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SMALL REYNOLDS NUMBER FLOW BETWEEN ECCENTRIC
ROTATING CYLINDERS WITH A PERMEABLE SLEEVE
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Abstract

Two eccentric rotating cylinders together with a permeable membrane surrounding the inner
cylinder are used to model the flow around a modified viscometer. A perturbation method
is used to solve for the flow between the membrane and the outer cylinder; the flow between
the inner rotor and the membrane is assumed to be governed by Stoke’s equation, and the
two flow regimes are coupled by the through-flow across the membrane. For moderate
values of Reynolds number and eccentricity, the permeability of the membrane plays a
negligible role, and the flow through the membrane is found to be eccentricity dependent.
High eccentricities result in the formation of eddies which, upon increasing the Reynolds
number, move in a direction opposite to that of the rotation of the outer bowl.

1. Introduction

The problem outlined in this paper arises from an attempt to model the fluid flow
around a modified viscometer used for slurries that have a tendency to settle. Briefly,
the viscometer consists of a rotor surrounded by a fixed cylinder or sleeve. The sleeve
is either slotted or perforated allowing fluid to flow through from the outside. The
assembly is lowered into an outer bowl, whose rotation ensures the slurry is mixed
continuously, and the slotted or perforated sleeve facilitates the entrainment of the well
mixed slurry onto the surface of the rotor. The rotational speed of the rotor can be
set independently so that the fluids shear rate can be varied continuously from zero to
some chosen maximum whilst the shear stress on the rotor is measured. The plot of the
shear stress against the shear rate produces a rheogram from which the constitutive
relation of the fluid may be deduced. Although this technique appears to offer an
effective means of estimating the rheological properties of settling slurries, there are
still questions regarding the accuracy of the results when parameters (such as rates of
rotation, distribution of perforations on the sleeve, etc) are changed or when vorticies

!Curtin University of Technology, GPO Box U1987, Perth Western Australia 6001, Australia
©) Australian Mathematical Society, 1996, Serial-fee code 0334-2700/96

255

https://doi.org/10.1017/50334270000000643 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000643

256 L. D. Hird and P. F. Siew 2]

are present within the bowl (Overend er al. [4]). The properties of some slurries
(for example, clay slurries) may be approximated by a Bingham fluid, but numerical
techniques appear to be the only effective way to study this problem. The present
paper does not attempt to give any quantitative answers to the problem; however,
as a first step, we propose to consider the simpler case of a Newtonian fluid, since,
apart from experimental observations, little is known about the flow pattern around
the viscometer. The actual problem is three dimensional; nevertheless, if we assume
that the bowl is large enough and the viscometer is constructed so that end effects
are minimized then a two dimensional model can be considered and a perturbation
scheme used.

p=B

FiGURE 1. Geometry and coordinate systems.

We concentrate, therefore, on the steady flow of a viscous homogeneous fluid in a
cylinder of radius b, rotating with angular velocity §2 [see Figure 1]. A viscometer
consisting of a rotor of radius c¢ rotating with angular velocity « and surrounded by
a sleeve (a stationary concentric cylinder of radius a) is situated with centre a small
distance from the centre of the rotating outer cylinder. The actual sleeve has a small,
but finite thickness, and its small perforations will restrict any tangential component
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of velocity in the fluid flowing through it. In order to make the problem amenable
to analytical techniques we make two assumptions: firstly, the distance between the
two centres ae say, is assumed to be small; however, this assumption will be relaxed
later, as explained in Section 4; secondly, the perforated or slotted sleeve is replaced
by a non-deformable permeable membrane (of zero thickness) over which a no-slip
condition is applied. The problem can, therefore, be divided into an outer problem
involving the flow between the membrane and the outer cylinder and an inner problem
between the rotor and the membrane. Furthermore, if we assume that the flux across
the membrane is proportional to the pressure difference across it, which has been
shown by Woods [8] to be an adequate model for the flow across a perforated surface
whose perforations are small and uniformly distributed, then the two regimes could
be coupled by this condition.

