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ABSTRACT

Let ¢ be a Drinfeld module of rank 2 over the field of rational functions F' = F (T"), with
Endz(¢) = F4[T]. Let K be a fixed imaginary quadratic field over F' and d a positive
integer. For each prime p of good reduction for ¢, let m,(¢) be a root of the characteristic
polynomial of the Frobenius endomorphism of ¢ over the finite field Fy[T]/p. Let I14(K; d)
be the number of primes p of degree d such that the field extension F(m,(¢)) is the fixed
imaginary quadratic field K. We present upper bounds for Il4(K; d) obtained by two dif-
ferent approaches, inspired by similar ones for elliptic curves. The first approach, inspired
by the work of Serre, is to consider the image of Frobenius in a mixed Galois represen-
tation associated to K and to the Drinfeld module ¢. The second approach, inspired by
the work of Cojocaru, Fouvry and Murty, is based on an application of the square sieve.
The bounds obtained with the first method are better, but depend on the fixed quadratic
imaginary field K. In our application of the second approach, we improve the results of
Cojocaru, Murty and Fouvry by considering projective Galois representations.
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1. Introduction

For q a power of an odd rational prime, let I, denote the finite field with ¢ elements, Fq an algebraic
closure of F,, A := F,[T] the polynomial ring over F,, and F' := [, (T) the field of fractions of A.
Let F be an algebraic closure of F', and F°P a separable closure of F. With this notation, the prime
at infinity, oo, of F'is the fixed prime of F' for which A is the ring of elements regular away from oo.
We set [0] = |0]o := 0 and for an element 0 # a € A of degree dega, we set |a| = |a|o = 8%,

Let ¢ be a Drinfeld A-module of rank 2 over F. That is, if 7 : x — 27 is the qth power Frobenius
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endomorphism, then ¢ is a ring homomorphism

Na
¢p:A— F{1}, a— ¢, ::Zaﬂi,
=0

such that:
(1) for any a € A, ¢, has constant term a; and
(2) for any a € A, N, = 2dega.

Here F'{7} denotes the ring of twisted polynomials over F', where 7 satisfies Taw = a7 for all a € F.
Notice that the Drinfeld module ¢ is completely determined by

or =T +c($)T + A()72,

where ¢(¢), A(¢p) € F. The coefficient A(¢) is called the discriminant of ¢.

Now let £ € A be a prime (i.e. a monic irreducible polynomial) and n € N*. We define the
L"-torsion points and the L-adic Tate module of ¢ as follows:

PIL"] == {N € F : ¢pon(N) = 0},
o] = limg{c").

Ty :=Homa, (Fz/Az, o[L>]),

where Ay and Fp are the L-completions of A and F, respectively. From the theory of Drinfeld
modules we know that

OIL"] =~ (A/L"A) x (A/L"A),
T[;((b) ~ AE X AE,
and that Gal(F*P/F) acts continuously on T (¢), giving rise to a representation

proes : Gal(F*P /) — Aut(Tz(6)) ~ GLa(Af). (1)

For a prime p of A, unramified for pz 4, let o, denote the Frobenius at p in F*P/F. Let P,(x)
be the characteristic polynomial of pe 4(0p) and ay(¢) the trace of pre 4(oyp). It is an important
result that P,(z) does not depend on £ and, furthermore, is the characteristic polynomial of the
Frobenius endomorphism of the reduction ¢, of ¢ over the finite field A/pA. Thus

Py(a) = 2% — ap(6)z + pipb € Al @)
for some p, € F;. If we let m,(¢) denote one of the roots of Py(x) in F, then we also know that
|ma()] = [p["/2.
Therefore
lap()] < [p['/?, 3)

a statement that has a striking resemblance with Hasse’s bound for elliptic curves.

We recall that p is called a supersingular prime for ¢ if the endomorphism ring EndI-Fq(qﬁp) has
rank 4 (see [Yu95, p. 166]), and an ordinary prime for ¢ otherwise. Then, for the ordinary primes p
we have that F(m,(¢)) is imaginary quadratic (see [Yu95, p. 167]). For the sake of completeness, we
recall that a quadratic function field K = F'(1/g(T)) is called real if oo splits in K, and imaginary
otherwise. It can be shown (see [Ros02, p. 248]) that if g(T) € A is squarefree, of degree d and
leading coefficient aq4, then K is real if d is even and a4 is a square in Fy, and K is imaginary if d is
odd, or d is even and aq is not a square in Fy. For us, K = F(1/g(T)) will be such that g(T') € A
is always squarefree and with degg(7") > 1.
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The purpose of this paper is to treat the following question.

Question 1. Let g, A, F be as above. Let ¢ be a Drinfeld A-module of rank 2 over F', with Endz(¢) =
A. Let K be an imaginary quadratic field over F', and let d be a positive integer. What is the
asymptotic behaviour of the function

II4(K;d) := #{p prime of A : p ordinary,degp = d, F(m,(¢)) = K},

as d — oo?

This question is analogous to a famous question posed by Lang and Trotter in 1976 in the
context of elliptic curves (see [LT76]). In analogy with the Lang-Trotter conjecture, we predict
the following.

CONJECTURE 2. Let ¢, A, ' be as above. Let ¢ be a Drinfeld A-module of rank 2 over F, with
Endz(¢) = A. Let K be an imaginary quadratic field over F, and let d be a positive integer. There
exists a constant ¢(¢, K), depending on ¢ and K, such that

d/2

(K d) ~ (6. K) .

as d — oo.

