there is no risk of confusion, we will often drop them, and simply say that A and B are
vNOE and write A ~ynOE B.

Proposition 3.5. Von Neumann orbit equivalence is an equivalence relation.

Proof If (A, 7,) is a tracial von Neumann algebra, then taking Q = C, H = L?(4),
and & = 1 € L?(A) in condition (1) of Theorem 3.1 shows that A ~ynog A. To see
symmetry, let (A, 74) and (B, 7p) be tracial von Neumann algebras satisfying condi-
tion (1) of Theorem 3.1, and let H, (Q, 7p), and & € H be as in the condition. Note
that we can view H asan A — B ® Q°P-bimodule. Consider the conjugate Hilbert space
7_-(, and the corresponding canonical B ® Q°P — A bimodule structure on H. Then, it
is straightforward to check that the triple (ﬂ, Q% &) satisfies (1) of Theorem 3.1 and
thus, B ~ynog A. To show transitivity, we will use condition (2) of Theorem 3.1. To
thisend, let (A, 74), (B, Tg),and (C, 7¢) be tracial von Neumann algebras. Let Q1, O,
and¢; : B — A®Q1,¢,: C — B®(Q;,beasin(2) of Theorem3.1.Let 0 = Q; ® 0,
andlet ¢ : C — A ® Q be given by

¢(c) = (¢1 ®idg,)(42(c)), c€C,

where ¢; ® idg, : B®0Q, — A®Q;®Q; is the natural extension of ¢,
B — A@Ql Let ]EQ1 . A@Ql — Ql,]EQz : BgQZ — Qz,and]EQ
A®Q1®Q0; — Q;®Q; be normal conditional expectations. Consider the map
Ep, ®idp, : A®0;®0; — 01 ®0,. Note that Ep = Eg, ® idg,. Therefore,

Ep o ¢ = (Eg, ®idg,) o ((¢1 ®idg,) o ¢2) =Ep, o ¢» = 7,
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where the second to last equality follows from the fact that the following diagram,
since Eg, o ¢1 = 7p, is commutative:

_ ¢1®id _ _
B®0, "% A80,80;

EQZ\L \LEQI ®ido,

0, —— 0180,

1®idQ2

I -
Now, consider V = Span{¢(c)x:x € Q,c € C} ”2, and note that V is invariant

under multiplication on the right by elements of 0 = Q1 ® Q. In the light of Remark
3.2, it suffices to show that V = L?(A® Q), and for this, since V is invariant under
right multiplication by Q, it suffices to show that A ® 1 ® 1 C V. Recall that

1112

Span{¢2(c)x2 IC € C,X2 S Qz} = Lz(Bng) 2 BgQZ

Hence, we have

Span{(¢1 ® idp,) ($2(c)(1®x2)) :c € C,xa € 02} 2 (¢1 ®idp,)(B®Q>).

Moreover, since ¢ is unital and ¢; ® idg, is a homomorphism, we also have that

(¢1®1dp,)($2(c)(1®x2)) = (¢1 ®idp,)(42(c))(1®x;) forallc € C.x; € Q5.

[1l2

II-1l2

Finally, since Span{¢;(b)x; : b € B,x; € Q1} = L} (A®Q)) 2 A®Q), the
following computation completes the proof.

lI-1l2

V 2 Span{(¢1 ® idg,)(#2(c))(x1 ® x2) : c € C,x1 € Q1,X2 € Oz}
2 Span{(¢; ®idp,)((¢2(c)(1®x2))(x; ® 1) : c € C,x1 € Q1,x3 € Oz}

2 Span{(¢; ®idp,)(b® 1)(x; ® 1) : b € B,x; € Ql}\le
DAR1®1.

1112

1112

Checking Span{¢(b)x: b € B,x € Q} = L?(A®Q) might not be easy in
general. However, the following lemma simplifies verifying it in certain examples.

