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1. Introduction

Let F' be a finite extension of Q,, and let L be a further sufficiently large finite extension
of F', which will serve as the field of coefficients. Let O be the ring of integers in L, w be
a uniformiser in @ and O/w = k be the residue field.

To a smooth admissible representation 7 of GL,(F) on an O-torsion module, Scholze
in [47] attaches a sheaf F,; on the adic space Pg;l and shows that the cohomology groups
H}, (IPEP_I,}}) are admissible representations of DS, the group of units in a central division
over F' with invariant 1/n, and carry a continuous commuting action of G g, the absolute
Galois group of F. His construction is expected to realise both p-adic local Langlands
and p-adic Jacquet—Langlands correspondences. However, these groups seem to be very
hard to compute, and even deciding whether they are zero or not is highly nontrivial.

In order to extend Scholze’s construction to admissible unitary Banach space representa-
tions IT of GL,, (F'), the following seems like a sensible thing to do: choose an open bounded
GL, (F)-invariant lattice © in II; then ©/w™ is an admissible smooth representation of
GLy(F) on an O-torsion module and we can consider the limit Jim HY, (Pg;l,]—'@/wm)
equipped with the p-adic topology. We would like to invert p and obtain a Banach
space, but the O-module might not be O-torsion free, and once quotiented out by the
torsion, it might not be Hausdorff. Hence, it seems sensible to define S*(IT) := Q(0) ®o L,
where Q(0) is the maximal Hausdorff, O-torsion free quotient of mm H, ét(]P’g;l,]-"@ Jom )
Even if we could compute H}, (]P’gp_l,]-"@ /=) and show that it is nonzero, we cannot

conclude that S*(II) is nonzero. However, it is easy to see that if the neighbouring
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1068 V. Paskinas

groups Hét_l(IF’ggl,}'@/w) and Héjl(]P’(’é;l,}'@/w) both vanish, then the nonvanishing of
H{(P¢ ", Fo/e) implies the nonvanishing of S*(IT) (see Section 3.3).

If F=Qp, and n =2, and 7 is a principal series representation of GL2(Q)), then
Judith Ludwig shows in [31] the vanishing of H{ (P¢ ,Fr) when i =2. All the other
groups for i > 2 are known to vanish in this case due to Scholze. Moreover, it follows
from Scholze’s results that HO(IP’%:p,.FW) also vanishes, if 792(@) is equal to zero. Thus
if we restrict our attention only to those representations 7w which have all irreducible
subquotients isomorphic to irreducible principal series representations, then the functor
7 H} (Pclc,,a]:w> is exact. Such subcategories of smooth representations of GL2(Q,) on
O-torsion modules have been studied in [37] and shown to be related to the reducible 2-
dimensional mod p representations of Gg,. The exactness of the functor m— H, élt(]P’%;p,]-})
allows us to use arguments of Kisin [27], who used the exactness of Colmez’s functor to
make a connection between the deformation theory of GL2(Q))-representations and the
deformation theory of 2-dimensional Gg,-representations. For simplicity, we assume that
p > 2 in this article.

Theorem 1.1. Let r: G@p — GLo(L) be a continuous representation with 7 = x1 @ a2,
where x1,x2 : Go, — k™ are characters such that X1X5 ' # wFl, where w is the mod p
cyclotomic character. Let 11 be the admissible unitary L-Banach space representation of
GL2(Qp) corresponding to r via the p-adic local Langlands correspondence for GL2(Qp).
Then S*(IT) # 0.

Previously, such a result was known only in the case when r is a (twist of a) potentially
semistable, non-crystabelline representation lying on an automorphic component of a
potentially semistable deformation ring, proved by Chojecki and Knight [12]. They prove
it by patching and showing that locally algebraic vectors in S L(TI) are nonzero. Their
argument relies on the theorem of Emerton [19], which allows them to interpret classical
automorphic forms as locally algebraic vectors in completed cohomology and enables
them to handle only the representations which are ‘discrete series at p’. For example, their
argument does not work for representations which become crystalline after restriction to
a Galois group of an abelian extension of Q,, (principal series at p), or for representations
which do not become potentially semistable after twisting by a character (nonclassical).

Our argument works as follows: by the mod p local Langlands correspondence to 73,
one may associate two principal series representations 7y and mo. We know from [15, 37]
that the semisimplification of I1°/cw is isomorphic to m; @ 7o, where IV is a unit ball in
I1. Using the exactness results already described, it is enough to show that at least one of
Hélt(P(}:p,fm), H} (IP’}CP,}}Z) does not vanish. To show that, it is enough to find some =
with all irreducible subquotients isomorphic to either m; or 72, such that Hj, (IP’}CP,}}) does
not vanish. As we have already mentioned, it seems impossible to compute H, é}t(IP’}CP,}})
in general. However, Scholze manages to do so for certain representations coming from
geometry. If 7 = S(UP,0/w") is a 0th completed cohomology group of a tower of zero-
dimensional Shimura varieties associated to a quaternion algebra Dy over' Q which is

'In the main body of the article, we work with a totally real field F', such that F, = Q, for a
place p. We assume that F' = Q for the purpose of this introduction.
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split at p and ramified at oo, Scholze shows in [47] that Hgt(P%:p,Fw) is isomorphic as

a Gg, x D,‘-representation to the 1st completed cohomology group H Lur,0/w™) of a
tower of Shimura curves associated to a quaternion algebra D, which is ramified at p
and split at co and has the same ramification as Dy at all the other places. Here UP
denotes some fixed tame level. Scholze also shows that this isomorphism respects the
action by Hecke operators on both sides. We show that a localisation of S(U?,0/w™) at
a maximal ideal m of the Hecke algebra corresponding to an absolutely irreducible Galois
representation p: Gg s — GL2(k), such that the semisimplification of ﬁ|GQP is equal to
X1 D x2 as before, has all irreducible subquotients isomorphic to 7, or 7y as before. By
applying Scholze’s functor to this representation, we obtain H YUP,0/w™)m, which can
be shown to be nonzero using the classical Jacquet—Langlands correspondence.

Let K be any open uniform pro-p subgroup of D,S; then its completed group ring O[[K]]
and the localisation O[[K]]®e L are both Auslander regular rings, and as a consequence
there is a good dimension theory for their finitely generated modules, generalising the
Krull dimension. If B is an admissible unitary Banach space representation of D/, then
its Schikhof dual B? is a finitely generated O[[K]] ® L-module, and we define the -
dimension of B to be the dimension of B? in this sense.

Theorem 1.2. IfII is as in Theorem 1.1, then the 6-dimension of S*(II) is one.

This theorem is proved by using the observation of Kisin in [27] that exact functors
take flat modules to flat modules, and the results of Gee and Newton [23] on miracle
flatness in a noncommutative setting.

One can show that a Banach space representation of D has J-dimension zero if and
only if it is finite-dimensional as an L-vector space. Moreover, the zero-dimensional
representations build a Serre subcategory, and thus one may pass to a quotient
category. Informally, this means that two 1-dimensional Banach space representations
are isomorphic in the quotient category if they differ by a 0-dimensional Banach space
representation. As Kohlhaase has pointed out to me, the quotient category of Banach
space representation of §-dimension at most one by the zero-dimensional Banach space
representations is Noetherian and has an involution; hence it is also Artinian, and hence
every object in the quotient category has finite length. From this it is easy to deduce the
following:

Corollary 1.3. If1II is as in Theorem 1.1, then S*(II) is of finite length in the category
of admissible unitary L-Banach space representations of D if and only if it has finitely
many irreducible subquotients, which are finite dimensional as L-vector spaces.

We got quite excited about this corollary at first, since we hoped that it might imply
that S'(II) is of finite length as a Banach space representation of D) by some formal
representation theoretic arguments. However, here is an example suggesting that one
should be cautious. If K =Z,, then O[[K]] = O[[z]], a commutative formal power series
ring in one variable, and the Banach space of continuous functions on K has §-dimension
one and is irreducible in the quotient category, which is equivalent to the category of
finite-dimensional vector spaces over the fraction field of O[[z]]; its Schikhof dual is
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isomorphic to O[[z]][1/p], and all irreducible subquotients are finite-dimensional (see,
however, Theorem 1.5

1.1. Global p-adic Jacquet—Langlands correspondence

Theorem 1.1 has a global application, which we state in the introduction for F'= Q. The
results are proved for a totally real field F' such that F, = Q, (see Theorems 6.11 and
6.17 and Proposition 6.15). Scholze has shown in [47, Corollary 7.3] that

S(UP,0)m :=lm S(U”,0/@" ), H'(U?,0)m :=lim H (U?,0/w" )

have an action of the same Hecke algebra T(UP),. Moreover, there is a surjective
homomorphism of local rings R; — T(U? ), where R; is the universal deformation ring
of p.

Theorem 1.4. Let x € m-SpecT(UP)w[1/p] be such that the restriction of the cor-
responding Galois representation p, : Go,s — GLa(k(x)) to Gq, is irreducible. Then
(HY(U?,0)m ® L)[my] is nonzero if and only if (S(UP,0)m ®o L)[m,] is nonzero.

In this case, there is an isomorphism of admissible unitary r(x)-Banach space
representations of G, x Dy :

(H' (U, 0)m ®0 L)[m,] = §* ()", (1)

where 11 is the absolutely irreducible k(x)-Banach space representation corresponding to
px\g% via the p-adic local Langlands correspondence for GL2(Qy). In particular, the §-

dimension of (H'(UP,0)n ®0 L)[m,] is 1.

The first part of this theorem should be thought of as a global Jacquet-Langlands
correspondence between the p-adic automorphic forms on D and D*. In particular, since
Dy is split at p, one can always find a classical automorphic form, which is a principal
series at p, such that (S(UP,0)n ®o L)[m,] is nonzero, where m, is the corresponding
maximal ideal. The theorem tells us that there is a p-adic automorphic form on D*
corresponding to it. Such a form cannot be classical, since the classical Jacquet—Langlands
correspondence cannot cope with principal series.

It was pointed out to me by Sean Howe that in his 2017 University of Chicago PhD
thesis [25], he proves an analogue of the first part of Theorem 1.4 in the setting when
Dy is a quaternion algebra over Q ramified at p and co and D = GLs, for the maximal
ideals corresponding to overconvergent Galois representations. He conjectures that the
analogue of (1) holds in his setting.

Theorem 1.5. Assume the setup of Theorem 1.4. Let D;f’l be the subgroup of D)
of elements with reduced norm equal to 1. Let S'(II)*®€ be the subspace of locally
algebraic vectors for the action of D> on SY(IT). Then S*(I1)'2! is a finite-dimensional
L-vector space. If it is nonzero, then px|G@p is a twist of a potentially semistable
representation, which does not become crystalline after restriction to the Galois group
of any abelian extension of Q,. The quotient S*(I1)/S*(I1)'**& contains an irreducible
closed subrepresentation of §-dimension 1.
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To the best of my knowledge, the existence of irreducible admissible unitary Banach
space representations of D of dimension 1 has not been known before.

If F=Q, as we assume in this introduction, then, after twisting, Theorem 1.5
follows readily from Theorem 1.4 using Emerton’s results on locally algebraic vectors in
completed cohomology [19]. However, when F is a totally real field, p-adic automorphic
representations must be dealt with, which have locally algebraic vectors at all places above
p except for one, where they have locally algebraic vectors after a twist by a character
which is not locally algebraic.

Let us point out that because D) has an open normal pro-p subgroup, every smooth
irreducible representation of D} in characteristic p is finite-dimensional as a vector space.
Moreover, if we fix a central character, there are only finitely many isomorphism classes.
It follows from Theorem 1.2 that at least one of Hélt(IF’ép,fm) and Hélt(IP’%:p,fm) must
be an infinite-dimensional k-vector space and admissible as smooth representations of
D). This means that they are built together out of finite-dimensional pieces in some
non-semisimple way. This non-semisimplicity makes the study of the mod-p Jacquet—
Langlands correspondence complicated, and passing to semisimplification seems not
to carry much information, since if the central character is fixed, only finitely many
isomorphism classes of irreducible subquotients can appear.

If we work in characteristic zero, then this problem need not appear. One can show
that any irreducible unitary Banach space representation of DS on a finite-dimensional
vector space is of the form Sym® L2 @ det® ®7 ®noNrd, where 7 is a smooth irreducible
representation and 7: Q; — L* is a unitary character. Such representations appear in the
classical Jacquet—Langlands correspondence (up to a twist), and we speculate that if the
Galois representation corresponding to II does not become potentially semistable after
twisting by a character, then such representations should not appear as subquotients
of SY(II). Tt seems very reasonable to us in view of Corollary 1.3 and Theorem 1.5 to
expect that Sl(H) is of finite length as a Banach space representation of D). This
raises a natural question: whether one can construct the irreducible representations in
Theorem 1.5 directly and prove local-global compatibility for them. We hope to pursue
these questions in future work.

1.2. Patching

We have decided not to use patching in this article, since it would add another level of
technicalities. However, let us indicate which parts of the article can be improved upon
if one chooses to use patching.