2. The outer problem

Here, we are concerned with the flow of a viscous fluid between eccentric cylinders
where the outer cylinder is rotating. This problem has been studied by various authors
in different context. Wood [7] used an asymptotic technique to study the flow in
the limit of large Reynolds numbers, and DiPrima and Stuart [3] considered the low
Reynolds number limit for the flow in journal bearings. While many other works deal
with the case of two eccentric cylinders, the addition of a permeable surface makes
the problem unique.

We use the conformal transformation outlined by Wood [7] to map the two cylinders
for the outer problem onto the concentric cylinders with radii given by p = 1 and
p = B where B > 1. The defining equations are

a(w+y) io
= —"" z

1w =re", w = pe'?, 2.1
where
y = —2¢ [(b/a)2 -4 -1 =) = 462]_1 , 2.2)
and
B = l(b_/ 2/ 2.3)

(This simple relation for B is equivalent to that given by Wood.)
A stream function, ¢, may be defined in terms of the non-dimensional velocity
components given by

_ Yy Yy iid

= , , 2.4
Y= e o dp @4
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where the Jacobian of the transformation is

_ (1+2ypcos¢ + y?p?)?
B (1—y?y? '
Taking a as the length scale (which is implied by (2.1)), b<2 as a unit of velocity and
eliminating the pressure from the equations of motion, we obtain

1a(y,8) 1, 2
T2 = Ve, = —JV*y, 2.6
pdp, ¥ R ¢ ¢ TV 26)

J

(2.5)

where

2 iz- + li + i 8_2
2 pdp p2ag?
Here, ¢ is the axial component of vorticity and R = abQ2/v is the Reynolds number
with kinematic viscosity v. Since € is small, y as given by (2.2) is also a small
parameter. In the limitase — 0, y — 0, J — 1 and the outer problem becomes
the solution, which is known to be independent of the Reynolds number, given by
that of axi-symmetric flow between concentric cylinders. In this limit, we expect no
interaction between the two flow regimes. At the permeable membrane, the normal
flux is assumed to be driven by the variation of the pressure difference, and the
conservation of mass requires that the total flow across it is zero. Thus, if f(¢; y)
denotes the normal velocity distribution at p = 1 then it has a period of 27 in ¢ and
must satisfy

u,(1,¢) = f(@;v), f(@:v)/V I, ¢)d¢ =0. 2.7
The boundary conditions for the outer problem become
8_‘/’('3 ) = _—-—1 ¥ (B, ¢) = constant
3 JTB) R ’ 28
d d '
.4 =0, 28 = FE NI H.

2.1. A perturbation scheme Following Wood [7] we look at a perturbation scheme
for ¥ and ¢ given by

¥ =v0(0) + D ¥"Vulo, 5 R),
. 2.9)
A=y =L+ Y ¥"e(p. ¢; R).

n=1
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The axi-symmetric zeroth order solution can be written down at once, being

1
Yo(p) = —EAPZ — Blogp + K, (2.10

where A, B and K are constants. For flows between concentric cylinders, the constant
K is immaterial and is normally equated to zero; however, for the present problem it
can be determined only from a knowledge of the solution to the inner problem since
its value depends on the relative flow between the boundaries of the two regimes. As
expected, this solution does not contribute to the flux across the permeable membrane.
In view of this, the velocity distribution, given by (2.7), may be written as

f@:v)=vH@) + v ) +---. (2.11)
Expanding the boundary conditions given in (2.8) in powers of y, we obtain
3o 3o

_(17 ¢) :0’ _(ﬂy ¢) = —17 WO(ﬂv ¢) =ConStanta (2-12)
ap ap
for the zeroth order term. Equations (2.10) and (2.12) now yield
1
Yo = —A(E/o2 —logp)+ K, =24, A=pB/B-1. (213)