Lemma 3.6. Let (A, 74), (B, 7g), and (Q,7g) be tracial von Neumman algebras. Let

¢: B — A®Q be a-homomorphism satisfying Ego¢ = 7p, whereEg : A® Q — Qisthe
normal conditional expectation. Let V = Span{¢(b)x : b € B,x € Q}“'||2 c L*(A®Q).

Then N = {a € A:a® 1 € V}isan SOT-closed subalgebra of A.

Proof The fact that N is SOT-closed follows from the fact that SOT-convergence in
A implies || - ||2-convergence. First note that V is invariant under left multiplication by
elements of ¢(B) and right multiplication by elements of Q. We prove the following
claim, whence the lemma follows immediately.

Claim: Forn € V,and a € N we have thatn(a ® 1) € V.
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Proof of Claim. Givenn € V,anda € N,let{x, },en C Span{¢(b)x : b € B,x € Q}
be such that ||x;,, — n7]|, — 0. Since a ® 1 is bounded, it follows that

lxn(a®1) —n(a® DIz < [lxn —7li2llall = 0,

asn — o0, Since V is || - ||2-closed, it suffices to show that x,,(a ® 1) € V foralln € N.
To this end, fix n € N, and write x,, = Zf’:l ¢(b;)y;jwithb; € B,y; € Q. Then,

k k
xa(a®1) =) ¢(bjyjae1)= > ¢b)ae)y;,
Jj=1 J=1

where, in the last equality, we use that A and Q commute in A®Q. Since we already
noted that V is invariant under left multiplication by ¢(B) and right multiplication by
Q,anda ® 1 € V, it follows that x,(a ® 1) € V. ]

Remark 3.7. We do not know if N is a *-subalgebra.

Theorem 3.8. If (A;,7a,), (Bi, TB,), i = 1,2 are tracial von Neumann algebras such that
(Ai, Ta;) ~vNOE (Bi,TB;), I = 1,2, then, (A1%A3, Ta, *Ta,) ~vNOE (B1%B3, Tp, *Tp,).

Proof Since vNOE is an equivalence relation, it suffices to show that if A ~yNop B
and if (C, 7¢) is another tracial von Neumann algebra, then A * C ~ynop B * C. Let
(0, 70) be a tracial von Neumann algebra and ¢: B — A®Q be a *-homomorphism
as in condition (2) of Theorem 3.1. For tracial von Neumann algebra (C, 7¢), we view
(A x C)®Q as (ABQ) *o (C®Q). Define ¢o: B x5, C — (ABQ) *o (C®Q) by
declaring that ¢o(b) = ¢(b) *o 1for b € Band do(c) =1 xg cforc € C.LetEg :
(A*C)®Q — Q be the normal conditional expectation. Note that Eg o ¢ = 75 and
Eplcg o = 7c ® idg. Therefore, if x € B #,q C is an alternating centered word with

respect to Tg.c, then 50 () is an alternating centered word with respect to Eg. Hence
Egogo = tp.c. Since Eg is trace preserving, it follows that ¢y is trace-preserving, and
thus extends to a unique trace-preserving *-homomorphism ¢: B * C — (A®Q) *¢
(C®Q). Moreover, by continuity we still have Eg o ¢ = 7p.c. In light of Remark 3.2,

= II-11 —
it thus remains to check that Span{¢(x)y : x € BxC,y € Q}II "= L*((A+C)®0Q).
= Il
To this end, set V = Span{¢(x)y:x € BxC,y € Q}II 2. Since V is invariant under
right multiplication by Q, to show that V = L2((A * C) ® Q), it suffices to show that
(A*C)®1 C V.For this, by Lemma 3.6, it suffices to show that V contains A ® 1 and

C®1.That C® 1 C V, follows from the fact that ¢ takes the copy of C in B % C to the

copy of C in (A x C)®Q, and since Span{¢(b)y : b € B,y € Q}”'||2 = L?(ARQ), we
alsohavethat AQ 1 C V. u

We conclude this subsection by proving Theorem 1.7, which we recall below.

