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Abstract

A point of departure for this paper is the famous theorem of Hermite and Biehler: If f (z) is a polynomial
with complex coefficients a; and its zeros z; satisfy Imz; > 0, then the polynomials with coefficients
Rea, and Ima; have only real zeros.

We generalize this theorem for some entire functions. The entire functions in Theorem 2 and Theorem 3
are of first and second genus respectively.

2000 Mathematics subject classification: primary 30D20.

THEOREM 1. Let f (z) = c2" ]—[:‘;,(l — z/z) be an entire function, where c, z; €
C, Imz > 0. Assume that lim_, ., |z:| = o0 and the Maclaurin series of [ is
f@ = Y omz* where ax = o + iBy, ax, B € R, and u(z) = Y oo a2k,
v(z) = Z::O Biz*. Then all roots of u(z) and v(z) are real.

PROOF. The proof is analogous to that for algebraic polynomials. O

THEOREM 2. Let f (z) = cZ" ]_[zil (1—2z/z) exp(z/z) be an entire function, where
¢,z € G arg(z) € (0, ), where 0 < ¢ < /2. Assume that limy_,  |z;| = 00 and
the Maclaurin series of f is f (2) = Y oo 2", where a, = ap + iBi, o, B € R,
and u(z) = Y opaxzk, v(2) = Y sy Biz*. Then all roots of u(z) and v(z) satisfy
arg(z) ¢ (p + /2, m).

PROOF. We have f (z) = u(z) + iv(z) = cz" ]_[::l(l — z/u)exp(z/z). Let zp be
such that v(zp) = 0 or u(z9) = 0. Then

u(zo) + iv(z0) = u(zo) — iv(zo) or u(ze) + iv(z0) = —(u(z0) — iv(20)),
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88 Todor Stoyanov (2]
that is,
(1 czy [T = 20/2) exp(ao/zi) = £éz [ [(1 — 20/%) explao/Ze)-

k=1 k=1

Suppose that arg(zo) € (¢ + /2, w); then we prove that

(-2 -2)(2)

Ifweletzo = a + ib, 5 = x + iy and zx = x¢ — iy, where a, b, x, v € R, b > 0,

i > 0, then we have
2b
= exp [Re (Z—"——i")] =exp[ 5 ykz] and
L % xX; + yi

eXpl — — -—
2 Zk
4b
=yt 2 = 2
(a—x)*+ b —y)

’

that is,

‘Zo—Zk
Z0 — 2k

0= U
20— %

Obviously, we have that

2
(ZO ZO)
exp{— — —
2k 2k

We fix x; and y;. Since arg(zy) € (¢ + /2, m) and arg(z) € (0, ¢) we have

4by, 4by,
=exp| s> 145 5
Xi + Vi Xi + Vi

(@a—x)*+b-y) > xf +)’f-

Thus we have

4byk 4byk
> ,
Xt +yi (@a=x)*+ (b—y)?

1+

which means that | exp(zo/2x — 20/700)% > 1(z0 — Z)/(z0 — z))? and the assertion is
proved. Hence

= 2 2
n 1____ -
CZ"D,( Zk>exp(zk)

which is impossible in view of (1). O
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THEOREM 3. Let f (z) = cz" [I1o,(1 — z/z) explz/z + (z/2)?/2] be an entire
function, where c, z; € C, arg(z;) € (9 +7/3,7/2),0 < ¢ < n/6. Letlimy_ o0 || =
00 and let the Maclaurin series of f be f(z) = Y jopax2®, where ap = a; + if;,
a, B € Rand w(z) = Yo pouzt, v(@) = Yo Bizt. Then all roots of u(z) and v(z)
satisfy arg(z) ¢ (0, ¢).

PROOF. We have

0o 1 p
f@Q=u@+iv()= cz"n( Zk) exp [;k + 3 (i) }

k=1

Let 2o be such that v(zy) = 0 or u(zp) = 0. Then u(zy) + iv(z0) = u(zy) — iv(zy) or
u(z0) + iv(zo) = —(u(zo) — iv(z0)), that is,

-t 20 o 1{n)\
2 r 1—-— —+=|—
@ CZOE( Zk)expl:zk+2(zk)]

00 % 2 1 2
k=1 Zk % 2\z

Arguing by contradiction, let us suppose that arg(z,) € (0, ). Then we show that

1 1 2
o [o-2eelz 3Tl eelz )]
Zk 2 Zk Zk 2 Zk
that is,
a2 () -5 () )|
exp|——=+z{—} —=z| = > .
G U 2 \u 2\ L 20— %

If weputzy = a+ib, 7 = x; + iy, and z; = x; — iy;, where a, b, xi, yr € R, a > 0,
b > 0,x; > 0, y, > 0, then we obtain that

2 2
exp 9_@+1<@> _1(@)
Zk Zk 2 Zk 2 Zk
1 ZO>2 1(@)2 [2byk 4abxkyk:|
=exp y Re ——-—+ 5\ =ex +
p[ l:zk Z 2(zk 2\ % P xi+y: (xF+yd?

4byk
= {14 .
\/ (@a—x)?+ (b —y)?
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Obviously,
2 2712
exp[é—_ﬁ+l<9) __1_(222)]
Zk Tk 2 Zk 2 Tk
4by, 8abx;yi 4by, 8y} 8abx,y:
- [xz+yz o +yz>2] SRR SRR R AN R

We wish to prove that

4by, 8b%y? 8abx;yi . 4by,
xt4yi o G +yDE T O+ iR (a—x)t+ (b—y)?

1+

which will be true if

1 2by, 2ax; S 1
x2+y: o FH+yD? GE4yD? T (a—x)t+ (b= y)?

that is, [(a@ — xi)2 + (b — yo)?] (62 + ¥ + 2by, + 2axy) > (x} + y})? or

(@® + B (x} + y? + 2by + 2ax) > (2byx + 2ax,)*.
Hence, ~
(3a* — bH)x} + (3b* — a®)y} + 8abx,y, — (2by, + 2ax)(a’ + b*) < 0.

The equation (3a® — b*)x% + (3b* — a®)y? + 8abxy — (2by + 2ax)(a* + b*) =0 s
an equation of a hyperbola. Indeed, if we make the change of the variables

ax’ — by’ bx' + ay’

X = — = —
Jare T ViR

then we have 3x? — y? — 2x'/+/a? + b* = 0. If the angle of rotation is ¥, then
cos Y = a/a?+ b?, thatis, ¥ € (0, ). Hence

1 2 1
(oY et
3Va* + b? 3(a*+b?)
that is,
2
(x’—l/(3 a2+b2) 2

=1

1/ V@ ¥ BR) - 1/ (V3@ + )

After the change X = x' — 1/3va? + b%, Y = y’, we obtain

X? y? 1 1
— —— =1, where E e T ar——————F
r? g P 3Ja? + b? 1 V3@ + b?)
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Thus g/p = +/3 = tan(rr/3) and all w = x + iy, with arg w € (¢ + /3, 7/2) satisfy
(3a® — b)x? + (3b* — a*)y* + 8abxy — (2by + 2ax)(a® + b?) < 0.

For example, z; satisfy this condition, which confirms the assertion (x). Then we

obtain
cz{jﬁ(l——z—q)exp §+1(9)2 > Ezgﬁ(l—ﬁ)exp @+1(§2)2
il % % 2\zu i % % 2\%L )
which contradicts (2). The theorem is proved. O
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