In the miracle flatness theorem of Gee and Newton (see Proposition 4.1 for the form in
which we use it), one needs the commutative ring to be regular, so we cannot apply it to
T(UP)m and S(UP,0)y, directly. However, if one patches, under favourable assumptions
one can arrange that the patched ring R, is regular and then show that the patched
module M, is flat over R by the same argument. This would imply that S(UP,0),, is
flat over T(UP)y,. This is how Gee and Newton prove their theorem that big R is equal to
big T. As a consequence, one would know that the multiplicity n in (1) is independent of
x, and one would not need to assume that pz|GQp is irreducible. Instead, we use Cohen’s
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structure theorem for complete local rings to prove the flatness of S(UP,0)y, over some
(random) formally smooth subring of T(UP)y of the same dimension. As a consequence,
we are forced to assume that Pz|G@p is irreducible, since we cannot exclude the possibility
that at points corresponding to reducible Galois representations, the fibre contains only
one of the two irreducible Banach spaces that should appear there. Since we can not
exclude the possibility that one of Hélt(IP’%:p,fm) or Hélt(IP’%:p,fm) vanishes, this causes
trouble. However, since we do not need precise knowledge of (S(UP,0)m ®0o L)[m,], only
that all irreducible subquotients of II appear there, arguments of Breuil and Emerton [8]
might be used here to get the same result without patching.

A further improvement could be made in Theorem 1.5. Right now we use in an
essential way the fact that II corresponds to the restriction to Gg, of a global Galois
representation. One could spread this result out by first showing that the patched module
M is projective as a GL2(Q))-representation in a suitable category, as in [11], so that
if r: G, — GL2(L) is an irreducible representation satisfying 7°° = x1 @© x2, then the
corresponding GLo(Q,)-representation II can be obtained by specialising M, at some
closed point y of Ro[1/p]. If o is a finite-dimensional D -invariant subspace of S*(II),
then it is of the form Sym® L2 ® det® @7 ®noNrd. Let ¢° be an D) -invariant O-lattice in
o. Then M/ (c°):= Hom ) (SY (M), (0°)h)4 is a finitely generated Ro.-module. Arguing
as in [11, Lemma 4.18] and using Theorem 1.5, we see that the Galois representations
corresponding to the closed points in m-Spec Ry[1/p] in the support M/ (o°) have the
same p-adic Hodge theoretic properties — so, for example, if 7 is trivial, then all of
them are potentially semistable and have the same Hodge-Tate weights and inertial
type. Moreover, the restriction of the associated Weil-Deligne representation to the Weil
group of Q, is of ‘discrete series type’. As a part of patching, we obtain an ideal a,, of
R generated by an M -regular sequence 1, ...,y such that My /0o Moo 2 S(UP,0) .
Then S*(Mayo)/a0oS  (Muo) & HY(UP,0)y and @,yy,...,yn is a system of parameters
for M’ (0°). Thus M’ (0°)/acc M. (c°)[1/p] is nonzero, and we can convert this into
a representation theoretic information using [39, Proposition 2.22] to deduce that there
is some x € m-Spec T(UP)[1/p], such that Hom ) (o,(HY(UP,0) ®0 L)[m,]) # 0. Then,
as in the proof of Theorem 6.17, the p-adic Hodge theoretic data of p:|c,, (and hence
of r) will determine o. This allows us to conclude that if Hom ) (0,S*(IT)) is nonzero,

then S*(IT)!"*8 is isomorphic to a finite direct sum of copies of o and thus is a finite-
dimensional L-vector space. Arguing as in the proof of Theorem 6.17, we conclude
that S*(IT)/S*(I1)*-2! is nonzero, and any irreducible Banach space subrepresentation
has d-dimension equal to 1. The details of this argument will appear in a subsequent
article.

1.3. Outline

We end this introduction with a brief outline of how the article is structured. Section 3
contains the local part of the article. We first review the results of Ludwig and Scholze,
and then recall some results about the representation theory of GL2(Q,) proved in [37]. In
subsection 3.3, in order to make things transparent for the reader, we dualise everything
at least twice. In section 4 we recall the notion of dimension for finitely generated modules
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over Auslander regular rings and the results of Gee and Newton on miracle flatness in a
noncommutative setting. In section 5 we prove the local-global compatibility results. The
main objective of this section is to be able to apply the results of [37] to the completed
cohomology. These results were known to the authors of [11] at the time of writing that
article. However, the results proved in section 5 form a technical backbone of this article,
so it seems like a good idea to write down the details. The main ingredients are the theory
of capture [15, §2.4], [40, §2.1], which is based on the ideas of Emerton in [18], the results
of Berger and Breuil [5] on the universal unitary completions of locally algebraic principal
series representations and the results of Colmez in [13] on the compatibility of the p-adic
and classical local Langlands correspondences. In section 6 we prove the theorems stated
in the introduction.

2. Notation

Our conventions on local class field theory, the classical local Langlands correspondence
and p-adic Hodge theory agree with those of [11]. In particular, uniformisers correspond
to geometric Frobenii, and the p-adic cyclotomic character ¢ : Gg, — Z,; has Hodge-Tate
weight —1. We will denote its reduction modulo p by w. We will denote by xcye : Go — Z,;
the global p-adic cyclotomic character.

If G is a p-adic analytic group, then we use the notation scheme introduced in [20] for the
categories of its representations. In particular, Modg:" (O) denotes the category of smooth
representations of G on O-torsion modules, Mod%dm(O) denotes the full subcategory
of admissible representations and Modlc'fdm(O) denotes the full subcategory of locally
admissible representations of G.

If ¢ : Z(G) — O* is a continuous character of the centre of G, then we add a subscript ¢
to indicate that we consider only those representations on which Z(G) acts by the central
character . For example, Modlcfgm((’)) is the full subcategory of Modg" (O) consisting of
locally admissible representations on which Z(G) acts by the character (.

The functor M + M"Y := Hom&™ (M,L/O) induces an antiequivalence of categories
between the category of discrete O-modules and the category of compact O-modules. We
will refer to this duality as Pontryagin duality and to MV as the Pontryagin dual of M.

Pontryagin duality induces an antiequivalence of categories between Modg;" (O) and
a category which Emerton calls profinite augmented G-representations over O [20,
Definition 2.1.6] and which we will denote by Modg°(0). We will denote the full
subcategory of Mod{;°(O) antiequivalent to Modg'-(O) by Pontryagin duality by
ModgffC (O). In particular, if G is compact, then Mod%r’oc((’)) is the category of compact
O][G]]-modules on which the centre acts by (~!, where O[[G]] is the completed group
algebra of G.

We would like to review Schikhof duality, which we learned from [46]. Let II be an
L-Banach space and let © be an open bounded lattice in II. The Schikhof dual ©¢ is
defined as Hom{™ (©,0) equipped with the weak topology (or the topology of pointwise
convergence). It is O-torsion free and compact (see the proof of [46, Theorem 1.2]). Also let
11?7 := Hom$°™ (11, L) equipped with the weak topology. It follows from [44, Proposition 3.1]
that I1¢ = ©¢ @0 L.
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Conversely, if M is a linearly compact, torsion-free O-module, then Hom"" (M, L)
equipped with a supremum norm, is an L-Banach space with the unit ball M9 :=
Hom ™ (M,0). Note that M9 is complete for the p-adic topology. Since M is O-torsion
free, it is projective in the category of linearly compact O-modules (see [46, Remark 1.1]).
From this we obtain an isomorphism

M?jw" = (M/w")" (2)
(see the proof of [35, Lemma 5.4]). We thus obtain a homeomorphism

M= lim M /o™ = lim(M/w")". (3)

It follows from [44, Remark 10.2] applied to II and the gauge of © that ©/w" is a
free O/w™-module with basis indexed by a choice of k-vector space basis of © /. Thus
Homp (©/w",0/w"™) — Homp (0/w",0/w™) is surjective for n > m. By passing to the
limit, we deduce that Hom{™(0,0) — Hom{™ (0,0 /w™) is surjective and induces a

homeomorphism
o'/=" = (0/=")". (4)
It follows from (3) applied to M = ©% and (4) that
(O = m(©/=")" = m((©/=")")" 2 mo/=" = 6. (5)
If © = M then (4) and (2) give
0 /" = (M /") 2 (M/w")")" = M/, (6)

Since ©% and M are compact O-modules, we obtain a homeomorphism

(Md)dg@@d/w"Q@M/wngM- (7>

We are most interested in the situation when II is a unitary L-Banach space
representation of a p-adic analytic group G. In this case, ©¢ is a topological O[K]]-
module, where K is a compact open subgroup of G (see [46, Section 2]). We say that II is
admissible if ©F is finitely generated as an O[[K]]-module. The functor IT — II% induces
an antiequivalence of categories between the category of admissible unitary L-Banach
space representations of K and the category of finitely generated O[[K]] ®» L-modules
[46, Theorem 3.5].

Colmez in [13, §IV] has defined an exact covariant functor V from the category
of finite-length smooth representations of G := GL2(Q,) with a central character on
O-torsion modules to the category of smooth-finite length representations of Gg, on
O-torsion modules. We modify this functor as follows. Let €.(O) be the full subcategory
of Mod%°(0) antiequivalent to Mody: adm((’)) by the Pontryagin duality. If M is in €¢(O),
then we can write M = ILnn M,,, where the projective limit is taken over all quotients

of finite length. Then define V(M) := I'&nnV(MX)V(C), where ( is viewed as a character
of Gg, via local class field theory. This normalisation differs from [37] by a twist of
cyclotomic character and coincides with the normalisation of [11]. In particular, if 7 is a
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principal series representation Indgwxl ® X2, then V(ﬂ'v) = x1, viewed as a character of
G, via the local class field theory.

Let II be an admissible unitary L-Banach space representation of G with central
character ¢, and let © be an open bounded G-invariant lattice in II. It is easy to see
that ©¢ is an object of €;(0) (see [37, Lemma 4.11]). Thus we can apply the functor
V to ©% to obtain a continuous G, -representation on a compact O-module. We define
V(M) := V(%) ®0 L. The definition of V(II) does not depend on the choice of ©, since
any two are commensurable. The functor IT +— V(II) is contravariant. If IT is absolutely
irreducible and occurs as a subquotient of a unitary parabolic induction of a unitary
character, then we say that Il is ordinary. Otherwise, we say that Il is nonordinary. In this
case it is shown in [15, 37] that V(II) is a 2-dimensional representation of Gg, and (taking
into account our normalisations) det V(IT) = (e ~!. A deep theorem of Colmez proved in
[13] relates the existence of locally algebraic vectors in II to the property of V(II) being
potentially semistable with distinct Hodge—Tate weights. With our conventions, Colmez’s
result says that Homy (det“@Symb L21I) # 0 for some open subgroup U of GLa(Z,) if
and only if V(II) is potentially semistable with Hodge-Tate weights (1 —a, —a —b).

If A is a commutative ring, then denote by m-Spec A the set of its maximal ideals.
If © € m-Spec A, then x(z) will denote its residue field. We will typically be considering
m-Spec A when A = R[1/p], where R is a complete local Noetherian O-algebra with residue
field k. In this case, k(z) is a finite extension of L.

3. Local part

Let F be a finite extension of Q,. Fix an algebraic closure F of F and let G = Gal(F/F).
Let C, be the completion of F and let F be the completion of the maximal unramified
extension of F in F. Let G = GL,(F) and let D/F be a central division algebra over F
with invariant 1/n.

3.1. Results of Ludwig and Scholze

We continue to denote by L a (sufficiently large) finite extension of F' with the ring of
integers O, uniformiser w and residue field k. To a smooth representation w of G on an
O-torsion module, Scholze associates a Weil-equivariant sheaf F,; on the étale site of the
adic space ]P’}_l (see [47, Proposition 3.1]). If 7 is admissible, then he shows that for
any i > 0 the étale cohomology groups H, (Pg;l,}}) carry a continuous D* x G g-action,
which makes them into smooth admissible representations of D*. Moreover, they vanish
for i > 2(n—1) (see [47, Theorems 3.2 and 4.4]). Scholze’s construction is expected to
realise both the p-adic Jacquet—Langlands and p-adic local Langlands correspondences.
The trouble is that these groups seem to be impossible to calculate in most cases. It is
known that the natural map

H (P Frsvuom ) = HY(PE ' Fr) 8)
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is an isomorphism (see [47, Proposition 4.7]). In particular, if 75%»(") =0, then H°
vanishes.

We want to extend the results of Scholze to the category of locally admissible
representations. Recall that a smooth representation of G or D* on an O-torsion module
is locally admissible if it is equal to the union of its admissible subrepresentations. In this
case we can write m = lim 7/, where the limit is taken over all admissible subrepresentations
of 7. The proof of [47, Proposition 3.1] shows that the natural map

limg Frr — Fr

is an isomorphism, since it induces an isomorphism on stalks at geometric points. In our
setting, cohomology commutes with direct limits. For all ¢ > 0 we have isomorphisms

Hy (PE ! Fr) =l HY(PE ! /K ) et Fr)
K
= limlim H* (P /K ) e, Frr)
K =

> limy 1}, (B Fi), (9)

!

where the first isomorphism follows from [47, Proposition 2.8] and the limit is taken
over all compact open subgroups of D*; the second isomorphism follows from the fact
that the site (Pg;l /K)gt is coherent (see [47, Lemma 2.7(v)]), so cohomology commutes
with filtered direct limits [3, Exposé VI, Corollary 5.2]; and the last isomorphism is [47,
Proposition 2.8] again. Since quotients of admissible representations of p-adic analytic
groups are admissible, from (9) and Scholze’s results we deduce that H}, (Pg;l,}}) is a
locally admissible representation of D*, which vanishes for i > 2(n—1).