The corresponding boundary conditions for the first order terms are

0 0
W1, 6) = filo), aip'(l, $) =0,

aaf (2.14)
a—p‘(ﬂ, ¢) =2Bcosp, Vi(B,¢) =0,
and from (2.6) we have
1 8¢5 8 1
—;3?3_2 ==V, &=V - Ap*cosg). 2.15)

The governing equations and the boundary conditions for the second order terms are

plLapo 3  dp.e) | R ¥ (2.16)
&2 = 4pcos @y + 4p% — V(Y + 2Ap" cos? @),
and
b} 0
a_%(l’ $) = @) — 21 (@) cosd, 21, 4) =0,
¢ ap

oy Q.17
sz(ﬁ, ¢)=1+p2-4p%cos’p,  V(B,4) =0.
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The equations for the higher order terms are easily generated if required. Equation
(2.16) does not contain any coefficients of large magnitude, as can be verified once
the form of ¥, (p, @) is known; hence, for small values of |y | we expect the zero and
first order solutions to give a good description of the flow pattern.

2.1.1. The first order solution We now assume that f)(¢) may be expressed as a
Fourier series of the form

fi@®) = a,cosng + b,sinng. (2.18)

n=1

In practice, f,(¢) is approximated to a high degree of accuracy by a finite number of
terms. This, and (2.15), suggests that we can let

00

Vi(p, ¢; R) = Ap’ cosp + R ( Xn (p)e"""’) , (2.19)

n=1
and
;l (p’ ¢» R) = —ER <V2 [Z Xn(p)ei"¢:|) 3 (220)
n=1

where R denotes the real part of the expression. If

&ilp, ¢; R) = {Zs,.m)e""”] (2.21)
n=1
then (2.15) yields
2
£+ lg"' — ”—25,, = inAR (1 - %) &, (2.22)
P p o

where the prime denotes differentiation with respect to p, and

n 1 ! nz
Xn + ;Xn - ;Xﬂ = ""En- (2‘23)

(When n = 1, we have the set of equations used by Wood.) The boundary conditions
in (2.14) are now replaced by

Xn(1) = —€,A — l—/ fil@)e™™dy,  x,(1) = =346,
nmw J_,

X, (B) = (2B — 3ABY)e,, X (B) = ~AP’e,,

(2.24)
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where ¢, = 1, and ¢, = O forn # 1. Writing u, = +/n2 —inAR and A, = VinAR,
the solution to (2.22) is

Sn(p) = Cnl;l.,. (A'np) + Dnl—u,. (MP), (225)

where C, and D, are arbitrary constants to be determined and /., are the modified
Bessel functions. We note that

Ly, (Anp) = Isp, (€7*/nAR)
= eXp(Fim tn/2)J sy, €**v/nAR)

which may in turn be written in terms of the Thomson functions (ber,, and bei,, ).
When n is large the Bessel function J,, (e/**/*</n AR) may be approximated by use of
Meissel’s formula (see [6, p. 227]). Substituting (2.25) into (2.23) and solving leads
to

B,
Xn(p) = A,p" + i Co 2 (p) — D, 22 (p), (2.26)

where A, and B, are arbitrary constants, and

1 P n n+l1
IV (p) = — f (” —s——)lun(xmds,
2n 1

sn—l ,0"

and

1 B n+1 n
FP(p) = — / (s -k )I_M()»,,s)ds.
P

2n pn sn-1

By construction, £ (1) = 0 = £M'(1) and £ (B) = 0 = £?'(B). A,, B., C,
and D, can now be determined using (2.24). Writing

A, = (B* — D{BLY (B)LP (1) — 22N (B) LD (1)}

+ (8 + D{BLY (B)LP (1) — Z(B) L2 (1)), (2.27)
we have
ACy = 482 5P (e, — 2" E, I2' (1), (2.28)
A.D, = 2B(B% + DAV (B) — 282 (8% — DAY (B)]e,
+nE,[(B” — Dng(B) — BB + DIV (B)], (2.29)
Au==2B/(8 ~ Deu + En/2+ (D/DLEP W) + - 52 (D), (2.30)
By = B/(B = Deu + En/2+ (D/DLEL (M) — = 52 (D), @31)
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and