Theorem 3.9. Let G = (V, E) be a simple graph, with at most countably infinite vertices.
Let (A, Ta) and (B, T) be two graph products over G, with tracial vertex von Neumann alge-

bras {(Av’ TAV)}VGV and {(Bw TBV)}VGVJ VESPECtiny If(Aw TAV) ~vNOE (Bv’ TB\,)for
every v € V, then (A, Ta) ~yNoE (B, TB).
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Proof Let (Q,, ¢y) be a vNOE-coupling between (A,, 7a,) and (B,, 7g,), where
¢y : A, — B, ® Q, is a normal unital x-homomorphism satisfying

II-1l2

Ey o ¢y =14, and Span{¢,(a)x:a € A,,x € Qy} = LZ(BV éQv)a

here, E, : B, ® 0, — Q, is the normal conditional expectation. Define (Q, 7¢) to
be the tensor product ® yev (Qy, 7o, ). We now define a *-homomorphism ¢ : A —
B ® Q and show that it has the desired properties. To this end, first note that if v and
w are two distinct vertices connected by an edge, then B, commutes with B,, and O,
commutes with Q,, as v # w. Thus, ¢, (A,) and ¢,, (A,,) commute inside B® Q, and
therefore, we can define ¢ on the algebraic graph product (i.e., the universal unital *-
algebra generated by the {A, }, ey subject to the relation that A, commutes with A,,
whenever v and w are connected by an edge). In particular, note that ¢(a) = ¢, (a),
whenever a € A,. Next, we show that ¢ extends to a normal unital *-homomorphism
on A and satisfies Eg(¢(a)) = 7a(a) foralla € A, where Eg : B®Q — Q is
the normal conditional expectation. To see this, we note that for any reduced word
v =vp---v, of vertices, and elements a; € A,, of trace zero, 1 <i < n, we have that

EQ(¢V1 (al) e ¢Vn (an)) =0.

Indeed, for every i € {1,...,n}, we have E,, (¢, (a;)) = 7a, (ai) = 0, so, ¢, (a;)
can be approximated by linear combinations of elements of the form b,, ® g,,, where
by, € By,,qv; € Oy, with 7B, (by,) = 0. Thus, Eg(¢y,(a1)--- ¢y, (an)) = 0and
hence it follows that the map ¢, defined on the algebraic graph product, is trace-
preserving. Therefore, by [CF17, Proposition 3.22], ¢ extends to a well-defined normal
unital *-homomorphism on A. Furthermore, if either a = 1 ora € A is any
reduced operator (see [CF17, Definition 3.10]), then we have seen that Eg (¢(a)) =
0 = 74(a). Since the linear span of 1 and reduced operators is a dense *-subalgebra
of A, we conclude that Eg(¢(a)) = ta(a) for all a € A. Finally, to show that

Span{¢(a)x:a € A,x € Q}”‘IIZ = L?(B® Q), it suffices to show that

l-2 Iz

Span(d, (Av) - dn(Ay)(1®0)) " =Span(By, -~ B, 18 0) ", ()

for any reduced word v = vy --- v, of vertices and for all n. We proceed by induc-
B
tion. It is straightforward to see that for any vertex v, Span(¢,,(A,)(1 ® Q))u\ I _
lI-1l2

L*(B,®Q) = Span(B,(1 ® Q)) . Suppose that (x) holds for any reduced word
vy --- v, of length n and let vy - - - v,,v,41 be any reduced word of length n + 1. Then,

II-1l2 ll2

= Span(¢,,(A,,)By, -+ By,,, (1® Q))“'
= Span(¢y, (A,,)(1® Q)(By, ---B,,,, ®1))
= Span(B, (1® Q) (By, -~ B -1l

Span(¢vl (Avl) e ¢Vn+1 (An+l)(1 ® Q))

lI-112

®1)

II-112

= Span(BwBVz T an+1 (1 ® Q)) :

Vn+l

Thus, (A, T4) ~woE (B, TB). u

2025/12/08 12:05

https://doi.org/10.4153/S0008414X25101909 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101909