If n =2, then the cohomology vanishes for ¢ > 2. If we additionally assume that F'=Q,
and 7 is a principal series representation, Ludwig has shown in [31, Theorem 4.6] that
HE (P¢,, Fr) vanishes. Thus we get the following;:

Corollary 3.1. If 7 is a locally admissible representation of GL2(Qyp) such that all its
wrreducible subquotients are principal series, then

H(Pg,, Fr) =0, Vi1

3.2. Representation theory of GL3(Q,)

From now on we assume that n =2 and F' = Q,, so that G = GL2(Q,). Recall some
representation theory of G. The category Modlc';adm((’)) of smooth locally admissible G-
representations on O-torsion modules decomposes into a direct sum of indecomposable
subcategories called blocks. Blocks containing an absolutely irreducible k-representation
of G correspond to semisimple representations 7 : Gg, — GLa(k), such that 7° is either
absolutely irreducible or a direct sum of 1-dimensional representations.

Let us describe these blocks explicitly. Denote by [r] the isomorphism class of a
representation m of G. If 7 is absolutely irreducible, then let Bz« = {[7|}, where 7
is the supersingular representation of G corresponding to 7° under the semisimple mod
p local Langlands correspondence [6]. If 7 = y1 & x2, then x; and xo are considered as
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characters of Q via the local class field theory, and let

T o= Indgxlw ® X2, Tg:= Indgxgw ® X1, (10)

where ¢ : Q — L* is the character, which maps z to z|z|, and w: Q, — k* is its reduction
modulo . Then let B be the set of isomorphism classes of irreducible subquotients of
m and my. It can have from one up to four elements, depending on x1x5 L

Let Modlc‘;adm((ﬂ)fss be the full subcategory of the category of locally admissible
representations Modg? 4™ (O) of G, such that 7 is in Modg ™ (O)se if and only if the
isomorphism classes of all the irreducible subquotients of 7 lie in Bzss. It follows from the
Ext'-calculations in [37, Proposition 5.1344 and [38, Corollary 1.2] that Modléadmf(?i);ss is

.adm .adm

a direct summand of the category Mods“™(0), in the sense that every m € Mods " (O)
can be written uniquely as

=T ® (11)
where 7pss is the maximal G-invariant subspace of m, such that the isomorphism classes of
all its irreducible subquotients lie in By, and 77 is the maximal G-invariant subspace
of m such that none of its irreducible subquotients lie in Bss.

In this article we am especially interested in the case when 7 = x; @ x2 and x1x5 1y
w*l. In this case, both representations m; and 75 in (10) are irreducible principal series
representations, and so every T € Mod:¥™ () satisfies the hypothesis of Corollary 3.1.
Let Modlc';'fginf< px (O) be the category of locally admissible representations of D* on O-
torsion modules with a continuous commuting Gg,-action. We immediately deduce the
following:

Corollary 3.2. If 75 = x1 D x2 and Xle_l #w*rl| then the functor
S': Modg ™ (O)ss — Modgis < (0), =+ Hi(PE, . Fr)

is exact and covariant.

3.3. Dual categories and Banach space representations

Let €5(0) be the category antiequivalent to Mod™(©) via Pontryagin duality, and
lL.adm

let €g, xpx(O) be the category antiequivalent to Modg: " px (O) via the Pontryagin
P

duality. Define a covariant homological d-functor {Si}izo by
Si Q:G(O) —>Q:GQP><D><(O), M’—)Hét(Pép,va)v,

where MY = Hom{&™ (M, L/O) denotes the Pontryagin dual of M. Note that (MY)Y = M.
We introduce these dual categories because it is much more convenient to work with
compact torsion-free O-modules than with discrete divisible O-modules.

Denote the category of unitary admissible L-Banach space representations of G by
Ban%™(L). If II is in Ban%™ (L) and © is an open bounded G-invariant lattice in II,
then it follows from [37, Lemma 4.4] that the Schikhof dual

04 := Hom%™(0,0)
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equipped with the weak topology is an object of €5(Q). We refer the reader to Section 2
for properties of the Schikhof dual. We thus can apply the functors S* to it to obtain a
compact O-module S*(09) with a continuous G, x D*-action. Denote the Schikhof dual
of this module by §*(09)? and equip it with the p-adic topology.

Lemma 3.3. There is an ezact sequence of topological O-modules

0 = lim(Hg (P, Fosor/0)/@™) = Im H (P, Fojmm) — 8'(©7) =0

which identifies S*(©%)? with the mazimal Hausdorff O-torsion-free quotient of
lim | H}, (B, Fojmm).

Proof. Since
0¢/m"e?= (0/x"0)Y, Vn>1, (12)
we have a natural isomorphism (09)Y =0 ®e L/O, and thus

S'(O%) = Hy (Pt Fopor /o) = (i Hy (B . Fo/mn))” - (13)
Hence

$'(07)? = limHom&™ (§'(07),0/=™) = lim(§*(6%) /=™)"

= lim((Hé (Pt Fowor/o)[@™]))Y) 2 Mm(Hy (Pt Fosor/o)l@™]),
m m
where the transition maps in the projective system are induced by multiplication by w.

The short exact sequence 0 - O/w™ — O ®p L/O e ®o L/O — 0 yields an exact
sequence:

0— Hi ' (P, FowoL/o) /@™ = Hy (P, Fojwm) = Hiy (P, FogeL/o)[@™] = 0.

The exact sequence is obtained by passing to the limit by noting that the system satisfies
the Mittag-Leffler condition. .

If we let M := Hé;l(]Pép,f@@OL/o), M its p-adic completion and M’ the image of M
in M , then M’ is a dense O-torsion submodule of M. Equip M /M’ with the quotient
topology. Then for all topological O-modules N which are Hausdorff and O-torsion free,

we have
Hom&™ (M, N) = Hom&™ (M /M’,N) = 0.
Since S*(©%)? is Hausdorff and O-torsion free, this implies the last assertion. O
Define

S{(M) =S80 0 L.
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The definition does not depend on the choice of O, since any two are commensurable. To
motivate this definition, observe that (12) implies that we have natural isomorphisms

(00 L/0))'=06, ((0®0L/0)")!®o L =1L

Lemma 3.4. If II is an admissible unitary L-Banach space representation of G, then
SY(I1) is an admissible unitary L-Banach space representation of D* for all i > 0.

Proof. By applying {S'};>0 to the exact sequence 0 — 0% 3 0? — 0¢/wO? — 0, we
obtain a long exact sequence:

0—S?(0%) B S%0ed) - S2(0/w) » Steh) 3 Sl(@d)
— S 0/w) = S°(e%) B S0 - S°(0/w) 0. (14)

The terms for i > 3 vanish, because of the results of Scholze explained in the
previous section. Moreover, since II is an admissible Banach space representation, we
know that ©/w is an admissible smooth G-representation. Scholze’s result implies that
H}, (]P’}Cp,]-"@ /=) are admissible smooth D*-representations. Thus the Pontryagin dual is
a finitely generated O[[K]]-module, where K is any compact open subgroup of D*. Since
O[[K]] is Noetherian, we deduce from (14) that S*(©%)/w is a finitely generated O[[K]]-
module, and the topological Nakayama’s lemma for compact O[[K]]-modules implies that
S'(©%) is a finitely generated O[[K]]-module (see [10, Lemma 1.4, Corollary 1.5]). The
assertion follows from the theory of Schneider and Teitelbaum [46, Theorem 3.5]. O

Now note that even if we could show that S'(60%/w) is nonzero, we cannot rule out
using (14) alone that S*(TI) = 0 for all i > 0. A priori it could happen that $?(©%) and
S°(©7) are both zero and S*(©%) is killed by some power of w. This is where Ludwig’s
theorem enters.

Let 7° be as in the previous section. Let Ban™ (L) be the full subcategory of the
category of BanX™ (L) such that II is in Ban"™ (L) if and only if the isomorphism
classes of all the irreducible subquotients of © /w lie in Bys. Note that this last condition
depends only on II, and not on the choice of open bounded G-invariant lattice © (see
[37, Lemma 4.3]). One can deduce from the result for Mod:4™(O) that Ban™ (L )z is
a direct summand of Ban™ (L) (see [37, Proposition 5.36]).

Proposition 3.5. Assume that 7° = x1 ® x2 with X1X2_1 #w*t, and let w1 and 7y be the
principal series representation defined in (10), so that By consists of the isomorphism
classes of w1 and mo. Then the following assertions are equivalent:

(i) Both H(P¢ ,Fr,) and Hi (Pt ,Fr,) vanish.
(i) H} (]P>1 Fr) =0 for all w in ModZ? ™™ (O)pes.
(iii) SY(IT) = 0 for all TT € Ban®™ (L) s .
(iv) If T € Ban¥™ (L) is absolutely irreducible and nonordinary, then S(IT) = 0.

https://doi.org/10.1017/51474748020000547 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748020000547

1080 V. Paskinas

Proof. Any locally admissible representation of GL2(Q,) is equal to the union of its
subrepresentations of finite length (see [20, Theorem 2.3.8]). If (i) holds, then (ii) follows
from (9) and Corollary 3.2. If (ii) holds, then (13) implies (iii), which trivially implies
(iv). For the proof that (iv) implies (i), recall that IT is nonordinary if and only if it does
not occur as a subquotient of a unitary parabolic induction of any unitary character
of the maximal torus in G. If © is an open bounded G-invariant lattice in II, then
the semisimplification of ©/w is isomorphic to 71 & 72 by [37, Theorem 11.1]. Ludwig’s
theorem implies that HZ, (IP’}CP,]:@ /=) =0, and the isomorphism (8) implies that the same
holds for H. The topological Nakayama’s lemma together with (14) implies that S*(©%) =
0 for ¢ =0 and ¢ = 2. We deduce that we have a short exact sequence:

0—8'(0%) 38160 = Hi (Pt ,Fox)” — 0. (15)

Thus S'(©%) is O-torsion free. Since S'(O%) is a compact O-module, this implies that
S'(0%) is isomorphic to a product of copies of O. In particular, if S'(©%) # 0, then
S*(I) # 0. Thus (iv) implies that S'(©%) =0 and (15) implies that I}, (P¢, . Fo/w) = 0.
Since the semisimplification of © /tw is isomorphic to m @ g, Corollary 3.2 implies (i). O

Remark 3.6. We will show later that part (i) of Proposition 3.5 does not hold by showing
that completed cohomology gives a counterexample to (ii). However, we can not rule out
that one of the groups can vanish in (i) (unless of course w1 = 7). Most likely both groups
are nonzero, since there is no natural way to distinguish one of the principal series in the
block.

Let us record a further consequence of Corollary 3.2. Let €5(O)ss be the full
subcategory of €4 (0), which is antiequivalent to Modlc';adm((’)),—ss via Pontryagin duality.
We refer the reader to [10] for the basics on pseudocompact rings and completed tensor
products.

Proposition 3.7. Assume that 75 = x1 ® x2 with x1x5 " # wr'. Let M € €g(O)p
and let A be a pseudocompact ring together with a continuous action on M wvia a ring
homomorphism A — Endeo)(M). Then for all right pseudocompact A-modules m, we
have a natural isomorphism:

St m@aM)=2me,SH(M).
In particular, if M is a pro-flat A-module, in the sense that the functor m— m® 4 M is

exact, then so is S*(M).

Proof. Since the functor S' : Mod: 4™ (0) e — Modlc'%i";[,x (O) commutes with direct

sums and is exact by Corollary 3.2, the functor S : €5 (O)pes — @quxDx (O) commutes
with products and is also exact. Since any pseudocompact A-module m can be presented
as

HA—>HA—>m—>O

i€l jeJ
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for some sets I and J, the proposition is a formal consequence of these two properties
(see the proof of [39, Proposition 2.4], which is based on ideas of Kisin in [27]). O

Lemma 3.8. Let A be a complete local Noetherian O-algebra with residue field k and let
M be a pseudocompact A-module. Then M is pro-flat if and only if it is flat.

—A ~
Proof. Let Tor; (x,M) be the ith left derived functor of *®4 M. If m is a finitely
generated A-module, then, since A is Noetherian, m has a resolution by free A-modules
~ —— A
of finite rank. Since A" ® 4 M =2 M™ =2 A"®4 M, we conclude that Tor; (m,M) =
Torf‘ (m, M) for all finitely generated m. If M is pro-flat, then applying this observation
to m = A/I for any ideal I of A, we deduce that the map I ® 4 M — M is injective and

—A
hence M is flat. If M is flat, then taking m = k we obtain that Tor; (k,M) =0, and a

standard application of the topological Nakayama’s lemma shows that M is topologically
free, and hence pro-flat (see [17, Proposition 0.3.8 in Exposé VIIg]). O

4. Fibres and flatness

In this section we explain a variation on [23, Proposition A.30], where the authors prove a
version of ‘miracle flatness’ in a noncommutative setting. Let A be an Auslander regular
ring (we refer the reader to [23, §A.1] or [49] for the definition). If M is a finitely generated
A-module, then the grade of M over A is defined as

Ga(M) :=inf{i : Exti (M,A) # 0}
and the dimension of M over A is defined as
oA (M) == gld(A) — ja (M),

where gld(A) is the global dimension of A. We say that M is Cohen-Macaulay if
Ext’y (M,A) is nonzero for a single degree i. In particular, finite free modules are Cohen-—
Macaulay.