Remark 3. In the corresponding conjecture for an elliptic curve E/Q without complex multiplication
and a quadratic imaginary extension K of Q, formulated by Lang and Trotter [LT76, p. 69], it
is predicted that the number of ordinary rational primes p < x for which the Frobenius field
of E at p is K is asymptotically ¢(F, K)\/z/logx for a positive constant ¢(F, K). Similarly, a
related conjecture of Lang and Trotter coming from the same heuristics predicts that the number
of supersingular primes less than or equal to z of E/Q should be asymptotically ¢(E)\/x/logz for
some positive constant ¢(E). In the case of Drinfeld modules it was proven by Poonen [Poo98] that
there are Drinfeld A-modules over F' of rank 2 with no supersingular primes. This does not happen
for elliptic curves, as proven by Elkies [Elk87]. One could then imagine that there exist special rank
2 Drinfeld A-modules ¢ with no primes p such that F(my(¢)) = K, and in this case the constant
¢(¢, K) would be 0. The authors have not yet addressed the question of trying to find those special
Drinfeld modules, if any, which seems an interesting one in the light of Poonen’s paper.

Our aim in this paper is to obtain upper bounds for II4(K;d), and not an asymptotic formula.
These upper bounds will be obtained by two different approaches, which both rely in some way on
the application of the Chebotarev density theorem for function fields.

The first approach was communicated by Serre to the authors of [CFMO5] (see § 6 of their paper)
in the context of elliptic curves. In our paper we apply this approach to Drinfeld modules; namely, by
building a mixed Galois representation associated to the Drinfeld module ¢ and the quadratic field
K, we are able to find a union of conjugacy classes describing the primes p such that F(my(¢)) = K;
then we use the Chebotarev density theorem to estimate the number of such p. A similar mixed
Galois representation was also considered by Lang and Trotter in [LT76] to make their conjectures
in the case of elliptic curves.

The second approach is based on the square sieve and was developed for elliptic curves by
Cojocaru, Fouvry and Murty [CFMO05|. Using the techniques of our paper, we can improve the
results of [CFMO05]. This will be included in [CDOS].

The main results of this paper are as follows.

THEOREM 4. Let ¢, A, F be as above. Let ¢ be a Drinfeld A-module of rank 2 over F, with
Endz(¢) = A. Let K be an imaginary quadratic field over F, and let d be a positive integer.
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Then, as d — oo,
q4/5)d
II4(K;d) <¢ x 5
The implied <, jc-constant depends on both ¢ and K, and, more precisely, it depends on the class
number and number of units of K.

THEOREM 5. Let ¢, A, F be as above. Let ¢ be a Drinfeld A-module of rank 2 over F', with
Endz(¢) = A. Let K = F(1/g(T')) be an imaginary quadratic field over F, and let d be a positive
integer. Then, as d — oo,

My (K; d) <4 ¢7/*d + deg g(T)] + ¢*/V[d + deg g(T)]*d.
The implied < 4-constant depends only on ¢.

Theorem 5, even though weaker than Theorem 4, is uniform in K. This uniformity is essential
in applications of the method to other problems concerning the reductions of ¢ modulo p, though
we will not touch upon this in the present paper. However, we record the following consequence of
the uniformity in Theorem 5.

COROLLARY 6. Let q, A, F' be as above. Let ¢ be a Drinfeld A-module of rank 2 over F, with
Endz(¢) = A. Let d be a positive integer. We denote by Dy(d) the set of distinct fields F(my(¢))
obtained by running over ordinary primes p € A with degp = d. Then, as d — oo,

q(1/8)d

Dy(d)] 5 T

The implied > 4-constant depends on ¢.

Remark 7. In Question 1 we need to restrict our attention to Drinfeld A-modules over F' with trivial
endomorphism ring, for otherwise the question is already understood using classical theory. Indeed,
if ¢ is a Drinfeld A-module over F', of rank 2, with non-trivial endomorphism ring, then we know
that Endjz(¢) ®4 F =: K is an imaginary quadratic extension of F'. This implies that we have an
embedding

K g Endr/p((ﬁp) ®A F,

which is in fact an isomorphism, since p is an ordinary prime for ¢. We also have
F(my(¢)) € Endayp(¢p) ®a F € Endgr(dp) ®a F.
Then, as both K and F(m,(¢)) are degree 2 extensions of F', they must be equal.

Remark 8. In Question 1 we also need to restrict our attention to primes of ordinary reduction, for
otherwise ay(¢) = 0 and so F'(my(¢)) is uniquely determined by p.

In the course of the proof of Theorem 5 we touch upon the question of the distribution of the
Frobenius traces ap(¢), which has been studied in more generality in [Dav01] (see also the references
therein). In particular, we deduce the following improvement of Theorem 1.1 of [Dav01] in the case
of rank 2 Drinfeld modules.

THEOREM 9. Let ¢, A, F be as above. Let ¢ be a Drinfeld A-module of rank 2 over F, with
Endz(¢) = A. Let d be a positive integer, and let t € A. Then, as d — oo,

d3M4 iry— o
Iy (t; d) == #{p prime of A : ay(¢) = t,degp = d} <y { 4(4/5)d

W otherwise.