E, = _# / fil@)e™d¢ = —(ia, + by)/n. (2.32)

From the Navier Stokes equation, and assuming the expansion schemes

3

M(p,¢) = Y _v"M(p, $),
n=0

up(0,9) =Y ¥ un(p, $), (2.33)
n=1

ug(p:9) =Y _¥"valp, 9),
n=0

for the pressure IT(p, ¢) and the velocity components u,(p, ¢) and u,(p, ¢), the first
two terms for the pressure distribution are given by

aTl
—9 -y, (2.34)
a¢
and
31'11 Bvo 3v1 P 8{1
— = —pU— — Vg— — - 2.
30 pouy % Vg 30 Vol + R 3p (2.35)

On the permeable membrane, use of (2.15) and (2.21) leads to

[o(1, ¢) = Ko,

n

1 ® g (1)ei"® 2.36
M(1,6) = K — 2ot (1, §) + < (Z—“’——) 236)

n=1

where K, and K are arbitrary constants.

3. The inner problem

This involves the concentric region between the rotor and the permeable membrane.
The length scale of the motion is typified by the annular gap @ — ¢, which in general
is small compared to a, while w is O(£2). In our viscometer, the ratio (a — c¢)/a is a
small parameter of O(10~") say. Equation (2.6) is replaced by

19(¥,8) 1

1 - v = —V?y
r 3(r,9) R,‘ C ;
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where R; = (@ — ¢)/(a)(cw)/(bR)R is the effective Reynolds number and cylindrical
polar coordinates are used. Since ¢ < b, to a first approximation, the inner regime is
described by the biharmonic equation

V' = 0. 3.1

We propose to use the same non-dimensionalization scheme as for the outer regime
so that it is easier to match the boundary conditions on the permeable membrane. The
biharmonic equation remains unchanged and holds in the region ¢* < r < 1 where
¢* = c¢/a. We will drop the asterisk on ¢ from now on.

If the membrane is impermeable there would be no interaction between the two
regimes and the inner solution would be purely axi-symmetric. The permeability of
the membrane will cause the solution to deviate from axi-symmetry, and we assume
that this deviation is adequately modelled by considering the first order terms in
y from the outer problem. Since the inner and outer solutions use two different
coordinate systems, some care needs to be taken regarding the boundary conditions
on the interface at r = 1 = p, where

a av
up(1,¢)=x/1(1,¢)£(1,¢)=ur(1,9)= 8_0(1’0)' (3.2)

In the conversion of ¢ in terms of 8, (2.1) gives the following Fourier decomposition
e = (—y)" +n(=y) (1 - yDe?
+ PP = YDl = D = (1 4+ Dy)e™ (33)
+ 2= = YDl - D - 2) - 20 = Dy?
+ @+ D +2)y e + -
Applying (3.3) gives
¥1(1, ) = ap + o, cos @ + a; cos20 + B;sinf + B,sin20 + - - - (34)
where

@ =biy —by? 2+ by 3+ ’
ay=(1—y)(=b +yby— y’by+---)

@ = (1 =y (=yb — (1 =3yDby/2+ y(1 = 2yP)bs + - - -)
Bi=(10-y)a —yar+yia+--)

B=10-y)ya+ 1 =3yDay/2 = y(1 =2yPa; + - -)

3.5
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with obvious extensions to higher harmonics. From (2.19), (2.24) and (2.32) we have