Let K be a compact torsion-free p-adic analytic pro-p group. Then the rings k[[K]],
O[[K]], O[|[K]] ®o L are Auslander regular of global dimension dimK, 1+ dim K and
dim K, respectively, where dim K is the dimension of K as a p-adic manifold. If K is
any compact p-adic analytic group, then the ring O[[K]] might not be Auslander regular
in general, but we can choose an open pro-p subgroup K; and, for a finitely generated
O[[K]]-module M, define dpx) (M) := dox,))(M). Then dpyxy (M) does not depend on
a choice of K and has the expected properties of a dimension function. We will sometimes
omit O[[K]] from the notation and write just 6(M).

Proposition 4.1. Let A= Ol[z1,...,x.]] and let M be an A[[K]]-module which is finitely
generated as an O[[K]]-module. Then

dox))(k©a M) +dim A > doxy (M). (16)
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If M is A-flat, then
5@[[}(”(/4}@,4 M)—f—dimA:(S@[[KH(M). (17)

If M is Cohen—-Macaulay as an O[[K]]-module, then (17) implies that M is A-flat.

Proof. The first assertion follows from [23, Lemma A.15], which says that if we mod out
one relation then the dimension either goes down by one or stays the same. The other
assertions follow from [23, Proposition A.30] by observing that gld(A[[K]]) = dim A+
gld(k[[K]]) and S a(r)) (M) = boyxyy (M), Spxy) (k®a M) = ok (k®a M) by [23, Lemma
A.19]. Note that the ring A[[K]] is again Auslander regular. O

Corollary 4.2. Let R be a complete local Noetherian O-algebra with residue field k. Let
M be an R[[K]]-module which is finitely generated over O[K]|. Assume that M is O-
torsion free, M is Cohen—Macaulay over O[[K]] and the action of R on M is faithful.
Then

o) (k®@r M) +dim R > So k7 (M), (18)

and equality holds if and only if there is a subring A C R such that R is a finite A-module,
A is formally smooth over O and M is A-flat.

Proof. Since R acts faithfully on M and M is O-torsion free, R is O-torsion free. By
Cohen’s structure theorem for complete local rings, there is a subring A C R such that
R is finite over A and A = Ol[xy,...,z,]] (see [32, Theorem 29.4 (iii)] and the remark
following it). Note that this implies that dim A = dim R.

Since k@4 M = (k®4 R)®g M, it admits k ® g M as a quotient, and since k®4 R
is an R-module of finite length, it has a filtration of finite length with graded pieces
isomorphic to subquotients of k®pg M. [23, Lemma A.8] implies that doqxy(k®a M) =
dori)(k®r M). The corollary now follows from the proposition. O

Lemma 4.3. Let M be a finitely generated k[[K]]-module. Then oz (M) =0 if and
only if M is a finite-dimensional k-vector space.

Proof. We can assume that K is a uniform pro-p group of dimension d. Let m be the
maximal ideal of k[[K]]; then the graded ring gry, (k[[K]]) is a polynomial ring in d-
variables [50, Theorem 8.7.10], and gr® (M) is a finitely generated gry, (k[[K]])-module
of dimension equal to &g (M) [2, Proposition 5.4]. In particular, the degree of the
Hilbert polynomial of gry, (M) is equal to dxxy (M ). If M is a finite-dimensional k-vector
space, then &g (M) = 0. Conversely, if dyjx))(M) = 0, then the Hilbert polynomial
of gre (M) is constant and thus m’ M = mI*t M for some j. Nakayama’s lemma implies
that m/M = 0. Since M is finitely generated over k[[K]], we deduce that M is a finite-
dimensional k-vector space. O
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5. Local-global compatibility

Let p be a prime and let F' be a totally real number field with a fixed place p above p,
such that F,, = Q,, and a fixed infinite place cop. Let Dy be a quaternion algebra with
centre F', ramified at all the infinite places of F' and split at p. Let ¥ be a set of finite
ramification places of Dy. Fix a maximal order Op, of Dy, and for each finite place v € X
an isomorphism (Op, ), = M2(OF, ). For each finite place v of F, we will denote by N(v)
the order of the residue field at v, and by w, € F,, a uniformiser.

Denote by Af, C Ap the finite adeles and the adeles, respectively. Let U = [[,Us be
a compact open subgroup contained in [], (Op, ). We assume that U, = GL2(Z,) = K
and that U, is a pro-p group at other places above p. We can write

(Do ®r AL)* =[] D5 t:U (ML) (19)

iel
for some t; € (Do QF A{,)X and a finite index set I, where we have identified (A’;)X with
the centre of (Dy®p A{;)X. In the arguments that follow, we are free to replace U by a

smaller open subgroup by shrinking U, at any place v different from p. In particular, we
can assume that

(UAL) Nt Dy t) /F* =1 (20)

for all s € I (see, e.g., [40, Lemma 3.2]). We will use standard notation for subgroups of
U, so, for example, U} =], y2p Uv, UP = pr U,.
If A is a topological O-algebra, let S(UP,A) be be the space of continuous functions

f:DIN\(Do@p ALY JUP — A.

The group (Do ®Q,)* acts continuously on S(UP,A) by right translations. It follows
from (20) that the map f~ [u+ >, ; f(t;u)] induces an isomorphism of U(Af;)x—
representations

o

S(UP,A) = @ CUPF*\U(AL)*,A), (21)

iel
where C' denotes the space of continuous functions. Let 1 : (AQ)X/FX — O be a
continuous character such that ¢ is trivial of (A?)X NUP. We can consider 1 as an A-
valued character, via O* — A*. Let Sy (UP, A) be the A-submodule of S(UP, A) consisting

of functions such that f(gz) =(z)f(g) for all z € (A{;)X. The isomorphism (21) induces
an isomorphism of Up-representations:

Sy(UP,A) — @ Cy (U, A), (22)

iel
where C'y, denotes the continuous functions on which the centre acts by the character 1.
One may think of Sy (UP,A) as the space of algebraic automorphic forms on D} with
tame level UP and no restrictions on the level or weight at places dividing p. We want
to introduce a variant by fixing the level and weight at places dividing p, different from
p. Let A be a continuous representation U} on a free O-module of finite rank, such that
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(Aj;)X MU} acts on A by the restriction of ¢ to this group. Let
S¢7A(UP,A) = HOInUg ()\,Sd,(Up,A))

We will omit A as an index if it is the trivial representation. Note that a presentation
O[[Up]]®" — O[[UF]]®™ — X gives us an exact sequence:

0 — Sy A(UP,A) = Sy (UP,A)®™ — S, (UP,A)®". (23)

If Ais an O/w"-module, then there is an open subgroup VP of U} which acts trivially
on \/w". If we let VP :=U,V}, then by taking VP-invariants of (23) we have an exact

sequence
0 — Sy A(UP,A) = Sy (VP A)O™ — S, (VP A)®", (24)
If the topology on A is discrete — for example, if A=L/O or A=0/w"™ — then we have
Sw(Up,A)%ligSw(Up,A). (25)
Up

The action of (Dy®Q,)* on Sy (UP, A) by right translations induces a continuous action
of (Do ®p Fy)* = GL2(Qp) = G on Sy (UP,A) and Sy A(U*,A). Let ¢: Q; — O* be the
character obtained by restricting ¢ to Fy.

Lemma 5.1. The representations Sy(UP,L/O), Sy A(UP,L/O) lie in Modlc'f(gm(O),
Moreover, Sy »(U¥,L/O) is admissible.

Proof. The first assertion follows from (22), which also implies that we have an
isomorphism of K-representations

Sy(UP,L/0) = PN @0 Cc(K,L/O), (26)

iel
where A := Hom{"™"(\,L/©O) denotes the Pontryagin dual of ). Since the set I is finite
and A is a finite O-module, we deduce the second assertion. O

Lemma 5.2. The restrictions of Sy(UP,L/O) and Sy (UP,L/O) to K are injective in
Mod%”:(O).

Proof. This follows from (22) and (26). O

Let S be a finite set of places of F' containing X, all the places above p, all the infinite
places and all the places v, where U, is not maximal and all the ramification places of
Y. Let TV = O[T,,S,]vgs be a commutative polynomial ring in the indicated formal
variables. If A is a topological O-algebra, then Sy, (UP,A) and Sy, »(UP, A) become T¥V-
modules with S, acting via the double coset U, ("x(’)“ U_?U )UU and T, acting via the double
coset Uv(wov ?)Uy.

Let G, s be the absolute Galois group of the maximal extension of F' in F which
is unramified outside S. Let p: Gp g — GLa(k) be a continuous absolutely irreducible
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representation. Let m be the maximal ideal of ']I‘g“iv generated by w and all elements
which reduce modulo w to T, — tr p(Frob,),S,N(v) — det p(Frob,) for all v € S. Denote
by Sy(UP,L/O)m and Sy A (UP,L/O)n the localisations at m, and assume that they are
nonzero for fixed ¢ and .

Lemma 5.3. The representations Sy(UP,L/O)w and Sy »(UP,L/O)w are direct sum-
mands of Sy(UP,L/O) and Sy »(U?,L/O), respectively. In particular, their restrictions
to K are injective in Modjy'-(O). Moreover, if S(UP,L/O)w (resp. Sx(U¥,L/O)n) is
nonzero, then Sy(UP,L/O)y (resp. Sy A(UP,L/O)w) is nonzero if and only if detp =
Y Xeyc(mod @).

Proof. If U}, is an open subgroup of U, then Sw(Up,(’)/w”)U; is a finitely generated
O/w™-module and the Chinese remainder theorem implies that (S, (U?,O S ) is a
direct summand of Sy, (UP,0 /w")UIIJ. By passing to a direct limit over all such U} and
n > 1, we obtain the assertion for Sy, (UP,L/O). The argument for Sy »(U?,L/O) is the
same. The second assertion follows from Lemma 5.2. Since S, (U?,L/O) is a a union of
’]I‘gni"—submodules7 which are O-modules of finite length, its localisation at m is nonzero
if and only if the m-torsion subspace Sy (UP,L/O)[m] is nonzero. The same argument
applied to S(UP,L/O) shows that S(UP,L/O)[m] is nonzero. Since the Hecke operators
S, act on S(UP,L/O)[m] with eigenvalue detp(Frob,)N(v)~! for all v ¢ S, we deduce
from Chebotarev’s density theorem that (Afy)x acts on S(UP,L/O)[m] by the character
Xeycdet p. Hence, Sy, (UP,L/O)[m] is nonzero if and only if detp = ¢ xcyc(mod w). The
same argument applies to Sy A (U?,L/O)n. O

Let
Sq/,(Up,O)m = @SQL(UP,O/wn)m, Swy)\(Up,O)m = @S¢’A(Up70/wn)m,

equipped with the p-adic topology. It follows from (22) that for all n > 1, the map
Sy (UP,0)m /o™ — Sy(UP,O/w™ )y is an isomorphism, and (26) implies that the same
holds for Sy »(UP,0)n. It follow from the discussion in Section 3.3 that we have natural
homeomorphisms

Sy (UP,0)m = (S (UP,L/O)n)")?, Sy a(UP,0)m = ((SyA(UP,L/O)m)")". (27)

Let 7 denote the restriction of p to the decomposition group at p, which we identify
with the absolute Galois group of Q.

Proposition 5.4. Sy (UP,L/O)w and Sy x(UP,L/O)w lie in Modg'd™ (O) e

Proof. We first observe that the centre of G acts on both Sy, (UP,L/O)y and
Sy A(UP,L/O)w by the restriction of ¢ to F,*, which is equal to ¢ by definition.

Since for any m € Mod{ 4™ (0), socq m < 7 is essential, where socg denotes the maximal
semisimple subrepresentation, it follows from (11) that it is enough to show that all
irreducible subrepresentations of Sy A(UP,L/O)y and Sy (UP,L/O)y lie in Byss. Since
any such representation is killed by w, we can replace L/O with k.
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It is enough to prove the statement for Sy (UP, k) with U} arbitrary small, since then
(24) and (25) imply the assertion in general.

Let 7 be an irreducible subrepresentation of Sy (UP,k)w. After enlarging L, we can
assume that 7 is absolutely irreducible. Let o be an irreducible K-subrepresentation of 7.
Then & is isomorphic to Symb k? @det® for uniquely determined integers 0 <b<p—1,0<
a < p—2. It follows from [4] that Endg (c-Ind$- o) 2 k[T, S*1], where the Hecke operators
T and S correspond to the double cosets K (f)’ ?)K and K (78 2)[( , respectively. Moreover,
there are \,u € k such that 7 is a quotient of

eInd$ o /(T —\S—p).

We claim that A, p and the possible values of (a,b) can be read off from the restriction
of p to the decomposition group at p. It then follows from [4, 6], which describe the
irreducible quotients of c-Ind$ o/(T' — \,8 — ), that 7 lies in By. These arguments are
by now fairly standard and appear in the weight part of Serre’s conjecture, so we give
only a sketch.

We first modify the setting slightly: if ¢’ : (Aé)X /F* — O* is a character congruent to
1 modulo @, )\ is a representation of U} on a finite O-module with central character g
and U} is a pro-p group, then the U}-invariants of '/ are nonzero, and thus Sy (U, k)n
is a G-invariant subspace of Sy x (UP,k)m. We can choose ¢’ = x%f?*a, where a and b
are as before, o is the Teichmiiller lift of the character wxc_ylg_m(mod @), Xeye is the
p-adic cyclotomic character and X = ®,(Sym® O @ det®), where the tensor product is
taken over all embeddings ¢ : F' < L which do not factor through Fy. Note that since U}

is assumed to be pro-p, the character wxc’yb;%(mod @) is trivial on U} N (A?)X, which
implies that « is trivial on U} N (A{;)X and thus )\ has central character ¢'. Note that
since ( is also the central character of &, we have ((z) = 2°72%(mod @) for all x € /o
To ease the notation, we drop the superscript ’ from ¢’ and \.