The implied < 4-constant depends on ¢.
830
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We remark that similar results should hold true for Drinfeld A-modules over general function
fields F' over Fy(T"), though the proofs will be much more technical. Also, by exploiting in depth
features of Drinfeld modules which are divergent from those of elliptic curves, such as the Sato—
Tate law, one could shed more light on some of the big barriers in the Lang—Trotter conjecture for
Frobenius fields for elliptic curves and improve upon the results above for Drinfeld modules. Our
present paper is a first step in such investigations.

2. Heuristic for Conjecture 2

In this section we present a brief heuristic argument in support of Conjecture 2. We do not, however,
develop any probability model for our reasoning, nor do we attempt to predict a formula for the
constant ¢(¢, K) that appears in the conjecture.

Let ¢, A, F be asin § 1. Let ¢ be a Drinfeld A-module over F, of rank 2. Let K = F(1/g(T)) be an
imaginary quadratic extension of F', with g(7") € A squarefree. We denote by hx the class number
of K, by Ok the integral closure of A in K, by N /p(-) the norm of K/F, and by Hy the Hilbert
class field of K. We recall that Ox = A+ Ay/g(T) and, for a1,z € A, that Ng/p(a1+a2/g(T)) =
af —g(T)a3.

Now let p € A be an ordinary prime for ¢, of degree d, and such that F(m,(¢)) = K. Using the
definition of m,(¢#), we see that this implies that

ap(9)* = 4ppp = g(T)h(T)?
for some h(T') € A, or, in other words, that

(6) , D). ).

=N
HpP K/F< 5 5

The assertion that p is a norm from K to F is equivalent to the assertion that p splits completely
in H; by the Chebotarev density theorem (see §4), this event happens with probability 1/(2hk).
Furthermore, if p is a norm from K to F, say

p = Ngyp(a(T) +b(T)V/g(T)),

then the event a(T) = ap(4)/2 for some non-zero |ay(¢)| < |p|'/? happens with probability pro-
portional to 1/[p|'/?. Assuming that the above two events are independent, we obtain that the
probability that F(m,(¢)) = K should be of the order of magnitude

_ 1
hi|p[t/2

Therefore, combining the above with the prime number theorem for function fields, we obtain that,
heuristically, as d — oo,

1 c(¢) q/*
<¢>( ) ;4 hK|p|1/2 hix d

p ordinary prime
for some constant ¢(¢), depending on ¢.
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3. Galois representations

3.1 Galois representations associated to Drinfeld modules

Let g, A, F' be as in the introduction. Let ¢ be a Drinfeld A-module over F, of rank 2. For a prime
L e A, let pge 4 be the L-adic representation associated to ¢. Let A denote the ring

A

A =1lim A/aA,
a

where the projective limit is taken over all ideals a in A. By putting together the L-adic represen-
tations pre 4, we obtain a continuous representation

pe : Gal(F5P/F) — GLg(A).
More generally, if ¢ is a Drinfeld A-module over F of arbitrary rank r, then the action of
Gal(F*®P /F') on the set of all torsion points Fios := F(¢tors) Of ¢ gives rise to a continuous repre-
sentation

pe : Gal(F5P /F) — GL,(A).
Here, ¢iors is the set of elements A € F for which there exists a € A such that ¢a(A) = 0. The
Mumford—Tate conjecture for Drinfeld modules of rank r with trivial endomorphism ring asserts

that py has open image in GL,(A). This general conjecture is still open; however, in the case of
rank 2 Drinfeld modules it has been recently proven by Gardeyn and Pink (see Theorem 11 below).

Remark 10. A prior result due to Pink [Pin97] asserts that, for a fixed prime £ € A, the Galois
representation pge 4 defined in (1) has open image in GL,(Ag). This result could be used in our
treatment of Question 1, using an approach similar to the one in [Dav01] for a question concerning
the distribution of the values ay(¢) for a Drinfeld A-module ¢ over F, of arbitrary rank. However,
such an argument would have to be modified in several places to make it work for Question 1, as it
is more complicated to deal with the rings A/L™A than with the fields A/LA.

THEOREM 11 (Gardeyn and Pink, 2005). Let g, A, F' be as in § 1. Let ¢ be a Drinfeld A-module
over a finite extension of F, of rank 2. Assume that Endp(¢) = A. Let A be the ring of adeles of
A. Then the action of the Galois group Gal(F*? /F') on the set of all torsion points of ¢ has open

image in GLa(A).

Proof. The proof follows by combining the work of Pink [Pin97] and Gardeyn [Gar02b], and
was pointed out to the authors by Richard Pink. As mentioned in the remark above, it was
proven in [Pin97] that the representation with image in [, GL,(Az) has open image in generic
characteristic provided that the product is over a finite set of primes. In Chapter 3 of his thesis,
Gardeyn states a residual version of the Mumford—Tate conjecture applicable to Drinfeld modules
in generic characteristic, and can prove this conjecture when the rank is at most 2. He then uses this
result, and the result of Pink mentioned above, to prove the Mumford-Tate conjecture for Drinfeld
modules in general characteristic. O

Throughout the paper we will consider in parallel the Galois representations with image in GLo
and PGLs. The PGLs case leads to better estimates in the Chebotarev density theorem whenever it
can be applied, that is, in all our applications except Theorem 9. We will use the following corollaries
to Theorem 11. One should point out that the following two corollaries are really intermediate steps
in the proof of Theorem 11, Corollary 12 being the hard part, and Corollary 13 following relatively
easily from Corollary 12.

