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Abstract

A point of departure for this paper is the famous theorem of Hermite and Biehler: If / (z) is a polynomial
with complex coefficients a* and its zeros Zk satisfy Im Zt > 0, then the polynomials with coefficients
Re at and Im ak have only real zeros.

We generalize this theorem for some entire functions. The entire functions in Theorem 2 and Theorem 3
are of first and second genus respectively.

2000 Mathematics subject classification: primary 30D20.

THEOREM 1. Let f (z) = cz" FltliO ~ z/zk) be an entire function, where c, Zk e
C, \mzk > 0. Assume that lim* ,̂*, \zt\ = oo and the Maclaurin series of f is
/ (z ) = T,T=oakZk, where ak = ak + /ft, «t, ft € R, and u(z) = Y^=0otkz

k,
v(z) = 5Z^oftz*- Then all roots ofu(z) and v(z) are real.

PROOF. The proof is analogous to that for algebraic polynomials. •

THEOREM 2. Let f (z) = cz" YlT=\ (1 ~ z/zk) exp(z/zk) be an entire function, where
c, Zk € C arg(zt) € (0, <p), where 0 < <p < n/2. Assume that limt_00 \zk\ = oo and
the Maclaurin series off is f (z) = YH*Loai<zk> where ak = ak + ift, ak, ft e R,
and u{z) = Z)*toa*z*' v ^ = J2T=o^tZk. Then all roots of u{z) and v(z) satisfy
arg(z) i ijp + n/2, n).

PROOF. We have/ (z) = «(z) + iv(z) = czn UZi(l ~ z/zk)exp(z/z*). Let zo be
such that v(zo) = 0 or u(zo) = 0. Then

M(ZO) + iv(zo) = K(ZO) - iv(zo) or u(zo) + iv(zo) =
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that is,

(1) ) exp(zo/zt) = exp(zo/zt).
t=i

Suppose that arg(z0) € (<P + TT/2, TT); then we prove that

that is,

exp
/zo _ Zo\

\Zt Zk)

Zo -

Zo -

If we let zo = a + / i , Zt = xk + iyk and zk =xk — iyk, where a, fc, xk, yk € K, i > 0,
yk > 0, then we have

exp ( —
Z(

z

Zo -

Z o -

; )

Zk

Zk

= exp Re I - - - =

L \ J
exp and

= . 1 +

Obviously, we have that

We fix A;* and yt. Since arg(z0) e (<p + n/2, n) and arg(zt) e (0, <p) we have

Thus we have

4 %

which means that | exp(zo/z* - zo/z*)|2 > |(zo - z*)/(zo - Zt)|2 and the assertion is
proved. Hence

which is impossible in view of (1). D

https://doi.org/10.1017/S1446788700003608 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700003608


[3] About a problem of Hermite and Biehler 89

THEOREM 3. Let f(z) = czn]~[7=i(i ~ z/zk)exp[z/zk + (z/zk)
2/2] be an entire

function, where c, zk e C arg(z*) e (<p+7t/3, n/2), 0 < <p < rt/6. Z^/limt_,0O \zk\ =
oo and let the Maclaurin series of f be f (z) = Yl7=o a*z*> wnere ak = ak + ifik,
ak, p\ <• (Rand u(0 = Uto"^* . ^W = E t o ^ - Then all roots of
sflris^ arg(z) ^ (0, <p).

PROOF. We have

Let zo be such that v(zo) = 0 or u(zo) = 0. Then w(zo) +

u(zo) + JV(ZO) = -(«(2o) - Jv(zo)), that is,

(2)

= «(zo) - ' or

Arguing by contradiction, let us suppose that arg(zo) € (0, (p). Then we show that

(*)

that is,

|exp
Zk

+ \
2

(-
KZkyjHO'^^l^Ki)2.

e x p | - - - + - ( - | - - I -
i \zk

Zo-zk

Zo~Zk

If we put zo = a + J'fe, z* = xk + iyk and zk = xk — iyk, where a, b,xk,yk e K, a > 0,
ft > 0, xk > 0, j t > 0, then we obtain that

= exp < Re I/^ %

and

Zo~Zk
= , 1 +
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Obviously,
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Zo _ Zo 1 A o V _ _j_ (Zo\
zk ~zk 2\zk) 2\ik)

4byk 8abxkyk

exp

We wish to prove that

4byk , %b2y2

• +
8abxkyk

tfTyJ)fr2'

which will be true if

2byk

8abxkyk

2axk

> 1 +
4byk

(b-yk)
2'

k

(x2
k+yl)2 > (a ~xk)

2 + (b - yk)
2'

that is, [(a - xk)
2 + (b - yk)

2](x2 + y\ + 2byk + 2axk) > (x2 + y2)2 or

(a2 + b2)(x2 + y2 + 2byk + 2axk) > (2byk + 2axk)
2.

Hence,

(3a2 - b2)x\ + (3b2 - a2)y\ + %abxkyk - (2byk + 2axk)(a
2 + b2) < 0.

The equation (3a2 - b2)x2 + (3b2 - a2)y2 + 8abxy - (2by + 2ax)(a2 + b2) = 0 is
an equation of a hyperbola. Indeed, if we make the change of the variables

x =
ax' - by'

/a2 + b2< y =
bx' + ay'

Ja2 + b2'

then we have 3xa — ya — 2x'l*Ja2 + b2 = 0. If the angle of rotation is \jr, then
cos i]/ = a/y/a2 + b2, that is, ^ € (0, <p). Hence

that is,

= 1.
l/(3VaT+~b2)1 1/ (V3(a2 + b2)f

After the change X = x' - 1/3 V«2 + b2, Y = y', we obtain

1 1x y 1

— = 1, where p =
P2 q2
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Thus q/p = V3 = tan(7r/3) and all w — x + iy, with arg w e (cp + JT/3, n/2) satisfy

(3a2 - b2)x2 + (3b2 - a2)y2 + Sabxy - (2by + 2ax)(a2 + b2) < 0.

For example, Zk satisfy this condition, which confirms the assertion (*). Then we
obtain

2** , 1 (zoI Z "

which contradicts (2). The theorem is proved. •
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