Since Sy, A (UP,k)n is an admissible representation by Lemma 5.1, the k-vector space
Homg (7, Sy, A (UP,k)m)
is finite-dimensional. We can thus assume that 7 is contained in Sy, A (U®,k)[m]. Let
0% :=Sym’ 0> @det?, o:=Sym’L?®det®.

Since Sy, A (UP,L/O)n is admissible and injective in Modj'-(O) by Lemmas 5.1 and 5.2,
using (27) we see that Homg (0°,5y A(UP,O)w) is a free O-module of finite rank, which
is congruent to Homg 5,5y, A(U?,k)m) modulo w. It follows from [16, Lemme 6.11] that
after L is replaced with a finite extension,

HOmK(UO,S%)\(Up,O)m) ®o L

contains an eigenvector ¢ for all the Hecke operators in T with eigenvalues lifting
those given by m. By evaluating ¢, we obtain an automorphic form f on D such that
the associated Galois representation py lifts p and its restriction to the decomposition
group at p is crystalline with Hodge—Tate weights (1 —a, —a —b), where we adopt the
conventions of [11], so that the cyclotomic character has Hodge—Tate weight equal to —1.
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Note that the difference of the two Hodge—Tate weights is equal to b+ 1, which is between
1 and p. In particular, & is a Serre weight for 7. The possibilities for the pair (a,b) are
listed in the proof of [11, Lemma 2.15]. The compatibility of local and global Langlands
correspondences implies that the G-subrepresentation of Sy A (UP,0)m @0 L generated
by the image of ¢ is of the form ¥ ® o, where W is a smooth unramified principal series
representation. Moreover, the Satake parameters of W can be read off from the Weil-
Deligne representation associated to pf|,, (see [L1, Proposition 2.9]). It follows from
[7] that A and p are reductions modulo @ of the Satake parameters of ¥, rescaled by
a suitable power of p (see the proof of [11, Lemma 2.15]). It then follows from [4, 6],
which describe the irreducible quotients of c-Ind$ o/(T — A, S — ), that 7 lies in Bjee.
The last part of the argument can be summed up as the compatibility of p-adic and
mod-p Langlands correspondences. O

Let R be the universal deformation ring parameterising 2-dimensional pseudochar-
acters of Gq, lifting tr7. We have two actions of Ry on Sy(UP,L/O)y. The first action
is given by the composition

01 : RES: — RE™Y — T(UP ) — End@™ (Sy (UP,0)m),

trr

where RE““’ is the universal global deformation ring of p, and the first arrow is obtained

by considering the restriction of the trace of the universal deformation of p to Gr,. The

second arrow is obtained by associating Galois representations to automorphic forms (see

[47, Proposition 5.7]). The third arrow is given by [47, Corollary 7.3]. The second action,
0z : RY. — End@™ (Sy (UP,0)m),

T

is given by interpreting RP®. as the centre of the category Modg™™(O)s using [37].

In order to apply the results of [37], if 7 = x @ xw for some character x : Gg, — k*
then we assume that p > 5. In [37] we worked with a fixed central character, but this
can be unfixed by using the ideas of [11, §6.5, Corollary 6.23]. Since the centre of the
category acts naturally on every object in the category, Proposition 5.4 implies that Rp: -
acts naturally on Sy, (U?,L/O)n, and using (27) we obtain a natural action of R, on
Sy (UP,0)m, which we denote by 6.

Proposition 5.5. Assume that ¢ is of finite prime-to-p order and 1 is trivial on the
subgroup UP N (A?)X. Then the two actions 61 and 02 of RYr: on Sy (UP,L/O)w coincide.
Proof. The result follows from three ingredients: the theory of capture [15, §2.4], [40,
§2.1], which is based on the ideas of Emerton in [18]; the results of Berger and Breuil [5]
on the universal unitary completions of locally algebraic principal series representations;
and the results of Colmez in [13] on the compatibility of the p-adic and classical local
Langlands correspondence.

It follows from (27) that it is enough to show that the two actions coincide on
Sy (UP,O)m. Let II(UP) be the L-Banach space representation of G defined by

I(UP) := Sy (UP,0)m @0 L.
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Since Sy (UP,0)y is O-torsion free, it is enough to show that 6; and 6, agree on II(UP).
Since the Schikhof dual of Sy, (U?,0)y, is isomorphic to Sy, (UP,L/O)y,, Lemmas 5.2 and 5.1
imply that Sy, (UP,0)% is projective in the category MOdP;,Og (O) and is finitely generated
over O[[K]].

Let n:Z, — O be a nontrivial character of order 2. Let o : Z,; — O be a character

of order p. Let J := ( Ly

VT, T ) and let x be a character of J defined by

Let 7:= Indg{x and let V, :=7®, Sym?* L2 ®det ™%, a > 0. Note that the central character
of V, is equal to (. It follows from the proof of [40, Proposition 2.7] that if ¢ is a continuous
K-equivariant endomorphism of II(U?) which kills

Hompg (V,,II(UP)) and Homg (V, @nodet, IL(UP))

for all @ > 0, then ¢ is zero. Thus it is enough to show that the two actions of RE: - on the
previously noted modules coincide, so that 6;(r) —02(r) annihilates them for all r € RP:-
and all a > 0.

In the following, let V = Vi ® Vaig, where Ve = Sym2“ L?®det™ and Vi =7 or
T®mnodet. Since V is a locally algebraic representation of K, we have Homg (V,II(U?)) =
Hompg (V,II(UP)-218)  where TI(UP)"2!8 is the subspace of locally algebraic vectors in
II(U*). This subspace can be identified with a subspace of classical automorphic forms
on D§ (see [19, §3], [28, §3.1.14] and [48, Lemma 1.3]). In particular, the action
of T(UP)w[l/p] on II(UP)'2e and hence on Hompg (V,II(U?)), is semisimple. Since
Sy(UP,0)2 is finitely generated as an O[[K]]-module, the vector space Hom g (V,II(U¥))
is finite-dimensional. Thus for a fixed V', after replacing L by a finite extension we can
assume that Homg (V,II(U?)) has a basis of eigenvectors for the action of T(U?)n[1/p].

Let ¢ € Homg (V,II(U?)) be such an eigenvector. Then it is enough to show that ¢ is
an eigenvector for the action RY-. via 03 and that the annihilators of ¢ for the two actions
coincide, since then 6 (r) —62(r) will kill ¢ for all r € R{y ;.

Let x € m-Spec Ry:[1/p] be the kernel for the action Ri;:[1/p] on ¢ via 6;. Then
by unravelling the definition of 61, we get that = corresponds to the pseudocharacter
tr(pflGy, ), where py is the Galois representation attached to the automorphic form
f, corresponding to the Hecke eigenvalues given by the action of T(UP)w[1/p] on ¢.
Moreover, by the same argument as in the proof of Proposition 5.4, p¢|a . is potentially
semistable with Hodge—-Tate weights (1+a, —a). As in the proof of Proposition 5.4, the
G-subrepresentation of II(UP) generated by the image of ¢ is of the form ¥ ® V,,, where
V¥ is an irreducible smooth representation with Hom g (Vim, ) # 0. The theory of types
(see [24]) implies that ¥ = (Ind$Gey @ s - |~ )sm, where 1,15 : Q) — L* are smooth
characters, such that if Vi, = 7 then ¢1|pr =(a, 1/)2|Z; =a !, and if Vi, = 7®nodet
then ¢1|Z§ = Cam, 1/12|Z; = o~ !n. Hence Pf‘Gpp is potentially crystalline. Moreover, ¥
determines the Weil-Deligne representation associated to Pf|GFp via the classical local
Langlands correspondence.
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The universal unitary completion of ¥ ® Vi, is absolutely irreducible, by [5, 5.3.4] and
(8, 2.2.1], and will coincide with the closure of ¥ ® V,i, in II(U?), which we denote by II.
The action of Rf;:[1/p] on II(U®) via 6y preserves II, since it acts as the centre of the
category. Schur’s lemma implies that the annihilator of II is a maximal ideal of Ri[1/p],
which we denote by y. Note that we have shown that the action of R :[1/p] via 69
preserves ¢ and the annihilator is equal to y. So we have to show that z =y.

If TI is nonordinary, then r := V(II) is an absolutely irreducible two-dimensional
potentially crystalline representation of G, lifting 7, and it follows from [37, Proposition
11.3] that y corresponds to trr. The compatibility of p-adic and classical Langlands
correspondences, proved by Colmez in [13], implies that r and Pf‘Gpp have the same
Weil-Deligne representations. Moreover, the Hodge—Tate weights of r are determined by
Vaig and are equal to those of py. Since the Hodge-Tate weights of r and py|a F, A€ equal,
it follows from [14, §4.5] that r = ps|c,, and so z =y.

If 1T is ordinary, then V(IT) is one-dimensional, and we denote the character by ¢. It
follows from [37, Corollaries 8.15 and 9.37, Proposition 10.107] that y corresponds to
the pseudocharacter § @5~ 1¢e~!. Since V¥ is irreducible, we can assume that val(y; (p)) >
val(2(p)), since interchanging the characters will give an isomorphic representation. Then
it follows from [37, Lemma 12.5] that II is isomorphic to a parabolic induction of a unitary
character v; ® 72, such that y1(z) = ¢1(x)z™, 2(x) = Pa(2)]x| 2 for all 2 € QF. It
follows from the definition of V that V(II) 2 vy~ !, so that § @5 (e~ =y @ e,
where for ease of notation we use local class field theory to identify characters of Gg,
with unitary characters of Q. Note that to match the conventions of [11] we twist the
definition of V in [37, §5.7] by the inverse of the cyclotomic character. The cyclotomic
character ¢ corresponds to the character x — z|z| via local class field theory. We have
that y1e=1 = 91| %%~ is crystalline with Hodge-Tate weight a + 1 and Weil-Deligne
representation 1 |- |~!; similarly, v, is crystalline with Hodge-Tate weight —a and Weil—
Deligne representation equal to ¢s|-|~'. The Weil-Deligne representation attached to py is
the Weil-Deligne representation attached to ¥ by the classical Langlands correspondence,
which is equal to 11|-| 7t @ |- |7, see the calculation in the proof of Proposition 2.9 in
[11]. It follows from [14, §4.5] that r and pf|c,, have the same semisimplification. Hence
T =y. O

Corollary 5.6. The two actions of Riyy on Sy(UP,L/O)m and Sy x(U?,L/O)w via 6,
and 0y coincide.

Proof. If x: (A{,) X /F* — O* is a continuous character trivial on UP N (A’;) * and trivial
modulo w, then the map f — [g— f(g)x(det(g))] induces an isomorphism of T(UP)n[G]-
modules

Sy(UP,L)O)® x odet — Sy2(UP,L]O).

This induces an isomorphism between the G-endomorphism rings

@ : Endg(Sy(UP,L]/O)) = Endg (S (UP,L/O)).
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Moreover, for i = 1,2 we have ¢o6; = 6; otw,, where tw, is the automorphism of Rp:-
obtained by sending a deformation to its twist by x. Thus if the assertion for v is proved,
we can deduce the assertion for Py ? for all x as before. B
Let ¥ be the reduction of ¥ modulo w and let [¢)] be the Teichmiiller lift of v; then the
character ¥~ 1[1)] takes values in 1+ p and thus we can take its square root by the usual
binomial formula. If x := /9 ~1[¢], then 1x? = [}] has order prime to p. Proposition 5.5
P
implies that for all open pro-p subgroups V;P of U}, the two actions on Sp(UP,L/ (9)“‘:‘”
coincide. By passing to the direct limit we obtain that the two actions on Siz (U?,L/O)
O

coincide, and by twisting we obtain the same result with ¢ instead of [¢].

Corollary 5.7. Let x € m-SpecT(UP)n[1/p] be such that the restriction of the corre-
sponding Galois representation p, : Gr,s — GLa(k(x)) to Gp, is irreducible. Then there
s an isomorphism of L-Banach space representations of G,

(S, (UP,0)®0 L)[m,] = 1T" (28)
for some integer n >0, where Il € Ban%dm(L) corresponds to pm|GFp via the p-adic local
Langlands correspondence for GL2(Qp).

Proof. Let y: Ri;; — L be the homomorphism corresponding to tr(p|cy, ). It follows
from [37, Corollaries 6.8, 8.14 and 9.36, Proposition 10.107] that (28) holds for any
Il € Ban™ (L) of finite length on which RP®. acts as the centre of the category
via y. Corollary 5.6 and Lemma 5.8 imply that we can apply this observation to
II' = (Sy A (UP,0) @0 L)[mg]. O
Lemma 5.8. Let R, act on 7 € Modg™(O)ses as the centre of the category
Modg? ™ (O)pes. If the G-socle of T is of finite length, then k®@pes TV is of finite
length in €(O). In particular, the assertion holds for any admissible representation T
in Modg2 ™ (O) pes.