COROLLARY 12. Let q, A, F be as in § 1. Let ¢ be a Drinfeld A-module over F, of rank 2. Assume
that Endj(¢) = A. Then the representation

pr.s: Gal(F*P/F) —s GLy(A/LA),
832
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and its projection in PGLy(A/LA),
pr.g s Gal(F*® | F) — PGLy(A/LA),
are surjective for all but finitely many primes L € A.
For any Drinfeld A-module ¢, we denote by S(¢) the finite set of primes of A such that £ ¢ S(¢)

implies that p. 4 is surjective, as given by Corollary 12. The explicit dependence of the set S(¢) in
terms of ¢ was studied by Chen and Lee, and their work will appear in a forthcoming paper.

COROLLARY 13. Let q, A, F be as in § 1. Let ¢ be a Drinfeld A-module over F, of rank 2. Assume
that Endz(¢) = A. Then, for all distinct primes L1, Lo & S(¢), the representation

PLiLee s Gal(FPP /F) — GLo(A/L1L2A) ~ GLa(A/L1A) x GLa(A/LA),
corresponding to the Galois action on the A-module
GlL1Lo) :={N € F: ¢r,r,(N) =0},
and its projection in PGLo(A/L1L2A),
Pricee s Gal(F®P/F) — PGLo(A/L1L2A) ~ PGLy(A/L1A) x PGLy(A/L2A),
are surjective.
Let Fr o, Er 4. Fr,r,6 and Ez 2, ¢ be the fixed fields of the kernels of pr 4, pr.¢. pric.,6 and

prico.¢ respectively. Note that Fp o, = F(¢[L]) and Frz, ¢ = F(¢[L1L2]). The following is a
restatement of Corollaries 12 and 13.

COROLLARY 14. Let q, A, F be as in § 1. Let ¢ be a Drinfeld A-module over F, of rank 2. Assume
that Endz(¢) = A. Then the representations

pr: Gal(Frg/F) — GLy(A/LA),
pro: Gal(ELy/F) — PGLo(A/LA),
pricos s Gal(Fr r, 6/ F) — GLa(A/L1A) x GLa(A/L2A),
prrras : Gal(EL, £y o/ F) — PGLy(A/L1A) x PGLy(A/LA)
are isomorphisms for all primes L ¢ S(¢) and all distinct primes L1, Lo & S(¢).

Remark 15. We remark that the Galois representation modulo £ transforms the relation about the
characteristic polynomial of the Frobenius at p described by (2) into the congruence conditions

1 pz.6(0%) = ap(@) (mod £),
det pz.¢(op) = ppp (mod L).

Similarly, pgz,z,,¢ gives rise to congruences modulo £1Ls. These important properties are at the
basis of the proofs of Theorems 4 and 5.

COROLLARY 16. Let g, A, F be as in § 1. Let ¢ be a Drinfeld A-module over F, of rank 2. Assume
that Endp(¢) = A. Let K/F be any finite extension. Then, there exists a finite set of primes 7 C A
such that, for all primes L ¢ T, and for all distinct primes L1, Lo ¢ T, we have:

(1) KﬂFg’(p:F,’

(2) Fr4/F is a geometric extension (i.e. the algebraic closure of Fy in Fy 4 is F, itself; also, see § 4
for a more general definition); and

(3) Fr,r.,6/F is a geometric extension (in the above sense).

Furthermore, the same assertions hold for Ep 4 C Fp 4 and Eg ., 6 C Friz,.¢-

833

https://doi.org/10.1112/50010437X07003387 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07003387

A. C. CoJoCARU AND C. DAvVID

Proof. Tt follows from Theorem 11 that the image of Gal(F5P/F) in GLg(A) contains an open set
of the form
Us x | GLa(Ar),
L£¢S

where S is a finite set of primes of A, and Us C [] ;g GL2(Az). Then, all the fields F 4 are disjoint
for £ ¢ S, and then K intersects at most one of them. This shows part (1). For parts (2) and (3),
it suffices to recall that the degree of the algebraic closure of F, in the (infinite) extension of F'
obtained by adding all torsion points of ¢ is finite [Dav0l, Lemma 3.2], and then the second and
third assertions follow from the first. O

3.2 Galois representations associated to imaginary quadratic fields

Let ¢, A, F be as in the introduction. Let K = F(1/¢g(T")) be an imaginary quadratic field with
g(T) € A squarefree. Following standard notation, we let O = A+ Ay/g(T) be the integral closure
of Ain K, Ug := O} the group of units of Ok, and Cl(Ok) the ideal class group of O, of
cardinality h = hx. We recall that Ok is a Dedekind domain whose non-zero prime ideals are in
1:1 correspondence with the primes P of K for which B 4 oo, and that Uk is a finite group, as
K is a quadratic imaginary extension of F'. Consequently, the class number h and the number of
units w = wg := |Uk| of K are finite (see [Ros02, Chapter 14]). We write Gal(K/F) := {1,c} for
the Galois group of K/F, where ¢ is the complex conjugation automorphism given by ¢(1/¢(T")) =
—+/g(T). Often, for an element or ideal X of K, we write ¢(X) = X.