Von Neumann Orbit Equivalence 13
3.2 Von Neumann orbit equivalence for groups

LetI' ~ 7 M be an action of a countable discrete group I" on a von Neumann algebra
M. A fundamental domain for the action is a projection p € M such that the projections
{oy(p)}yer are pairwise orthogonal and >, 1 0, (p) = 1, where the sum converges
in the strong operator topology. Two countable discrete groups I" and A are said to be
von Neumann equivalent, denoted I' ~yNg A, if there exists a semi-finite von Neumann
algebra (M, Tr) with a faithful normal semi-finite trace Tr, and commuting trace-
preserving actions I' ~ “ M and A ~ “ M such that each action admits a finite-trace
fundamental domain. Such an M is called a von Neumann coupling between I" and A.

Definition 3.10. Two countable groups I and A are said to be von Neumann orbit
equivalent, denoted I ~ynop A if there exists a von Neumann coupling between I" and
A with a common fundamental domain.

Theorem 3.11. For countable discrete groups I"and A, I" ~ynog Aifandonly if LI ~yNOE
LA.

Proof First suppose that LT" ~ynog LA, and let (H, Q, &) be a triple as in condition
(1) of Theorem 3.1. Set A = LI" and B = LA, and consider M = Q' N B(H) =
oB(H).Fory € I'let u,, € LI" be the corresponding unitary and for ' € B(H),
define oy (T') = u,Tu),. Since LI'- and Q-actions on H commute, it follows that M
is invariant under o, for each y € I', and thus we have an action I' ~ 7 M. Similarly,
since H isa Q—B-bimodule, we have an action A ~ * M givenby a(T) = viTvs, s €
A, T € M, where vy € LA is the unitary corresponding to s € A. It is clear that
the actions ' ~ “ M and A ~ * M commute. Let Tr be the canonical trace on M
given by Proposition 2.4. Since LT'- and Q-actions on H commute, we have that for
every y € I, u, is a Q-linear operator on H and hence belongs to M. Therefore, it
now follows from the tracial property that Tr(cy (T)) = Tr(u,Tu;,) = Tr(T) for all
v € I'T € M and hence I' ~ 7 M is trace-preserving. Similarly, A ~ “* M too is
trace-preserving.

Let P € B(H) be the orthogonal projection from H onto Span(Q¢). It is straight-
forward to see that P is Q-linear and thus, P € M. Moreover, it follows from Remark
2.5 that Tr(P) = 1. Therefore, it only remains to show that P is a fundamental domain
for both I'- and A-actions. To see that P is a ['-fundamental domain, we first note that,
since ¢ is tracial for the A ® Q-module structure, we have, fora € A, x € Q, that

P((a ® x)§) = ta(a)xé.

Furthermore, if @ = )., cr ayu, is the Fourier series expansion of a € A, then we
recall that 74 (a) = a, and thus P((a ® x)¢) = a.xé. Therefore,

oy (P)((a ® x)§) = uyPu,((a ® X))

= u,P ((Z Aglty-1g ®x) g)

gell
=a,(uy, ®x)E.
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If we let P,, be the orthogonal projection from H onto i, (Span(Q¢)), then it follows
from the above calculation that o, (P) = P, and itis straightforward to check that the

projections {Py },er are pairwise orthogonal. Moreover, since H = Span(A ® Q)¢,
we also get that . 0 (P) = 1 and hence P is a I'-fundamental domain. Since we
also have that ¢ is bi-tracial for the Q — B-bimodule structure, we observe that, for
beB,xeQ,

P(xéb) = tp(b)xé.

If b = X,ep byvy is the Fourier series expansion of b € B, then 75(b) = b,,
and hence P(xéb) = b.xé. For s € A, let P be the orthogonal projection from

H onto (Span(Q¢))vs. Now the following calculation shows that @5(P) = Py, so,
{as(P)}sen are pairwise orthogonal, and thus P is a A-fundamental domain since

H = Span(Q&B).

ay(P)(x¢b) = vi Py (xgr D btvt)

teA
= V: (bg-1x¢)
= bs—levs—l.