Proof. There are only finitely many isomorphism classes of irreducible objects in Bss.
Let m1,...,m be a set of representatives. For each i, let m; < J; be an injective envelope
of m; in Modi# ™ (O). Dually, let P; :=J) so that P; — 1) is a projective envelope of

7Y in €(O). Since the category Modg™ (O) s is locally finite, we can embed 7 into an

(]
injective envelope of its G-socle which is isomorphic to a direct sum of finitely many copies
of J;. This implies that dually there is a surjection @lePi@mi — 7V, where m; are finite
multiplicities. Thus it is enough to prove the statement for = J;, 1 <i < k. It follows from
[37, Lemma 3.3] that k®@pges P; is of finite length if and only if Home (o) (P),k®ges ;) is
a finite-dimensional k-vector space for 1 < j < k. Since P; is projective, the natural map

k @ Rpe Homg (o) (Pj, P)— Homg ) (Pj,k QRps_ P)

is an isomorphism. Thus it is enough to show that Home (o) (P;, P;) is a finitely generated
RY’.-module for 1 < 4,5 < k. This assertion follows from [37, Proposition 6.3 and

trr
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Corollary 8.11 in conjunction with Proposition B.26, Corollaries 9.25 and 9.27 and
Lemma 10.90]. O

Lemma 5.9. Let 7 € Modif Y™ (O) and suppose that we are given a faithful action
on T of a local RY --algebra R with residue field k via R < Endg(7). Assume that the

trr
composition RE'. — R — Endg(7) coincides with the action of Ri'- on T as the centre of

trr

category ModL: adm( rss. If the G-socle of T is of finite length, then R is finite over RE:-.
Proof. Let P; be as in the proof of Lemma 5.8 and let P =@®]._; P;. Then P is a projective
generator for the category €(O)z, and thus R acts faithfully on m := Homg (o) (P,7").
The proof of Lemma 5.8 shows that m ®@ges k is a finite-dimensional k-vector space.
Since m is a compact Rp;.-module, we deduce that m is finitely generated over Ri;.
and hence also over R. If vy,...,v, are generators of m as an R-module, then the map
7+ (rvy,...,rv,) induces an embeddmg of R-modules R < m®". Since R}, is Noetherian,
we deduce that R is a finitely generated R};.-module. O
Lemma 5.10. Let J be an injective envelope of an irreducible representation in
Mody adm(lc). Then J does not admit an admissible quotient.

Proof. The action of RY;. on J as the centre of the category factors through the quotient

RP*¥ /e, If o is a smooth irreducible representation of K, then Hompg (o,.J)" is either
zero or a finitely generated Cohen—Macaulay module of Rfrsfw /@ of dimension 1; in most
cases this follows from [39, Theorem 5.2], since it implies that the element denoted by
x in that theorem is a regular parameter. The rest of the cases are handled in [26,
Proposition 3.9] by a similar argument. It is proved in [37, Proposition 5.16] that J is
injective in Modg'c (k). Since restriction is right adjoint to compact induction, which is
an exact functor, we deduce that J is injective in Modj (k). Thus if o € Mod (k) is of
finite length, then Homg (o,J)Y is either zero or a successive extension of 1-dimensional
Cohen—Macaulay modules corresponding to the irreducible subquotients ¢’ of o for which
Hom (0/,J) is nonzero. Hence if Homg (c,.J)V is nonzero, then it is Cohen-Macaulay of
dimension 1. Note that by taking o = Indﬁn( znk)G, where K, is the nth congruence
subgroup of K, (J%=)V is Cohen-Macaulay of dimension 1.

If 7 is a quotient of .J, then we can choose n > 1 such that the map J%» — 7%= is nonzero.
By taking Pontryagin duals, we obtain a nonzero map of Rf:.-modules (757)Y — (JK=»)V.
If 7 is admissible, then 75 is a finite-dimensional k-vector space, and hence (J%») will
contain a nonzero submodule killed by the maximal ideal of RE’.. This is not possible, as
(JEn)V is Cohen—Macaulay of dimension 1. O

Proposition 5.11. Let 7 and R — Endg(7) be as in Lemma 5.9. Assume that 7 is killed
by w and has a central character. If T is admissible, then the Krull dimension of R is
less than or equal to 2.

Proof. Since 7 is admissible, its G-socle is of finite length. Lemma 5.9 implies that R

is a finite R{,-module. Since we are interested only in the Krull dimension, we can
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assume that R is the image of RYy. in Endg(7). Since 7 has a central character, the
map RFS. — Endg(7) factors through the quotient RPS. — RP%Y . which parameterises
pseudocharacters with a fixed determinant. Since @ kills 7, we get a surjection RP%Y /o —
R. Now RP%Y /w is an integral domain of Krull dimension 3 (see [37, §A]), so we have to

show that RP¥ /o does not act faithfully on 7.

trr
Let 71,...,m be as in the proof of Lemma 5.8, but let m; — J; now denote an injective
envelope of m; in Modlc'f‘gm(k), so that the rest of the proof works with a fixed central
character. Let P := @k P, where P, :=J, and let E = Endg(i)(P). Then P is a
projective generator of €¢(k)z, and if we let m := Homg,) (P,7V), then evaluation

induces a natural isomorphism m®g P —» r¥. Thus it is enough to show that Rfrs’fw /@

does not act faithfully on m.

The action of RP¥ /e on m is faithful if and only if m® rre, @ is nonzero, where Q

is the quotient field of Rff;w /w. Let us assume that this is the case. After replacing
m by a subquotient, we can assume that m is a cyclic F-module and the map m —
m®pges () is injective. We claim that the algebra E®prs @ is semisimple. Granting the
claim, we deduce that the surjection £®pgrs ) - m®pes @ has a section of E®@pes Q-
modules. By composing it with the injection m <> m ®ges (), we obtain an injection
m — E®pges ) of E-modules. Since m is finitely generated over E, we can multiply this

embedding by an element of RP%Y to obtain an injection of E-modules m < E. Since P is

a projective generator for the block, applying ®g P gives an injection 7V < P and dually
a surjection J — 7. Thus one of the J;’s admits an admissible quotient contradicting
Lemma 5.10.

To prove the claim, observe that if 7 does not have scalar semisimplification,
then £ ®@pes () is a matrix algebra over Q. If 7 is irreducible, then this follows
from [37, Proposition 6.3]; if 7 is reducible generic, then it follows from [37,
Corollary 8.11] together with [41, Propositions 4.3, 3.12]; and if 7 = x & yw,
then it follows from the explicit description of the endomorphism ring of a

projective generator of €:(O)zs given after [37, Corollary 10.94]: both generators
RPS:¥ RPSY

g bor /o and hence

co and c¢; of the reducible locus in are nonzero in

in Q.

Let us assume that 7 has scalar semisimplification. After twisting, we can assume that
¢ is trivial and use [37, Corollary 9.27] to identify E with the ring opposite to R/w,
where R is the ring defined in [37, Equation (125)]. Then Rff#’ gets identified with the
subring denoted by O[[t1,t2,t3]] in [37]. Let C be the finite Rff}jw—algebra defined in [37,
Definition 9.7], let « be a generic point of C®Rtpj§ Q@ and let x(x) be its residue field. We
claim that E® pre_ k() =2 My(k(x)). The proof of [37, Lemma 9.20] shows that the element
denoted by (uv —vu)(uv —vu)* is nonzero in ). The proof of [37, Lemma 9.21] goes on
to show that the specialisation at x of the representation p: E— M3(C'), constructed in
[37, Proposition 9.8], is absolutely irreducible over x(z). The double centraliser theorem
implies that the map E'® gps k(x) = Ma(k(x)) is surjective. Since the algebra E@pge:. k(x)

is 4-dimensional as a k(x)-vector space (see [37, Lemma 9.18]), we obtain the claim. O
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Remark 5.12. A different proof of Proposition 5.11 could be given using [26, Proposi-
tion 5.6].

Corollary 5.13. Let 7 and R — Endg(7) be as in Lemma 5.9. Assume that T has a
central character and is w-divisible (equivalently, TV is w-torsion free). Then the Krull
dimension of R is at most 3.

Proof. Since 7V is w-torsion free, we have an exact sequence 0 — 7V 5 7V — 7V /o — 0.
Let P be the projective generator of €.(O)s= as in the proof of Proposition 5.11. We
have an exact sequence of R-modules

0— Hom¢(o)(P,Tv) = Homg(o)(P,TV) — Homg () (P, 7V /@) — 0.

As explained in the proof of Lemma 5.9, Homg(o)(P,7") is a finitely generated faithful
R-module. If we let R be the quotient of R which acts faithfully on Home ey (P,7"/w),
then its Krull dimension is equal to the dimension of the support of Home(o)(P,7" /@) in
Spec R, which is one less than the dimension of the support of HomQ(O)(P,TV) in Spec R,
as w is regular on the module, and thus is equal to dim R — 1, as the action of R on
Home oy (P,7") is faithful.

It follows from Proposition 5.11 applied to R and 7[w] that the Krull dimension of R
is at most 2, and thus the Krull dimension of R is at most 3. O

Corollary 5.14. The image of T(UP)y in EndgE™ (Sy. A (UP,0)w) is a finite RY>--algebra
of Krull dimension at most 3.

Proof. This follows from Lemma 5.9 and Corollary 5.13 applied to 7= Sy »(U?,L/O)m.
O

Remark 5.15. The proof of Corollary 5.14 goes back to the Workshop on Galois
Representations and Automorphic Forms at Princeton in 2011, and was motivated
by discussions with Matthew Emerton there. It remained unpublished, since after we
communicated the result to Frank Calegari [42], he and Patrick Allen proved much more
general results concerning the finiteness of global deformation rings over local deformation
rings [1]. However, one advantage of our argument is that we do not have to assume
anything about the image of the global Galois representation p.

Lemma 5.16. If 7 € Modlc‘fgm(O) is irreducible and not a character, then
5(9[[[(]] (7Tv) =1.

Proof. This follows from the proof of [43, Corollary 7.5]. Alternatively, one can use [29,
Propositions 5.4, 5.7, Theorem 5.13]. However, the proof dearest to my heart is to show
that dim7%» grows as Cp", for some constant C, as K,, runs over principal congruence
subgroups of K. If 7 is principal series, then this can be done by hand; the result for special
series can be deduced from this. The most interesting case, when = is supersingular, can
be deduced from the exact sequence in [36, Theorem 6.3]. We sketch the argument using
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the notation of that theorem. Indeed, using the exact sequence, it is enough to estimate
the growth of dim M ¥~ [36, Lemma 4.10] implies that it is enough to estimate the growth
of dim M and dim M. By [36, Proposition 4.7], the restrictions of M, and M to
Ny := (é le) are isomorphic to the space of smooth functions from Ny to k. This implies
that

: KnNNo _ i Kn.NNo _
dim M, = dim M =p".

This gives an upper bound on the growth of K,-invariants, which has to be of the right
order, since both M, and Mjs are infinite-dimensional k-vector spaces.

Yet another alternative is to use results of Morra [33], who actually computes the
dimensions dim7/», where I,, is a certain filtration of Iwahori subgroups by open normal
subgroups. O

Proposition 5.17. Let R be the image of T(UP)y — Endi™ (Sy »(UP,O)w). Then there
is a subring A C R, such that A= Ol[z,y]], R is finite over A and Sy \(U?,0)% is a flat
A-module.

Proof. Lemmas 5.1 and 5.3 and (27) imply that Sy, \(UP,0)% is projective in Mod}%(O)
and finitely generated over O[[K]]. Thus Sy \(U?,0)% /w is isomorphic as an O[[K1]]-
module to a finite direct sum of copies of k[[K1/Z1]], where Z; is the centre of K. This
implies that Sy \(UP,0)% is a Cohen-Macaulay O[[K;]]-module of dimension 4. The
fibre F :=k®g Sy A(UP,0)4 is a quotient of k®@pgrs Sy »(UP,0)q. Corollary 5.6 and
Lemma 5.8 imply that F is of finite length as a G-representation. Lemma 5.16 implies
that the fibre has dimension less than or equal to one. If it is zero, then all irreducible
subquotients of F are characters, and by looking at the graded pieces of the m-adic
filtration on Sy (UP,0)%, where m is the maximal ideal of R, we can deduce that all the
irreducible subquotients of Sy, (UP,0)4 are characters. Since the central character is fixed
and p > 2, there are no nontrivial extensions between 1-dimensional G-representations
over k. This would imply that SL2(Q,) acts trivially on Sy, »(UP,0)%, which is impossible,
since it would imply that SLy(Z,) acts trivially on a projective object in Mody - (O).
Hence, the dimension of the fibre is 1. It follows from Corollary 5.14 that the Krull
dimension of R is at most 3. The assertion follows from Corollary 4.2. O

6. Main result

Keep the notation of the previous section. Let D be the quaternion algebra over F', which
is ramified at p and split at corp and has the same ramification behaviour as Dy at all
the other places. Fix an isomorphism

Do@p ARTF 2 Dep ARTF.
This allows us to view the subgroup U of (Do ®p A?)X, considered in the previous
section, as a subgroup of (D ®p A{,)X. Let Dy, :== D®pF F,. Then D, is the nonsplit

quaternion algebra over Fy, =Q,. Let U, = O[X)p and U =U,UP. If K is an open subgroup
of U :=U,UP, then let X (K) be the corresponding Shimura curve for D/F' defined over
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F. Let

H'(UP,L/O) :=lim Hiy (X (K UP )3, L/ O),
Ky

where the limit is taken over open subgroups of U,. [47, Theorem 6.2] gives an
isomorphism of Gg, x DpX -representations:

SYS(U*,L/O)) = H(U?,L]O), (29)

where S° is the functor 7~ HZ (P!, F,). Let v be a finite place of F' different from p and
let g, € (Do ®p F,)*. We view g, also as an element of (D®p F,,)* using the identification
above. Multiplication with g, induces an isomorphism S(U?,L/O) = S(g, 'U?g,,L/O). It
follows from the identifications explained at the end of the proof of [47, Proposition 6.5]
that the following diagram of G, x Dy -representations commutes:

S(SWP,L)0)) L Si(8 (g7 UP gy, L] O))

(zg)l: (29)i2

HY(UP,L)O) —"— Hi(g,UPg;",L/O).