Now we let £ € A be a fixed prime satisfying the conditions of Corollaries 12 and 16, and which
splits completely in K, say as

LOk = L£L.
Note that
O /LOk ~ Ok /L x O /L~ A/LAX A/LA. (4)
For any non-zero prime ideal 9 € O, PB" is a principal ideal, say PB" = (a) for some a € O.
Thus we can define the quantity
mp(K) == o € O, (5)
which is uniquely determined by . This defines a group homomorphism
xe : Gal(K*P/K) — (Ok/£)",
op — mp(K)  (mod£),
where K% denotes the separable closure of K and og the Frobenius at P in K5P/K.

We are interested in the representation induced from H := Gal(K*®?/K) to G := Gal(F*P/F).
Since H is a subgroup of index 2 of G, we may write G = H & Hc. Then the induced representation
is

pr : Gal(F*P/F) — GLy(A/LA)

o xe(o) 0 ifoeH,
0 xe(coe)

0 xe(o C)> -

o— ifo & H,
<X£(CU ) 0 7

where we have used the isomorphism Ok /£ ~ A/LA to write the image in GLa(A/LA).

Let Ny < GL2(A/LA) be the image of the representation pr g, and let PNz be its projective
image, i.e. PN is the quotient of N by the scalars in N. Let p. x be the composition of pg g
with this quotient. Finally, let F, x and E. x be the fixed fields of the kernel of pz  and p. k.,
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respectively. We then have the isomorphisms
PLEK : Gal(FLK/F) — N,
pAQK : Gal(ELK/F) I PNE.
For primes p € A which split completely as pOx = PP in K, the images of pr.ix and pg i at the
Frobenius elements are given by the conjugacy classes (denoted by [ ])
| (mp(K) (mod £) 0 (mod £)
pLic(op) = K 0 (modg)  mp(K) (modg)) |’

pri(op) = KWE)I&EEZ(;Q) wm(()lg)m?ifgl E)ﬂ’

where ¢ denotes the coset of the matrix g in PN g.

For future use, let us also denote 7g(K) by
mp(K). (6)

If p splits in K, then 7, (K) is determined up to conjugation in K, and we will consider the two
roots mp(K) and 7, (K) in pairs.

The following properties will be needed in the proof of our main results.

LEMMA 17. For all but finitely many primes £ € A, the extensions Fy g /F and Ep i /F are
geometric.

Proof. We first consider the extension Fp g /K. This is an abelian extension of K associated with
the character ¢ as above. By the reciprocity map, it is contained in the ray class field of K at £. In
the case of function fields, explicit class field theory is solved by adjoining torsion points of rank 1
Drinfeld modules (see for example [Hay92]). Then, F x/K is contained in the field of £-torsion
of a rank 1 Drinfeld module over K. Following the proof of Corollary 16, as the result [Dav0l,
Lemma 3.2] holds for Drinfeld modules of any rank (in particular, rank 1) over any function fields,
we get that F /K is a geometric extension of K for all but finitely many £. Then, as K/F is
geometric, the result of Lemma 17 follows. Finally, £, x C Ff k is also geometric. ]

LEMMA 18. Let g, A, F' be as in the introduction. Let K/F be an imaginary quadratic extension,
of class number h and number of units w. Let L be a prime of A which splits completely in K. Let
(:=|L| = qI8~. Then

‘N£| >>h,'u) 627
|PN£| >>h,'u) 67
where the implicit >, ,,-constant depends on h and w (and thus on K).

Proof. We shall need the following important result. Let C1(£) be the ray class group modulo LOx
of K, i.e. the set of classes of ideals I of Ok, coprime to LOg, under the equivalence relation

I~J <= thereexists a € K*,a =1 (mod LOk), such that I = (a)J.

Then, for any C' € CI(L), there exist infinitely many primes P € O such that P € C (this follows,
for example, from the Chebotarev density theorem). In particular, for any v € (O /LOk)*, there
exist infinitely many prime ideals ¢ € O such that

P~(y) = mp(K)=9" (mod LOk).

As L splits completely in K, LOf = ££ for some prime ideal £ in Ok. Let (o, 3) be any element
of (O /£)* x (O /£)*. Let v be the element of (O /LOk)* corresponding to (o, 3) by the Chinese
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remainder theorem. Then

mp(K) = A" (mod LOK)
( " (mod £) and 7 (K) = Bhw (mod £),
" (mod £) and mp(K) = A" (mod £).
Thus, for any (ag, 30) € (O /£)* x (O /£)* such that oy and By are hwth powers, there exist
infinitely many primes p € A such that
pOK = ‘I;('Ba
and

mp(K) = ag (mod £),
7Tq3(K) = ﬂo (mod,ﬁ)
By the definition of p. x, we then deduce that
(-1 2
Nel=|——"— w 2
[Nzl <gcd(€ -1, hw)> Zh,

To prove the result for PN, we use the fact proved above that N, contains all matrices

(5 5)

where «, § are hwth powers in (A/LA)*. Then PN, contains the distinct cosets

1 0
0 p)’
where 3 is any hwth power in (A/LA)*. This proves the desired lower bound for PN . O

3.3 The mixed Galois representation

Let ¢, A, F' be as in the introduction. Let ¢ be a Drinfeld A-module over F, of rank 2, such that
Endj(¢) = A. Let K/F be an imaginary quadratic extension, of class number A and number of
units w. Let £ € A be a prime which splits completely in K, and which satisfies the hypotheses
of Corollaries 12 and 16. We consider the composite fields

Fr:=Fr4sFr K,
E;:=E;4Er K,
and the product representations
pL = pPL,e X PLK - Gal(FL/F) — GLQ(A/EA) X NL,
o= (pr,s(0), pc,K(0))
and
f)g = ﬁ[;@ X pALK : Gal(EL/F) — PGLQ(A/EA) X PNL,
o= (pr,s(0), pr,i(0)).