Conversely, suppose I' ~yNor A, and let (M, Tr) be a von Neumann coupling
between I' and A with common fundamental domain p € M for both ' ~ “ M and
A~ M.Let A = LT,B = LA,H = L> (M, Tr) @ (*(A),Q = MU' < A,and ¢ =
P ® 6. Let T be the trace on M', which we recall is given by 7(x) = Tr(pxp) (see
[IPR24, Proposition 4.2]). Consider the action of LT" on H given by

Uyn = (0'2 ®id)7, vyel,neH,
where 0'3 is the Koopman representation of I into U (L?(M, Tr)). The action of M"
on H is given by
xn = (x ®id)n, xeM peH,
and A acts on H on the left by
v = (a2 ® An(5))7, seAneH,

where Ay : A — U(L*A) is the left regular representation, and o : A —
U(L*(M, Tr)) is the Koopman representation implementing the A-action. Since the
I'- and A-actions on M commute, the actions defined above make H into a left
LT ® (MF % A)-module. Furthermore, for gel,seAandx € MT, we have

<(ug ®XVS)§, ‘f> = <(”g ®XVS)(17 ® 5e),17 ® O¢)
= (Ug(xas(p)) ® 05, p ® D)
= 05, Tr(xog (p)p)
= 05,e0.e Tr(pxp)
= 05,60g,T(x)

= Tp(ug)To (XVy).
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Thus, it follows that £ is tracial for the left LT'® (M" = A)-module structure. For a
fixed s € A, we have

Span{(ug ® xvy)¢ : g € T,x € MU'} = Span{og(xa(p)) ® 65 : g € T,x € M}

= Span{xa,(0y(p)) ® 65 : g € ,x e MI'}

= Span{,(ay-1(x)og(p)) ® 65 : g € T,x € M}

= Span{a,(yo,(p)) ®6,: g €,y e M}
= (a) ® Ar(s))(Span{yog(p) ® 6. : g € T,y € MT'})
= L*(M, Tr) ® Cs,,

where the last equality follows from the fact that Span{xog(p) : g € ,Lx € MI'} =
L*(M, Tr) [IPR24, Proposition 4.2]. Therefore, we have

Span((A® Q)¢) = Span{(ug ® xvs)é : g€ I,x € MU, s € A}
= Span(L2(M,Tr) ® Cés: s € A) = H

Finally, the right action of LA on H given by
nvs = (id®pa(s™ ), seAneH,

where pp : A — U(L*A) is the right regular representation, makes H into a Q —
LA-bimodule. Forx € MY, and 5,7 € A, we have

<XVS (p ® 6€)VZ’7 p® 6e> = <xas(p) ® 051, P ® 66) = dv,eét,eTr(pxp) =70 (xvs)TB(Vt)’

and hence, & is a tracial vector for the Q — B-bimodule structure. We recall from the
proof of [IPR24, Proposition 4.2], that, since p is A-fundamental domain, we have a
direct sum decomposition L>(M, Tr) = 3 cx L2(M, Tr)ag(p). Thus, to show that
Span(Q&B) = H, it suffices to show that, for s € A, Span{xvs&v, :x € MV, t € A} =
L*(M, Tr)ag(p) ® 2A. To this end, fix s € A and note that

Span{xvs(p ® 6.)v, : x € MU, t € A} = Span{a,(a-1(x)p) ® 65 : x € MI, 1 € A}
= (a® ® A5 (5))(Span{yp ® 6, : y € MT,t € A})
= (a? ® A5 () (L* (M, Tr)p & £*A)
= L*(M, Tr)a,(p) ® A

3.3 Relationship to von Neumann equivalence

Definition 3.12 ([I[PR24]). Let A and B be tracial von Neumann algebras and let M
be a semi-finite von Neumann algebra such that A ¢ M and B°? ¢ M.