Thus, if we let

H'(U?,L/O) :=lim H, (X (K,U”)5, L/ O),
KI’

where the limit is taken over open subgroups of U,, then we deduce that (29) induces an
isomorphism of T [Gg, x (D ®g Q,)*]-modules:

SY(S(UP,L)O)) = H(UP,L/O). (30)

Let p: Gp,s — GLa(k) be an absolutely irreducible representation as in the previous
section, and let m be the corresponding maximal ideal in Tg“i". Let

ri= ﬁ|GFp

and recall the assumption that F, = Q,. It follows from in [47, Corollary 7.5] that (30)
induces an isomorphism of T(U?)w[Gg, X (D ®qQ,)*]-modules:

SYS(UP,L/O)w) = HY(UP,L/O). (31)

Lemma 6.1. Let A be a continuous representation of U} on a finite free O-module and
let I be an ideal of T(UP)w. Then (31) induces an injection

S' (Homyy (A, S(UP, L/ O)w1]) C Homyy (A H' (UP, L/ O)w)[1], (32)

such that the subgroup of ng of elements of reduced norm 1 acts trivially on the cokernel.
Moreover, if the semisimplification of 7 is not of the form x @ xw, then the cokernel is
zero.
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Proof. If X is the trivial representation, then the first assertion is [47, Proposition 7.7].
The assertion for general A follows from this by presenting A as an O[[U}]]-module and
arguing as in (23) and (24).

If (32) is not an isomorphism, then it follows from the proof of [47, Proposition 7.7] that
(after UP is replaced with an open subgroup) there is a subquotient of S(U?,L/O)y with
nonzero SLy(Q,)-invariants. Since this representation is locally admissible, we deduce that
Sy(UP,L/O)y has a subquotient with nonzero SLo(Q))-invariants, for some character
P (Aé) X /F* — O*. Proposition 5.4 implies that the block corresponding to 7* contains
a character. Thus we are in the setting of [37, §10], and so 7 2 y @ xw. O

Let ¢ : (Al’;)x /F* — O* be a continuous character such that 4 is trivial of (A?) *NUP.
To ease the notation, we will use the same symbol to denote the restriction of ¥ to
the intersection of (A{;)X with various subgroups of (D ®p A{;)X, with the exception of
¢:=| R We will also view 1 as a character of G g via the class field theory and denote
by the same letter its restriction to various decomposition groups.

Let ﬁi(Up,L/(’)) be the maximal submodule of H'(U?,L/O) on which (Alfp)>< acts
by the character 1). By Chebotarev’s density theorem, this coincides with the common
eigenspace of all Hecke operators S, for the eigenvalue ¢ (Frob,).

If A is a continuous representation of U]},J on a finite free O-module with central character
1, then let

H}, \(UP,L/O)y := Homyp (A HY,(UP,L/O) ).
Lemma 6.2. The map (31) induces isomorphisms of T(UP)m[Gq, x Dy'|-modules
8" (S (U, L/O)m) = Hy A(U?,L/O)m (33)
and of T(UP)n[Gg, x (D &g Qp)*]-modules
SY(Sy(UP,L/0)) = HL(U?,L/O). (34)

Proof. It follows from [34, Proposition 5.6] that ﬁi(U”,L/O)m is injective in the category
Mod7;” ,,(O). Arguing as in the proof of Lemma 5.2, we obtain that ﬁi}A(U",L/O)m is

injective in Mo ?}EC(O) Hence, if H is an open pro-p subgroup of

Dyt i={g€ D} :Nrd(g) =1}

which intersects the centre of D, trivially, then (f[iJ\(URL/O)m)V is a free O[[H]]-
module of finite rank. Since Dl[,X is a p-adic analytic group, we can choose H to be torsion
free, in which case O[[H]] is an integral domain and thus does not contain a nonzero
O-submodule on which H acts trivially. Thus, the cokernel of (31), applied with I equal
to the ideal generated by S, — 1 (Frob,) for all v & S, is zero, and we get (33). The last
isomorphism follows from (33) using (25). O
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Arguing as in [18, Lemma 5.3.8], we obtain isomorphisms
(H}(U?,L/O)m)"? [@"] = H|(X(UPK,),0/%" ), (35)
(H(U,L/O)n) "+ [=") = H} (U K},O /5" ). (36)
Thus if we let
HY(U?,0) = lim H,(U?,0/w" )m, H\(UP,0)m :=1im H}, ,(U?,0/7" ),

then these are O-torsion free, and by inverting p we obtain admissible unitary Banach
space representations of (D ®gQ,)* and fo, respectively. Moreover, we have natural
homeomorphisms of O-modules

(H}(UP,0)m)* = (H(UP,L/O)w)",  (Hy\(UP,0)m)* = (H}, \ (U, L/O)m)".  (37)
In the following, to ease the notation we will omit the outer brackets in the duals.
Proposition 6.3. There is an isomorphism of T(UP)n[Gq, X Dpx]—modules
8 (Sy A (U, 0)) = Hj \(UP,O).

Proof. This follows from the definition of the functor S', together with (33) and (37). O

Proposition 6.4. I;f}p(Up,O)ffl is a finitely generated O[[Up]]-module which is projective
in Modg;”,(O). I/{T}b,/\(U‘“,(ﬂ)“f1 is a finitely generated O[[U,]]-module which is projective
in Mod})fp()’c(O).

Proof. The projectivity and finite generation follow from (i?), together with the
injectivity and admissibility statements for Hl})(Up,L/O)m and Hi»\(U”,L/(’))m already
explained. O

Assume that ¢ and p are such that Sy (U?,L/O)w # 0 (see Lemma 5.3). After twisting
by a character, we can assume that the restriction of ¢ to (A{;) *NUp is a locally algebraic
character.

Theorem 6.5. The functor S' is not identically zero on Modg ™ (O)pes.

Proof. Let ¢ be such that Sy (UP,L/O)y, is nonzero and the restriction of ¢ to (A?)X N
U, is a locally algebraic character. We can write ¥ = 1sm¥als, Where 1)y, is a smooth
character of (AJI;)>< NU, and 1,14 is the restriction to (A’;)X NU, of the central character
of an irreducible algebraic representation W), evaluated at L of the algebraic group
(Res(g D{) ®q L, where Res denotes the restriction of scalars.

Since Sy (UP,L/O)n is an object of Modg™(O)yss by Proposition 5.4, using (34) it
is enough to check that I/{Tq})(U P L/O)m is nonzero, and (37) implies that it is enough to
check that ﬁi(Up,O)m is nonzero. The locally algebraic vectors in the Banach spaces

f[l})(Up,O)m ®o L and Sy(UP,0)n ®o L are related to classical automorphic forms on
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D* and D¢, respectively (see [19, §3] and [34, Theorem 5.3]). The assumption that
Sy(UP,L/O)m # 0 implies that Sy (U?,0)m ®o L is nonzero, and if V, is an open pro-
p subgroup of of U,, then it follows from Lemma 5.3 that Sy(UP,0)n Q@0 L as a V,-
representation is isomorphic to a finite direct sum of copies of Cy(V},,L) in the notation
of Section 5. Thus if 7y is a representation of V}, on a finite-dimensional L-vector space
with the central character ¢, then Homy;, (7, Sy (U?,0)n ®0 L) is nonzero.

We choose V,, of the form V]’ x V},, such that 1gy is trivial on VN (Aé)x and V,, =

1+pm an—l A % . 1+p7na anflb
( P 14pm ), for some m > 1. Let 6 : V,, = L™ be the character which maps ( e 1+pmd)

to a(b+c), where o : Op, /p™~ ! — L* is any nontrivial additive character. Then 6 is
trivial on V, N (A{,)X and is a supercuspidal type, by which we mean that if 7 is a smooth
irreducible representation of GLo(F},) and Homy;, (6,7) # 0, then  is supercuspidal (see
[21, Proposition 3.19] or [47, Proposition 7.1] for a more general setting). Extend 6 to a
character of V,, by mapping VP to 1. If we let  := 6 @ W4 as a representation of V},, then it
has a central character 1) by construction and thus Homy,, (7,9 (UP,0)m ®0 L) is nonzero,
as already explained. An eigenvector for the Hecke operators on this finite-dimensional
vector space will give a classical automorphic form on D{. Since 6 is a supercuspidal
type, the automorphic form will be supercuspidal at p (see the proof of [21, Theorem 5.1]
or the proof of [47, Corollary 7.3]). Since the automorphic form is supercuspidal at p,
we can transfer it to an automorphic form on D* by the classical Jacquet—Langlands
correspondence, which in turn gives a nonzero vector in the locally algebraic vectors of
H}(UP,0)m®0 L. O

Remark 6.6. If 7 is irreducible, then B; consists of one isomorphism class of a
supersingular representation . It follows from Theorem 6.5 that S (m) # 0. This implies
that S'(n') # 0 for any 7’ € Mod4™(0)s.

From now on, assume that 7% = x1 & x2, with X1X2_1 #w*!. Let 7y, 75 be the principal
series representations defined in (10). Proposition 3.5 implies that at least one of S*(7))
and S'(7y) is nonzero.

For a finitely generated O[[U,]]-module M, abbreviate 0(M) := doyp,1)(M). If B is an
admissible unitary Banach space representation of D, then we choose an open bounded
Dy -invariant lattice © in B and an open uniform pro-p group K of D;‘. Then 0®o L
is a finitely generated module over the Auslander regular ring O[[K]]®o L. Let 6(B) be
the dimension of ©¢ ®e L over O[[K]]®o L and note that it is equal to dojxy(09) — 1.
We will sometimes refer to §(M) and §(B) as the d-dimension.

Proposition 6.7. The mazimum of 6(S*(ry)) and 6(S'(ny)) is equal to 1.

Proof. Let A be the ring in Proposition 5.17 and let K be an open uniform pro-p subgroup
of D, . It follows from Propositions 3.7 and 6.3 that H1/1)7>\(U’f’7(9),‘f1 is A-flat. Since it is

nonzero, the fibre F :=k®4 Ef}%/\(U*’,O),‘ﬁ is also nonzero, and (17) implies that its
d-dimension is equal to 5(ﬁi7A(UP7O)ﬁ1) — 3. It follows from Proposition 6.4 that the J-

dimension of H }ﬂ L (UP,0)4 is equal to 4 (see the argument in the proof of the analogous
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statement for Sy \(UP,0)¢ in Proposition 5.17). Hence the §-dimension of the fibre is
equal to 1.

As explained in the proof of Proposition 5.17, the fibre k® 4 S@[,J\(U’“,O)g1 is of finite
length in €(O)s and all irreducible subquotients are isomorphic to either ) or 7.
Moreover, both 7y and 73 occur as subquotients. Since S! is exact, by Corollary 3.2 we
deduce that F has a filtration of finite length with graded pieces isomorphic to either
S'(mY) or S'(ny), which implies the assertion. O

Corollary 6.8. Let r: Gg, — GLa(L) be a continuous representation with detr = et

adm

and 7% = x1® x2. Let II € Ban& ™ (L) correspond to r via the p-adic local Langlands
correspondence for GLg(Q,). Then SY(IT) #0 and §(S'(IT)) = 1.

Proof. Let © be an open bounded G-invariant lattice in II. Then (O ®p k)% = m @ w2
(see [37, §11]). We can assume that © ®o k is an extension of m; by m2. Then S'(0%/w)
is an extension of S'(my) by S(7y). Proposition 6.7 implies that §(S*(0¢/w)) = 1.
Proposition 3.7 applied with A = O implies that S*(©%) is O-torsion free and §(S*(04))
5(81(©/w))+1 =2. Hence, §(S'(IT)) = 1.

o

Lemma 6.9. Let B be an admissible unitary Dy -representation. Then B is a finite
dimensional L-vector space if and only if its §-dimension is 0.

Proof. Let K be an open uniform pro-p subgroup of D, and let © be an open bounded
Dy -invariant lattice in B. Then

5(B)=06(0%) -1=6(0%/w),
and the assertion follows from Lemma 4.3. O

Corollary 6.10. IfII is as in Corollary 6.8, then S*(IT) is of finite length in the category
of admissible unitary L-Banach space representations of Dy if and only if it has finitely
many irreducible subquotients which are finite-dimensional as L-vector spaces.

Proof. Since S! (TI) is admissible, it has an irreducible subrepresentation, which we
denote by By (see [35, Lemma 5.8]). If S'(IT) is not of finite length, then by repeating
the argument we obtain an ascending chain of Banach space subrepresentations {B;};>¢
such that By =0 and the quotients B;;1/B; for i > 0 are irreducible. Let K be a compact
open subgroup of D; without torsion. Then M; := (S'(II)/B;)? for i > 0 is a descending
chain of finitely generated modules over a Noetherian Auslander regular ring O[[K]]®o L.
According to [30, Theorem 4.2], there is ny such that

O(M;/Miy1) <6(Mpy)—1=0, Vi>no,

where the last equality follows from Corollary 6.8. Lemma 6.9 implies that the quotients
B;+1/B; for i > ng are finite-dimensional L-vector spaces. This contradicts the assumption
that there are only finitely many such subquotients. O
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Theorem 6.11. Let x € m-SpecT(UP)w[1/p] be such that the restriction of the cor-
responding Galois representation p, : Gp,s — GLa(k(z)) to Gp, is irreducible. Then
(ﬁi)A(UP,O)m®@ L)[my] is nonzero if and only if (Sy A(UP,0)m ®0 L)[mg] is nonzero.