The aim of this section is to give lower bounds for the size of the images of the representations p,
and p,. We will not use the lower bound for Im(p.) in this paper, as in the proofs of Theorems 4 and 5
we are able to use the representation p, and then obtain better upper bounds than one would obtain
using p. Using the representation p, would give an upper bound of ¢(*/6)? in Theorem 5 (and not
q(4/5)d), and an upper bound of ¢(3/194 in Theorem 9 (and not q(7/8)d). But it may not be possible to
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use representations in PGLs for all applications, including further work on representations attached
to Drinfeld modules that the authors are considering. Therefore we include the lower bound on the
size of Im(p,) for completeness and possible future applications.

LEMMA 19. Let Fy = F 4Fr ik be the composite field defined above. Let £ = |L|. Then
[Fp: F] = [Im(pg)| >ha 05
The implied >}, ,,-constant depends on the class number h and the number of units w of K.

Proof. Since

Fep: FllFeac: Fl L
[FL7¢QF£7K:F] w [Fg’(bﬂFL,KiF]

[Fr:F|=[Fr4Frx:F]=

by Corollary 14 and Lemma 18, we need to show that
[FroNFri:F] <.
We first write
FroNFrr :FI<[KFpyNKFpg:F)=[KFroNFri: K|K:F|. (7)

By the choice of £, K N F; 4 = F, and then Gal(KF, 4/K) ~ Gal(Fr 4/F) ~ GL2(A/LA) by
Corollary 14. Let E be the fixed field of SLy(A/LA) < GLy(A/LA). Then, K C E C KF 4, and
Gal(E/K) ~ (A/LA)*. We then have two extensions of the field E: KF/ ,/F, whose Galois group is
SLy(A/LA), and EF ¢ i /E, whose Galois group is abelian. As SLy(A/LA) has no abelian quotient,
we have KFp 4N EF; i = E, and then it follows from (7) that

FeoNFrix: F]<2[KF 3N Fri: K| <2[KFp,NEF, g E|[E: K] <2,
which proves the lemma. ]
LEMMA 20. Let Ex = E¢ 4E¢ i be the composite field defined above. Let ¢ = |L|. Then
[Er 2 F] = [Im(pg)| >nw 0.
The implied >}, ,,-constant depends on the class number h and the number of units w of K.

Proof. Since

Eco: BllEes: B o
[E£7¢QEL7K : F] w [E[;,(bﬂEg’K :F]

[Er: Fl=[EroEr K : E]l =

by Corollary 14 and Lemma 18, we need to show that
[EcoNErKk: F
is bounded by an absolute constant. We first write
[EroNErk:F]<[KELgNKEp g F)=[KEpoNEgk: K|[K : F.

By the choice of £, KN Eg 4 = F, and then Gal(KE, 4/K) ~ Gal(E. 4/F) ~ PGLy(A/LA) by
Corollary 14. Furthermore, Gal(E. i /K) is abelian, as K C Eg g C Fg  and Gal(Fr g/K) is
abelian. But the only abelian quotients of PGLg(A/LA) are of order 1 or 2, as the commutator of
PGL2(A/LA) is PSLa(A/LA), and this has index 2. Then

[BrsNEpk:F)<[KEpyNEcx: K|[K: F| <4,

which proves the lemma. ]
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4. The Chebotarev density theorem

Let F' be a function field over Fy, and let L/F be a finite Galois extension of function fields with
Galois group G := Gal(L/F). Let gr and gr, be the genus of F' and L respectively. Let Fym be the
algebraic closure of Fy in L. If m = 1, we say that L/F is a geometric extension.

In what follows, we recall effective versions of the Chebotarev density theorem for the extension
L/F, with best error terms, as presented in [MS94]. We then apply this theorem to the fields
associated to the Galois representations of the previous sections.

Let €' C G be a conjugacy class and let d € N*. We set
Ie(d; L/F) :== #{p € F unramified in L/F :degp = d,o, = C},
II(d; L/ F) := #{p € F unramified in L/F : degp = d}.
We also need the following notation from [MS94]. Let

D= > degp,

peEF
p ramified in L/F

and let Dy p be the different of the extension L/F. For each ramified prime p € F' and P € L
above p, let p(p) be such that

vp(Dryr) < e(B/p)(p(p) +1).

Here vg(-) denotes the valuation at B and e(3/p) the ramification index of P over p, as usual. In
particular, if L/F is tamely ramified at p, one can take p(p) = 0. Finally, let

pL/p = max p(p).

THEOREM 21 [MS94, p. 524]. Let L/F be a finite Galois extension, with Galois group G. Let
F,m be the algebraic closure of F, in L. Let C C G be a conjugacy class whose restriction to
Fym is 79¢ for some positive integer ac. Let d be a positive integer. With the above notation,
we have:

(1) ifd # ac (modm), then Ilc(d; L/F) = 0; and

(2) ifd = ac (modm), then

C| C| q"/? g/ C|
: : < 201 + + 1+ .
Ile(d; L/ F) m|G|H(d, L/F)| <29 Gl 2(29r + 1)|C| 1 |D|

As the Riemann-Hurwitz formula gives
291 — 2= (295 — 2)|G| + |D, (8)

the error terms above depend on |C| and | D|. The following theorem improves the previous result to
an error term depending on |C|*/? and |D|. In the case of number fields, such a theorem holds only

under the Riemann hypothesis and the Artin conjecture (which were proven by Weil over function
fields).