(1) A fundamental domain for A inside of M consists of a realization of the standard
representation A C B(L?(A)) as an intermediate von Neumann subalgebra A C

2025/12/08 12:05

https://doi.org/10.4153/S0008414X25101909 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101909

16 I. Ishan and A. Wu

B(L*(A)) ¢ M. The fundamental domain is finite if finite-rank projections in
B(L*(A)) are mapped to finite projections in M.

(2) Misavon Neumann coupling between A and B if B°> ¢ A’ N M and each inclusion
A € M and B°®? ¢ M has a finite fundamental domain.

Definition 3.13 ((IPR24]). Two tracial von Neumann algebras A and B are von Neu-
mann equivalent, denoted A ~yNg B, if there exists a von Neumann coupling between
them.

Proposition 3.14. Let (A, 74) and (B, Tp) be tracial von Neumann algebras. If A ~yNOE
B, then A ~yNg B.

Proof Suppose (H,Q,¢) is a triple as in condition (1) of Theorem 3.1. As in the
proof of (1) implies (2) in Theorem 3.1,let U : H — L*(A ® Q) be the unitary such
that U(x€) = % forallx € A®Q, andlet ¢ : B — A ® Q be the *-homomorphism
obtained therein. Let M = Q" N B(H) = B(L?*(A)) ® Q°P. We will show that M is
a von Neumann coupling between A and B. It is clear that the inclusion A € M has
a finite fundamental domain. We recall that the argument used in defining ¢, shows
that we have an inclusion B’ ¢ M and moreover, since the left A- and right B-
actions on H commute, we have that B°? ¢ A’ N M. Thus, it only remains to show
that the inclusion B°? C M has a finite fundamental domain. To this end, note that,
we can also view H as an A — B ® Q°P-bimodule, and & is tracial and cyclic for the
right B ® Q°P-module structure. Thus, by the same construction as above, we get an
inclusion B? ¢ Q%' N B(H) = B(L*(B))® Q. Since M = Q' N B(H) = Q' N
B(H), we get that the inclusion B°? Cc M admits a finite fundamental domain and
hence A ~,Ng B. ]

4 Towards an analogue of Singer’s Theorem

The main goal of this section is to prove the following theorem.

Theorem 4.1. IfI" and A are countable discrete groups such that I ~;NoOE A, then there exist
tracial von Neumann algebras (A, T4), (B, TB), trace-preserving actions ' ~ A, A ~ B,
and a trace-preserving isomorphism 6 : B><x A — A =T

Before proving the theorem, we first set up some notations and recall a few facts.
Let I" be a countable discrete group and (M, 7) be a tracial von Neumann algebra. A
I-cocycle for a trace-preserving action ' ~ *(M, 1) isamapw : I' —» U (M) that
satisfies the following cocycle identity:

wsas(wy) =wg, s,tel.

IfT" ~# (M, 7) is another trace-preserving action, then we say that o and f3 are cocycle
conjugate if there exists an automorphism 6 € Aut(M,7) and a 1-cocyclew : I’ —
U (M) for @ such that

BoBsol ! =Ad(ws)oas, sel. (1)
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We recall that if T ~ (M, 7) and " ~# (M, ) are cocycle conjugate, then M >, T" =
M >g T'. Indeed, let 6 € Aut(M,7) andw : I' — U(M) be as in (1), and consider the
map © : M »x, I' = M »g I" given by

O(xuy) = Ad(wg)(0(x))vy, xeM,seT,

where, for s € I, ug, vy represent the canonical group unitaries in M >, I', M <5 T,
respectively. It is then straightforward to verify that ® is an isomorphism.