1//1(1, ¢) = ACOS¢ + R {an(l)eimﬁ]
n=1

=R [ZE,,e”"’}
n=l1
= X:[a,l sin(n¢) — b, cos(ng)]/n.
n=1

This is consistent with neglect of terms of O(y?) in the outer problem. We now
assume for the inner problem that the stream function on » = 1 is completely given

by (1, 0) = (1) + y¥1(1, ¢), hence

W(1,0)=—A/2+K+ya+y Y le,cosnd + B, sinnd]. (3.6)

n=1

The other boundary conditions consist of a no-slip condition,
oy
—(1,8) =0, 3.7
ar
and on the rotor
o -
a—r(c, 0)=-U, Y(c,0)=0, (3.8)

where U = cw/(bS2). Equations (3.6) — (3.8) together with (3.1) completely specify
the inner problem and y is now simply a predetermined constant. Since r = c is a
streamline, we have arbitrarily put ¥(c, 8) = 0.

It is obvious, from the boundary conditions, that W may be decomposed into a
component that is axi-symmetric and one that is non-symmetric. We, therefore, let

W(r, 6) = W) + ¥,(r, ) 3.9
where W, (r) satisfies
Wo(1) = Ko, Yo(c) =0,

Moy=—0, oay=o, 10
ar ar
where K; = —A/2 + K + yap, and the non-symmetric component satisfies
00
U, (1,0) = yZ (o, cos n0 + B, sinnh),
n=1
3.11)

oy v
W(c,0) =0=—1(1,0) = —(c, ).
ar or

https://doi.org/10.1017/50334270000000643 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000643

[11] Small Reynolds number flow with a permeable sleeve 265

The axi-symmetric component is the solution for viscosity dominated Couette flow
between rotating cylinders and has solution given by

cU (1 AU
Wo(r) = -r2—1 - 3.12
o) == (2r og(r/c)) = (3.12)
and _
1 - cU
K, = -2—cU+ —a logc

which determines K, also. Equation (3.11) suggests that ¥, is, in general, part of a
Fourier decomposition in 8. Hence, it is sufficient to seek a solution of the form

U, (r,0) =R (Z T,,(r)e"""> (3.13)
n=1

satisfying

Tn(l) =V¥YCn, Cp =0y — iﬂn,

Y, . o,
ar V=% ©

Yo(c)=0=
Y, (r) satisfies
Y 420, — 207 4+ DAY+ 2+ DY, 4+ 0P (n” ~4)Y, =0

which has solution sets {r, 7 Inr, r=', r3} and {r", r =, r"*2, r "*?} when n = 1 and
n # 1, respectively. The solutions for the first two harmonics are

Yi(r) = yei(mr + norInr + n3/r + nar’)
and

To(r) = }’02(775"2 + 776/"2 + n7r4 + ng)
where

m= 36—~ +26— Hneldi, m =3 +3) - A/,

1 1
N3 = —202[3(1 —cH 42 Incl/d,, Ny = Z(l -t - 2Inc)/d;,
ns =2(1 + & + c*)/dy, ne = 2c*/d,,
m=—(1+c/d, s =—c2@+c*+c*)/d,,
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and
d=0-AD[1-+10+cHInc), d, = (1 - %>,

Alternatively, we have

W, (r,8) = y(mr + narInr 4+ n3/r + nar*)(a, cos 6 + B, sin6)

+ y(nsr® + n6/r* + nar* + ng) (e, cos 20 + B, sin 26),
(3.14)

for terms up to the second harmonic in 6 only. As expected, ¥,(r,8) — 0if y is
allowed to tend to zero.

As is well known for viscosity dominated flow, the pressure and vorticity are
conjugate harmonic functions; thus, using

aP rag _ vy
3  Rar’ &= ’

the pressure distribution for terms up to the first and second harmonics is given by

2
P(r,0) = % [(% - 8rn4) (a; sin@ — B, cos )
3.15)
4
- (12177r2 + g) (a2 5in 26 — B, cos 29)] + K,
r

where K is a constant. The torque (per unit length) exerted on the inner cylinder about
its centre is given by c? f:" T,0(c, 0)d6 where 1,5(c, 8) is the non-dimensionalized
shear stress on » = ¢ . Since no contribution is made by W, (r, ), the non-dimensional
torque is given by
4
T, = (3.16)

T 1—c

Setting § = (1 — ¢)/c as the clearance ratio, (3.16) yields

2 38
T.=-"|14+= 8% |,
a[+2+0( )]

in the limit as § — 0, which agrees with [3] (equation (78)) for the concentric case.