THEOREM 22 [MS94, p. 525]. Let L/F be a finite Galois extension, with Galois group G. Let
Fym be the algebraic closure of Fy, in L. Let C C G be a conjugacy class whose restriction to
Fym is 79¢ for some positive integer ac. Let d be a positive integer. With the above notation,
we have:
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(1) if d # ac (modm), then Ilo(d; L/F) = 0; and
(2) if d = ac (modm), then

‘Hc(d; L/F) - m%ﬂ(d; L/F)

q

12 qd/2 d/2 |D‘
<201 ((ar =1+ (e + DID) L + or + 0T + I21) 4 o

We now apply Theorem 22 for the Galois extensions Fg /F,(T") and E./Fq(T), and we then need
to understand the different of these extensions.

PROPOSITION 23 [Gar02a, Proposition 6]. Let ¢, A, F be as in § 1. Let ¢ be a Drinfeld A-module of
rank 2 over F. Let a € A be a polynomial of positive degree. Then

Drofa)/F 2 (a°Ag),
where Ay depends only on the Drinfeld module ¢, and not on a, and is defined in [Gar02a, p. 246].

It follows from the above proposition that the extension Fy = F 4F, i is ramified only at
L and at primes depending on the Drinfeld module ¢ and the quadratic extension K. In our
applications, ramification at primes different from £ is bounded by an absolute constant, and we
are only interested in p(L). Let £1 be a prime above £ in F 4, let Lo be a prime above £ in Fy g,
and let £ be a prime above L in F,. It follows from Proposition 23 that

VLI (DFL:’d)/F) < 26(61/6)

The extension Fj x has degree dividing (¢ — 1)?
no wild ramification at £ in F g /F. Since

over the quadratic extension K, and there is then

Dr, ,/FDr, o/ © Dpyps
this implies that
vz(Dr, r) < 2¢(L/L),
and one can take pp./p = 1. As Ex C Fg, we can take the same bound for E./F.
Then, applying Theorem 22, we get the following results.

THEOREM 24. Let q, A, F be as in § 1. Let ¢ be a Drinfeld A-module over F, of rank 2. Assume
that Endz(¢) = A. Let d be a positive integer. Suppose that £, L, and Ly are primes satisfying
the hypotheses of Corollaries 12 and 16. If we fix a union of conjugacy classes C' in Gal(Fg 4/F),
Gal(E. 4/F) or Gal(E¢, r,.¢/F), respectively, we have as d — oo that

C
Ho(d; Fe.p/F) = = 41)(22 gy W Fro/F) + 04(/C|M2q"? deg(L)),
C
Ho(d; B g/F) = ﬁ T(d; Ez.4/F) + O4(|C|"?¢** deg(L))
and
C|

He(d; Eryr,,0/F) = T(d; B, 2,0/ F) + 0(IC[/2q"? deg(£1L5)),

RS AEEY
where ( := |L|, {1 := |L£1| and {3 := |L2|. The implied Og4-constants depend on ¢.

THEOREM 25. Let g, A, F' be asin § 1. Let ¢ be a Drinfeld A-module over F, of rank 2. Assume that
Endz(¢) = A. Let K/F be an imaginary quadratic extension. Let d be a positive integer. Then,
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for all but finitely many primes L € A, if we fix a union of conjugacy classes C' in Gal(F./F) or
Gal(E¢/F), we have as d — oo,

Meold: Fe/F) = (5o 1 P /F) + O deg(£)
He(d: Ee/F) = 5511 B /F) + Oa((C112q deg(£),

where { = |L|, as usual. The implied O g -constant depends on ¢ and K.

5. Proof of Theorem 4

Let ¢, A, F' be as in the introduction. Let ¢ be a Drinfeld A-module over F', of rank 2, such that
Endz(¢) = A. Let K/F be an imaginary quadratic extension, of class number i and number of

units w. Let d be a positive integer. Our goal in this section is to derive an upper bound for I, (K’; d)
of Theorem 4.

First, let us fix an arbitrary prime £ € A which satisfies Corollaries 12 and 16 and which splits
completely in K. Let ¢ := |£|. We want to use the Chebotarev density theorem on the finite Galois
extension By = Ep ¢FEr k/F. In this section, we will write G for Gal(E./F). We first find a
conjugacy class of G describing the primes p € A such that F(m,(¢)) = K.

LEMMA 26. We keep the above setting. Let p € A be a prime which is unramified in Fp/F. If
F(my(¢)) = K, then

Wp(¢)hw = mp(K),
with my(¢) and 7, (K) as defined in §§ 1 and 3.2, respectively.