Proof of Theorem 4.1 Let ' ~ 9 M and A ~ “ M be commuting, trace-preserving
actions of countable discrete groups I" and A on a semi-finite von Neumann algebra
M with a faithful normal semi-finite trace Tr. Let p € M be a finite-trace pro-
jection which is a common fundamental domain for both I'- and A-actions, that is,
{oy(p)}yer are mutually orthogonal and ¥, cr 0y (p) = 1 (SOT), and similarly,
{@1(p)}aen are mutually orthogonal and Y ;cp @a(p) = 1 (SOT). From [[PR24,
Propostion 4.2], there exists a unitary 7, : !I' ® L*(M", 7) — L?(M, Tr) such that

Fp(6y ®x) = 0y-1(p)x forally e I,x e MF,

where the trace T on M is given by 7(x) = Tr(pxp), x € M. Furthermore, from
[IPR24, Proposition 4.3], there is a trace-preserving isomorphism Ag MxT —

B(£*T) @ MU such that fory € T and x € M,
A;(uy) =p,®1, Ag(x) = FpxFp.
If we view B(£’T") ® M!" as M!-valued " x T matrices, then we have that for all

xeM, All:(x) = [xs,1]5,., Where

Xor = ) oy(o (p)xoi(p) € M.
yell

Since the actions of I" and A on M commute, we get a well-defined action of A on
M =T, which we denote by @ > idr, and it is given by

(aq>idr)(xuy) = ax(x)u,, A€A,yel,xeM.
Further, let id ®a be the action of A on B(£*T") @ M" given by
([d@a)(T®x) =T®a)(x), A€ATeB(LT),xeM.
Define an action & of A on B(£*T") @ M! by
@y = Alr, o (ay>idr) o (Ag)fl, AeA.
By definition, & is conjugate to a>idr, and hence we get an isomorphism of the crossed

products

Al <idp e — T
M (T XA) = (MxT) >guiagr A —> (BET) M) =5 A.

"Note that the formula for ¥p in [IPR24, Proposition 4.2] requires x € 1, C MP, where 7 is the
semi-finite trace on M" given by 7(x) = Tr(pxp). However, when Tr(p) < oo, 7 is a finite trace and
thus we can have x € M' in the formula for Fp-
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Now we note that forany A € A, @3-1(p) is again a I'-fundamental domain and hence
we can consider the map Al; ) M=T — B(£2)@ M defined analogously to AE.
a-

Forany x € M and s,t € T, by a slight abuse of notation, let [A; (x)]s.r be the (s,17)-
entry in the matrix representation of Ag (x). Similarly, consider [AI; () (x)]s5..- We
-

observe that

Qa([AY | (n ]s.) = ax [ D oy (0 (a1 (P)xoei (@1 (p))
yell

= > oy (o1 (Paa(®) Ty (p))

yell
= [AD (@a(x)]s.s,

whence it follows that Ag (aa(x)) = (id ®cm)(Al; (p) (x)) forallx € Mand A € A.
-
Therefore, foranyx € M,y € I',and A € A, we have

(A}, o (@a =idr)) (xuy) = A} (@a(x)uy)
= A, (@a(x)) A} ()
= (id®@a) (A, () (py® 1)
= (id ®a/,1)(7";rl TP TpXTpTp Fa 1 (p) (0y ® 1)
= (i[d@a2) (VaA, (x)v) (py ® 1)
= (id ®1) (VA (xuy )7,

where vy = F° Fp. The last equality follows from the fact that v, €

a,-1(p)
U(LT & MP) (see [IPR24, Proposition 4.4]), and hence commutes with py ® 1
Therefore, if we let w; = (id ®a,) (vy) € U(LT @ MF), then we have that

@y = Al o (@ =idr) o (AL) ™' = Ad(w,) o (id®a,).
Claim. The map w : A — U(LT ® M) defined by w; = (id®a,)(v,) is a
1-cocycle for A ~4®B(£2T) @ MT.

Proof of Claim. First note that, for any y € n, C M, it is straightforward to verify
that

Fr(y) = Y. 6y @Yy,

yell

where

Yy = Z Thy-1(P)Tb(Y)-

bel’
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Since Tr(p) < o, so, for any a € I"and x € M", we have that Tr(o,-1(p)x) < oo
and hence 0 ,-1(p)x € nry. Therefore, foranya € 'and x € MPT we have

T i Tr(0a®X) =T () (@01 (P)Y)

a,-1(p) a

Z Oy ® (Z Opy-1 (aa-1(p))op(og (P)x))

yell bel’