4. A solution for small A,

We consider briefly some of the parameters of the problem. In practical terms, the
annular gap between the rotor and the slotted sleeve is of the order of a centimetre.
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Typically, the sleeve may have an internal radius of 25 millimetres; this may be
varied in order to see the effects on the flow through the sleeve. In MKS units we
have based our analysis on a rotor of radius 0.019 metres, and 0.03 and 0.15 metres,
respectively, for the sleeve and the rotating outer cylinder. For these values, |y|
increases monotonically with the eccentricity, which is defined as € = ae/(b — a),
but remains less than 0.15 for 0 < € < 5/8 so that the perturbation analysis may still
be used when € is not much less than 1 (for example, in Figure 3 where € = 1/2,
¥l = 0.101). We note that the radius of the outer cylinder is chosen so that the
formation of eddies is seen.

The closed form of the outer solution given by ¥, (o, ¢) does not convey much
information about the flow pattern, but if v/AR is small, the Bessel functions may be
approximated by their power series representation and in this limit we can get an idea
of the flow field. Thus, we have that

(ap/D*Hr (np[2)0n
Tl  TQRxw,) =

I:tu.,, ()‘-np) ~

or more precisely, forn = 1 or 2,

I, (A p) = 011 (p)8 + o12(p, 8)8 + 0(8%),
I_,,(hip) = 013(p)8 + 014(p, 8)8° + O(8°),

4.1)
L,(A2p) = 021(0)8* + 0x2(p, 8)8* + O(8%), (
1_,(M2p) = 033(p) + 02s(p, 8)8% + O (8%,
where § = +/IAR and
Un(P) = p/2, ‘
1
ai2(p, 8) = 2o (1 - y/ + p*/4 ~log(08/2)) ,
oi(p) =1/p+ p/2,
1 1
o1(p,8) = =p~' + =(1/p + p/2)[y’ + log(p8/2)] + p*/16,
4 2 “.2)

on(p) = p*/4,
1 1
on(p,8) = 70'3/4~y//2+ p*/6 — 5 log(p8/+/2)),
oi(p) = —1/p?,

1
0u(p,8) =1/2+ 7p73/4 — y1 = log(p8/~/2)] + p*/4.

In 01;, 014, 02, and 0,4 the log§ terms have not been separated out and y/ denotes
Euler’s constant.
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We are now in a position to obtain the constants A,, B,, C, and D, of (2.25) and
(2.26) for n = 1 or 2 in powers of §. The expansions are obtained using the symbolic
algebraic package Maple (version V Release 2). For a description of the package see
Char et al. [2]. Briefly, in the outer regime, we write Maple codes to obtain expansions
for the Bessel functions and integrals contained in (2.25) and (2.26), as well as to store
the expansions for the stream function and pressure. Using the codes as input files to
Maple, the output files so obtained contain all the information required to write out
the form of the remaining expressions in this section. Thus, the constant A;, which
is complex, is first expanded as A,; + 8%A,, where A}, contains log & terms as well.
Denoting the real and imaginary parts by using a third suffix r and i respectively, and
substituting for § in terms of AR, we obtain A| = [A1;, —AR A ]+i[Ani+AR Ay, ]
with neglect of terms of O(R?log R, R?), and A,,, and A,,; still contain log R terms.
The other constants are decomposed in a similar manner. Next, the substitution of
8 = +/iAR into oy3, 014, 022 and oy, leads to the complex quantities oa, + ioyy;,
Or4r + 014i, Oy + i 02y and 04, + i 024; TESpectively. Thus, the first two terms in the
summation in (2.19) are given by