In this case, there is an isomorphism of admissible unitary r(x)-Banach space
representations of Gp, x Dy’ :

(H), \(UP,0)m @0 L)[m,] = S (D)7, (38)
where 11 is the absolutely irreducible k(x)-Banach space representation corresponding to
Px‘Gpv via the p-adic local Langlands correspondence for GL2(Qy). In particular, the 6-

dimension of (ﬁi}’)\(U”,O)m@o L)[m,] is 1.

Proof. The assumption on 7 implies that (32) is an isomorphism. It follows from
Proposition 6.3 that

S'(SyA(UP,0)m @0 L)[my]) = (H} ,(UP,0)m ©o L)[m,],

as G, x Dy -representations. The isomorphism (38) is obtained by applying S' to (28).
The assertion about the dimension follows from Corollary 6.8. O

Remark 6.12. Since m, contains the ideal generated by S, — 1 (Frob,) for all v € S,
Theorem 6.11 implies Theorem 1.4.

Proposition 6.13. A unitary D, -representation B on a finite-dimensional L-vector
space with a central character is semisimple. Moreover,

B = (PP Sym™ L @ det” @7; @1;j o Nrd,

i=1 j=1

where a; € Z>o, b; € Z, 75 is irreducible smooth and n;; :Q; — O* is a character. If
the central character (g is locally algebraic, then we can take n;; to be either trivial or
nij(x) = \/pr(x|z|), where pr:Z) — 1+ pZ, denotes the projection.

Proof. We closely follow the proof of [45, Proposition 3.2]. Note first that any continuous
action of a p-adic analytic group on a finite-dimensional L-vector space is automatically
locally analytic, and hence induces an action of the universal enveloping algebra of its Lie
algebra. Let D,OX’1 ={g € D, :Nrd(g) =1} and let b be its Lie algebra. The Lie algebra
of D, is just Dy. Assume L to be sufficiently large, so that D, splits over L. Thus we
have an isomorphism of L-Lie algebras h®q, L = slz. This induces an isomorphism of
enveloping algebras U(h) ®q, L = U (slz) and an embedding Dt < SLy(L). Let J be the
kernel of the map U(slz) — Endz(B). Since B is a finite-dimensional L-vector space, the
codimension of J is finite, and as explained in the proof of [45, Proposition 3.2], the algebra
U(slz)/J is semisimple, and evaluation induces an isomorphism of U (sl)-modules:

P Sym” L? @ Homy (a1, (Sym® L2, B) —> B. (39)

a>0
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We can upgrade this isomorphism to an isomorphism of DX -representations as
follows. Let Dy ' act on Sym®L? via the embedding D,° '3 SLy(L) defined ear-
lier and on HomL(Sym L?B) by conjugation. Since HomL(Sym L?B) is a finite-
dimensional L-vector space, the corresponding representation is locally analytic. It
follows from [45, Proposition 2.1] that the smooth vectors for this action are equal to
Homy (51, (Sym* L?B), which makes it into a smooth representation of Dpx’l. If we put
the diagonal action of Dpx’1 on Sym“®L?®p, Homyy(s(,) (Sym* L?B), then the evaluation
map is DpX "L_equivariant and hence the same holds for (39). Since DpX L is a compact group,
the category of smooth representations on L-vector spaces is semisimple. Moreover, if 7
is an irreducible smooth representation of DpX ’1, then Sym® L2 ® 7 is irreducible by [45,
Proposition 3.4]. Thus we have shown that the restriction of B to DX’1 is semisimple.
Since the centre F,* acts by a central character by assumption, the restrlctron of B to
DX 1FX is semisimple. Since DX 1FX is of finite index in Dy, this implies that B is a
Sernlslrnple representation of Dy
Assume that B is absolutely irreducible, and let a be such that

Homys(sr,) (Sym® L?,B) # 0.

Let pr: O* — 1+p denote the projection to the principal units. We use the same symbol
for Z) — 1+ pZ,. Since p > 2, we can define a continuous square root on 1+4p by the

ubual binomial formula. Let n: Q, — O be the character n(x =/pr(¢s(z))Lpr(z|z|)®,
where (g is the central character of B. Then the restriction of the central character of
B®noNrd to 1+pZ, is equal to x — x® If H is an open subgroup of Dpx’l, then
(1+pZy)H is an open subgroup of D, and so their Lie algebras will coincide. Hence,
Homgy(g1,) (Sym” L?,B®@noNrd) # 0, and arguing as before, we conclude that B&noNrd =2
Sym® L? @ T, where 7 is a smooth irreducible representation of Dy

If ¢ is locally algebraic, then (g(z) = 2°(sm () for all z € Q,f, where (4 is a smooth
character. After possibly twisting B by the character z +— /z|x| (or its inverse), we can
assume that a —c is even. Then Homy(gy,)(Sym* L2 @det? ,B) # 0, where a — ¢ = 2b, and
we can conclude as before. O

Remark 6.14. The characters appearing in Proposition 6.13 are not uniquely deter-
mined, since we can write the character det® as a product of a unitary character pr(det®)
and a smooth character (det® pr(det®)~1).

We say that an irreducible component of a potentially semistable deformation ring is
of discrete series type if the closed points in the generic fibre corresponding to Galois
representations, which do not become crystalline after restricting to the Galois group of
an abelian extension, are Zariski dense in that component.

Proposition 6.15. Assume the setup of Theorem 06.11. Let SI(H)l'alg be the subset of

Dpx’l—locally algebraic vectors in Sl(H), where Dpx’1 is the subgroup of Dy of elements
with reduced norm equal to 1. Then Sl(H)l‘f"lg is a finite-dimensional L-vector space.
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Moreover, if Sl(H)l'alg is monzero, then a twist of pJE|GFp by a character defines a point
lying on an irreducible component of discrete series type of some potentially semistable
deformation ring of T.

Proof. After twisting by a character x : (1M,C‘ﬂ)x/FX — 1+4p, which is trivial on UP N
(Af;)x7 we can assume that the restriction of ¥ to (A?)X NU, is locally algebraic.
Let 0 := 0a1g ® 04w be an irreducible locally algebraic representation of U, = (’)5p with

central character ¢, where o, = Symb L? ®@det® and og, is smooth. To oy, one can
attach an inertial type 7 : Iy, — GL2(L) such that 7 extends to a representation of the
Weil group Wo,, the kernel of 7 is an open subgroup of Ig, and the following holds: if 7’
is a smooth irreducible representation of Dy, 7 is a smooth irreducible representation of
GL2(Qp) corresponding to 7’ via the classical Jacquet-Langlands correspondence, and
recy(m) is the Weil-Deligne representation corresponding to 7 via the classical local
Langlands correspondence, then Homy, (osm, ') # 0 if and only if recy ()|, = 7 (see
[22, Theorem 3.3]). Note that in that case, either 7 is supercuspidal, 7 extends to an
irreducible representation of Wg, and the monodromy operator of rec, () is zero, or 7 is
special series and the monodromy operator of rec,(w) is nonzero. Moreover, the inertial
type 7 determines ogy, up to conjugation by a uniformiser wp of D.

Let w= (1 —a, —a—b) and let RP(w,7,9) be the framed deformation ring of 7
parameterising potentially semistable lifts of 7 which have Hodge-Tate weights equal
to w, inertial type 7 and determinant ¢e~!. Let R,E’ (w,T,1)% be the closure of closed
points in the generic fibre which do not correspond to crystabelline representations. In
the supercuspidal case, R,g (W,T,’(/J)ds and R,‘::' (w,T,%) coincide. In the special series case,
RI(w,7,4)% is the union of irreducible components of RY(w,7,1) of discrete series
type, and the potentially crystalline locus has codimension 1. Mapping a deformation
to its trace induces a natural map RP*. — RE(w,7,4)%, and we let RP® (w,7,1)% be its
image.

We claim that the action of R{;; on Homy, (J,ﬁi(U”,O)m ®o L) via the homomorphism

trr

RYY: — T(UP)m factors through the quotient RYY (w,T,2)%. It follows from Proposi-

trr trr
tion 6.4 that as a Up-representation, Homy, (o, H}b (UP,0)m ®p L) is isomorphic to a finite
direct sum of copies of the Banach space Cy(U}) of continuous functions f: U} — L, on
which the centre acts by ¢ and U} acts by right translations. Since the action of RY.

is continuous, it is enough to show that it factors through RP:.(w,7,%)% on a dense
subspace. For this, choose an open subgroup V;}' of U} such that the restriction of ¢ to
the centre of VP is algebraic, and let A be an algebraic representation of V' with central
character . The union of A-isotypic subspaces inside Cy(U}) as a KJ-representation
taken over all open subgroups K}; of V;," will be dense, since locally constant functions
are dense in the space of continuous functions. Thus it is enough to prove that the action
of Riy; on Homyypy (A®o, ﬁi(Up,(’))m ®o L) factors through RE:.(w,7,1)% for all open
subgroups K}. It follows from Emerton’s spectral sequence in [19, Corollary 2.2.8] (see

[34, Proposition 5.2]) that we have an isomorphism of T(UP)y-modules:

Homy, (G, H (X (KUp),Viw Y tsn]) = Homyes s, (A@ 0, (U7, 0) @00 L),
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where Vi is a local system on X (K}Uy) corresponding to the algebraic representation
W= (A®0)*, sm = w¢;; and v.e is the central character of A®o. The left-hand
side of the equation is a semisimple T(U?)[1/p]-module, and the eigenvalues correspond
to an automorphic form (see [19, §3]) satisfying local conditions imposed by oy at p,
W at infinite places. The compatibility of local and global Langlands correspondences
implies that if p, is the Galois representation attached to such an automorphic form,
then trp; |G, gives a point in Spec Ry (w,T,2)495. This finishes the proof of the claim.
Fix z € m-Spec T(UP)n[1/p], let y be its image in Spec REr- and assume that

trr
Homy (o1,) (Sym® L2, (H}, 5 (U?,0) @0 L)[m,]) # 0.
It follows from Proposition 6.13 that
Homy, (o ®n0Nrd, (]:L},’/\(U",O) ®o L)[m,]) #0,

where o is as before and 7 is either trivial or \/pr(xcyc). If 1 is trivial, then the claim
implies that y lies in Spec RE(W,T,w)dS. Note that the assumption on 7 implies that any
reducible potentially semistable lift » with Hodge—Tate weights w is crystabelline and its
WD(r) |WQp is a direct sum of distinct characters. Such representations cannot correspond
to points on irreducible components of discrete series type. Hence pm\GFp is irreducible
and thus determined by its trace.

If n is not trivial, then by twisting by its inverse and using the claim again we
deduce that tr(pz|c,, ®n~1) gives a point in m-Spec RZ (w,7,41~2)9[1/p]. Note that the
character ¥n=2 = pr(Xeyc) ! is locally algebraic, but the representation A ®n~!oNrd
is not. That is why we cannot appeal directly to the results of Emerton in this case.
Thus, Px|Gpp determines the integers a and b, the representation o, up to its conjugate
by the uniformiser wp of D, and whether 7 is trivial or not, by comparing whether
the Hodge—Tate weight of det Pac|Gpp has the same parity as the Hodge—Tate weight of
¥|Gp, - This implies that SY(IT)*-#!¢ is isomorphic as a representation of U, to a finite
direct sum of copies of 0 ® noNrd or its conjugate by wp. In particular, SI(H)l'alg is
finite-dimensional. O

Remark 6.16. If FF=Q, then the proof of Proposition 6.15 can be simplified, since after
twisting we can directly appeal to the results of Emerton on locally algebraic vectors in
completed cohomology.

Theorem 6.17. Assume the setup of Theorem 6.11 and the notation of Proposition 6.15.
The quotient S*(I1)/S*(I1)**'8 contains an irreducible closed subrepresentation of §-
dimension 1.

Proof. Since the d-dimension of S*(IT) is 1 by Proposition 6.8 and the §-dimension
of SY(IT)"#¢ is 0 by Proposition 6.15 and Lemma 6.9, the quotient S*(IT)/S*(II)'-2l
is nonzero and has §-dimension 1. Since it is admissible, it will contain an irreducible
subrepresentation B. We have 6(B) < 1. If 6(B) = 1, then we are done; otherwise, 6(B) =0
and so B is a finite-dimensional L-vector space by Lemma 6.9. The extension of S*(IT)'-#8
by B inside Sl(H) is a finite-dimensional L-vector space, and Proposition 6.13 implies
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that the action of DpX L on it is locally algebraic. Since S* (IT) 1212 is the maximal subspace
of S1(IT) with this property, we conclude that B = 0. O
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Addendum Gabriel Dospinescu has pointed out to us that the claim in the proof of
Proposition 6.7 that both 7}’ and 7y occur as subquotients of k® Sy »(UP,0)4 has not
been justified. Contrary to the assertion made in the proof of Proposition 6.7 the proof
of Proposition 5.17 does not contain the proof of the claim. This can be fixed as follows.

Let M := Sy \(UP,0)4. If M ®4 k contains 7y, but not my, then it follows from [37,
Corollary 7.7] that M = (Ind%OrdB(M ¥))Y. This would contradict the projectivity of
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