= Z 0y ® (Z Opy-t (-1 (P)Tpgt (P)x)

yell bel’

Thus, as an M! -valued I" X T" matrix, we can write v4 = [[v]s./]s..» where

[alss = D, oyt (@1 (p))ay 1 (p),

yell

and therefore, w, can be written as an MY -valued I" X I' matrix w, = [wals.els.t
where

[walss = @a([vals) = D Ty (P)oy (@a(p)).

yell

Finally, the following calculation verifies the cocycle identity for w. For 11,1, € A,
and s,t € I', we have

[W/l1 (Id ®a/l1)(w/lz)]s,t
= > walal(d®ay)(wa)]a

ael

= Z [(Z Tys1 (P)Tya-1 (@, (P))) (Z Tyra-1 (@, (P)) oy (amz(p)))

ael’ [ \yel y'el

= > > 01 ()Tt (@a, (P)) Tyt (@0, ()

ael’ yell

= Z Z O-ys’] (p)o-ya*‘ (a/h (p))o—yt" ((1’,11,12 (P))

yel' ael

= Z Tys-1 (P)oy-1 (a2, (P))

yell
= [W/ll/lz]s,l
| |
It now follows from the above claim that the actions & and id®«a of A on

B(L*T) @ M! are cocycle conjugate, and hence we get the following isomorphisms
of the crossed products

(BET)EMD) g A > (BIED) B M) igaa A > BET) B (M 54 A),
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20 I. Ishan and A. Wu
where the isomorphism W is the canonical isomorphism and satisfies
YO(T@x)uy)) =T ®xuy,, TeBT),xeM' 1eA.
Similarly, starting with the isomorphism AQ c M= A — B(2A) @ MA, and

performing the above analysis, yields the following isomorphisms of the crossed
products

A;}xid/\ ) _ A
M= (IXA) = (M3 A) gigy ' = (BIEA) @MT) =5 T,

A o
(BN BMY) 25 T~ (BN BMY) igoo T — BICA) B (M, T).
Thus, if @ : B(£2T) @ (M! x4 A) = B(L2A) ® (M =, T) is given by
=P oProho (P o (P!,

where 0 := Af} > idp O(A; >t idr)‘l, then @ is an isomorphism and moreover, the
following diagram commutes.

AU — —
My T —L2 BT @ M (BT @ M) xig90 A
| = v
(B(PT)@ M) =4 A B(LPT)® MV =, A)
A;Xiy
M (I'x A) =|0 =|o
Aﬁxidl\ ~
(B(CPA)@MN) »5 T B(L2A) @ (MA %, T)
v A/\ /[ m %
Mg A —2—5 B(E2A) @ M (B(L*A) @ M™) xigge T

Let Wepor € B(LT) (resp. we,.e, € B(€*A)) denote the orthogonal projection
onto Cé,,. (resp. Cd,,). We make the following observations:

* Y (Wep,er ®1) = Weprepr ® 1and Y7 (wey,ep ® 1) = Wepep @ 1.

« YI'(x) = x forallx € B(£*T") ® M!. This is true because of how & and id ®a are
cocycle conjugate. Similarly, ¥*(y) = y forall y € B(£2A) @ MA.

¢ A;(p) = Wer,er ® 1, AQ(P) = Wepen ® 1, (A; xidr)(p) = Wer.er ® 1, and
(Ag > idA) (P) = Wey e, ® 1. These in particular imply that

O(Wer.er ® 1) = AN sida (AL sidr) ™ (wepep ® 1)) = A >idA(p) = Weye, ® 1.
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From the observations above, we obtain that

D (Werep ® 1) = P (PO (P) (Werep ® 1)))))
= V7 (PN O0(wepep ® 1))
= ‘PO—(\PA(weA,eA ® 1))

= Wep,en @ 1.
Therefore, we have

O(M" x4 A) = O((Weror @ 1)(B(EPT) ® (M 344 A)) (Wepop ® 1))
= (Wep,en ® D(BEA) B (M 515 T)) (Wey e, ® 1)
=M, T
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