Xn(0)e™ = cosng[p" A, — ARP" Az + p™" Boi, — AR ™ Byt — 01 (0)Ciy
— 0n3(P) Dty + AR{41(0) Crai + @n2i (0)Cp1yr + @n2-(0)Crii
+ @n3(0) Drai + @nai (0) Dty + @nar (0) Dii}]
+ sinn@[~p" Anii —ARP" Anzy — 07" Buii = ARP™" Buar + @1 (P)Crri
+ @n3(0) Dn1i + AR{wn1 (0)Crzr + @n2, (0)Crtr — @n2i (P)Cyi
+ @n3(0) Drar + @nar (P) Dpiyr — @nai (0) Drii}), 4.3)

for n = 1 or 2. In general,

1 P pn S"+1
Wpp, = — — o (8)ds, n=1,2,k=1,2, 4.4
2n 1 gn—1 pn
and
1 B n+l1 n
O, = — <s _2r )o*,,k,(s) ds, n=1,2 k=34 (45
2n o pn sh—1

The last two equations hold with or without a third suffix for w,. and o,,. The inner
regime is similarly solved using a set of Maple codes.
The flux condition on the membrane implies

f(¢;v) = —klII(1, ¢) — P(1,6)], (4.6)

where k depends on the porosity of the membrane and is assumed known, and the
pressure distributions are given by (2.36) and (3.15). If fi(¢) is given by (2.18) up
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to the Nth harmonic in ¢, there are 2N unknowns. Expressing P(1, 8) in terms of ¢
and collecting the coefficients of the first N harmonics in (4.6) allows us to determine
a,, b, forn =1, ..., N. The actual solution for these constants, as well as the contour
plots in the next section, are done using Maple routines. Ten significant digits are
kept in all the numerical computations. The output expressions for the inner and outer
stream functions satisfy all the boundary conditions imposed with a maximum error
of 0(107%). For the case € = 7/16, R = 3.75,k = 0.8 and U = 1.25, we display the
expressions for Yo(p) + y ¥ (o, ¢) and W (r, 6) below, but only four significant digits
are retained here.
Y(p, d) = 0.24221og p — 0.1211p% — 0.08735
+ v [(0.4016p° + 2.625p — 3.027/p — 6.856p log p) cos ¢
+ (0.025440° + p(0.9299 — 0.9615 log p) + 0.04470/p) (a, sin$ ~ b, cos P)
+ (0.001716* — 0.06536p* + 0.6256 — 0.06193/p?) (a, sin2¢ — b, cos 2¢)
+ R {(—0.001608p° + p*(0.2269log p — 0.4451) + p(0.2673 + 1.029log p
+ 0.4152(log p)*) + 0.1794/p) sin¢
+ (0.0002567p5 + 0(0.06167 — 0.03219log p) — p(0.04181 4-0.1324 1log p
+ 0.05822(log p)*) — 0.02011/p) (b, sin ¢ + a; cos §)
+ (0.00002598,06 — p*(0.0002078 log p + 0.002083)
+ p?(0.07576 log p — 0.08683) + 0.07576 log p + 0.1042 — 0.01527/p%)
x(bysin2¢ + a;cos2¢)}], 1< p <4.883 @.n

and

W(r, 0) = 0.6609r* — 0.2651 — 1.32210g(1.579r)
+ (—15.37r% + 10.54r + 41.40r logr + 5.830/r)
x (0.005925 cos 8 — 0.002475sin 9)
+ (—6.523r — 8.519 + 14.54r% + 1.498/r?)
x (—0.0008862 cos 26 + 0.0003569sin20), 0.6333 <r <1, (4.8)
where a;, = 0.02991, a, = —0.003580, b, = 0.07168, and b, = —0.009338 and

terms with numerical coefficients smaller than 10~8 have been neglected. To this
approximation, terms of O (R log R) in ¥, (p, ¢) do not contribute to the outer solution.

5. Results and discussion

Since we have required AR to be small, we are restricted to highly viscous fluids.
Some common fluids permissible are 100% glycerol (by weight) and sucrose solutions
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at 20°C, or glucose at 27°C. For the contour plots given below, the contour interval
is approximately 0.2. The magnitudes in the outer regime being about one order of
magnitude greater than those in the inner regime.

As a no-slip condition is imposed along the membrane, the flow through the
membrane is given by the radial velocity alone; however, the profile plots obtained
can be used to identify the salient features of the flow. Figure 2 represents the profile
plots generated from the following sets of parameters:

1. € =3/16,R =3.75,k =0.3;
2. €=3/16,R =375,k =0.8;
3. é=7/16, R =1.00, k = 0.8; and
4. €=7/16,R=3.75,k=028.

0.006 4
vd
0.004 4
0.0024 e

-0.002

-0.004 1

-0.006

FIGURE 2. Profile plots for various radial velocities (v1,€ = 3/16, R = 3.75, k = 0.3; v2, € = 3/16,
R=23.75k=08;v3,e=7/16,R=1.00,k=08; v4,é =7/16, R = 3.75,k = 0.8).

The profile plots clearly indicate that the regions of entry and exit are subdivided
into two (unequal) regions along the membrane. While plots v1 and v2 show that
varying the porosity of the membrane does not enhance greatly the flow through the
membrane, v2 and v4 demonstrate that positioning the viscometer close to the outer
bowl has the greatest influence on the through-flow, as one would expect. Furthermore,
Figure 2 illustrates a phase shift in the velocity distribution as the Reynolds number
is increased (cf. v3,v4). This gradual phase shift to the left, together with a slight
increase in the speed of the through-flow, is found to be independent of eccentricity.
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Numerous trials have found that as € is increased the flow through the membrane is
predominantly along the side closest to the outer bowl; however, Figure 3 illustrates
that this dominance is retarded by increasing the speed of the inner rotor.

FIGURE 3. Streamlines through the annular region for (a) U = 0.25, (b) U = 0.75 (¢) U = 2.0 with
€=1/2,R=3.75k=05.

Figure 4 illustrates an eddy formation as U is increased when é = 3/8. While
the presence of an eddy is found to be eccentricity dependent, the Reynolds number
influences its location. This is exemplified in Figure 5 by noting that as the Reynolds
number is increased, the eddies move in the direction opposite to that of the rotation
of the outer bowl. Although no direct comparison can be made, we note that the
displacement of the eddy centre with increasing Reynolds number has been observed
in studies involving flows between eccentric cylinders (see [1, 5]).

FIGURE 4. An eddy formation with & = 3/8, R = 3.75,k = 0.5for (a) U = 1.20 (b) U = 1.23 (c)

U =125

6. Conclusion

For the geometrical restrictions placed on the system under study, we have shown
that for highly viscous fluids the eccentricity has the greatest influence over both the
radial velocity through the membrane and the presence of eddies, whose locations are
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FIGURPE 5. Streamlines in the entire flow regime for (a) R = 0.5 (b) R = 1.5 (¢) R = 3.0 with
€=3/8,U =125k =05.

influenced by the Reynolds number. Increasing the rotor speed appears to inhibit the
entrainment of fluid through the membrane. This flow inhibition has an important
consequence on the study of slurries. Assuming the flow pattern is relevant for
slurries, experimental results will be less reliable if the inner rotor is maintained
at a high rotation rate for prolonged periods, since the particle trapped inside the
viscometer will tend to settle. Furthermore, we anticipate the presence of eddies close
to the membrane will affect the entrainment process; however, for the present model,
the radial velocity through the membrane is invariant to changes in the rotational
speeds and, therefore, this assertion cannot be verified. The model clearly becomes
invalid when a modified viscometer with large slots is considered. In this case it will
be necessary to either relax the no-slip condition or use a numerical treatment, or both.
We note that the computational complexity in this problem has been largely removed
by use of an algebraic manipulative package.
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