Proof. On the one hand, using (2) and the hypothesis of our lemma, we see that

ppp = mp(P)mp ()

with 7y (¢), my(¢) € K, where the bar denotes the complex conjugation in K/F and where ju, € Fy,
as in (2). Therefore

POk = (mp(9))(mp(9))- (9)
In particular, p splits completely in K.
On the other hand, using the definition of 7, (K), we see that

PO = (mp(K)) (mp(K))- (10)
From (9) and (10) it follows that my(¢)"™ = my(K) (after possibly renaming the roots). O

LEMMA 27. Let a,b be independent variables and n a positive integer. There exists a polynomial
P,(x) € Z]x] such that

!

Proof. Observe that

(a+b)? a b

— 4942

ab b Tt a

and
(an 4 bn)2 a® b
— = — 4+ 2+ —.
anbm bn Tt an
840
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Thus, if we set t := a/b, we need to show that
. L, 1
24 S =Pt 2+
for some polynomial P, (z) € Z[z]. It suffices to show that
0" 1 1
b2+ 2 ) =t"+ 24 o+ Qu(t+2+ (11)

for some polynomial @, (x) € Z[x]. Then we define P, (x) := 2" — Qn(x).

We prove (11) by induction on n. Clearly, Q1(z) = 0 and Q2(z) = 4x — 4. Let us assume that
(11) holds for each k < n — 1. Then for k = n we have:

<t+2+1>n= <t"—1+2+L+Q _1<t+2+1>><t+2+1>
t gt t t
= <t”+2+i>+<t+2+1>Qn_1<t+2+1>
tn t t
1 n—1 1 1 n—2
+2<t+2+z> —2Qn_1<t+2+¥>+<t+2+g>

1 1
—Qn_2<t+2+¥> +2<t+2+2> — 8.
Now take

Qu(z) == 2Qp_1(x) + 22" 1 = 2Qu_1(x) + "2 — Qp_o(x) + 22 — 8.
This completes the proof of the lemma. O

Let g be a matrix in GLa(A/LA). Then the function

_ tr*(g)
t(g) = det(g)’

where det and tr denote the determinant and trace of a matrix, is well defined in PGLy(A/LA).
We denote by ¢ the projective image of g. Let

C; C PGLy(A/LA) x PN,

be the union of conjugacy classes of matrices defined by
Cr ={(91,92) € PGL2(A/LA) x PN : 1(g2) = Ppu(t(g1)) (mod £)}. (12)
LEMMA 28. We keep the above setting and notation. Then
y(K;d) < e, (d; B/ F),
where the quantity on the right-hand side was defined (in more generality) in § 5.

Proof. Let p € A be a prime of degree d, unramified in F, such that F(m,(¢)) = K. In particular,
p splits in K. Then, from Lemma 26,

mp(K) = Wp(¢)hw7
and from Lemma 27,
(mp (K) + mp(K))* _ (mp(9)™ + mp(9)
T (K) mp (K) wp(qﬁ)hwwhw
841
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Both sides of the above equality are elements of A. Reducing modulo £ and using the definition of
pr, i for split primes and Remark 15, this gives

t(pe,x(0p)) = Prw(t(pre(op)))  (mod L)

which is the defining property of Cz. Thus pg(op) € Cr, as desired. O

LEMMA 29. Let Cr C PGLo(A/LA) x PN, be the union of conjugacy classes defined in (12). Then
|Oﬁ| <<h,w £3'

Proof. Let go € PN . There are two types of cosets in PN ., with representatives

b o) o (o)

for a € (A/LA)* (in fact, « is a hwth power in (A/LA)*, but we do not need to consider this to
get the upper bound that we need). For a fixed f € (A/LA)*, there are at most two cosets of PN

of the first type such that
2
t<<1 0>> _(+a) _
0 « «

Then, as t(g1) determines t(g2) by Lemma 27, the number of (g1, g2) € Cr with g of the first type
is at most

2| PGLy(A/LA)| < £3.
For cosets go € PN of the second type, we always have t(g2) = 0. The number of possible values

of t(g1) such that P, (t(g1)) = 0 is bounded by the degree of the polynomial Pj,,, which depends
only on hw (and not on £). Then,

#{(g1,92) € Cr : go is of the second type} <. £ n(¥),

where n(¢) is an upper bound for the number of cosets §; in PGLy(A/LA) with t(g;) = f for any
fixed value f € A/LA. It is an easy computation to see that n(f) < ¢2, and this completes the
proof. O

Finally, we are ready to prove Theorem 4. From Lemma 28 and Theorem 25 we see that

C
I, (K d) < T, (d: Bz /F) %H(d; Er/F) + Oy 1 (1Cz| %2 deg(L)).

Combining this with the estimates of Lemmas 20 and 29, we deduce that
T,(K; d La L r2gir1og ¢
o(K;d) <g¢ K 7 d + g~ log, £

Now we choose the arbitrary prime £ € A such that
¢/
d4/5

and obtain the desired result. This completes the proof of Theorem 4.

£:|ﬁ|:

6. Proof of Theorem 9

Let g, A, F' be as in the introduction. Let ¢ be a Drinfeld A-module over F', of rank 2, and such
that Endj(¢) = A. Let d be a positive integer and ¢t € A. It is clear that

#{pecA:degp=d, ap(¢) =t} < #{pecA:degp=d, ap(¢) =t (mod L)} (13)
842
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for any prime £ € A. We choose a prime £ which satisfies the hypotheses of Corollary 12. Using
the observation of Remark 15 we obtain that

#{p € A:pt LA(), degp = d,ap(¢) =t (mod L)} = e, (d; Fre/F),
where
Cr:={g€GLa(A/LA):trg=1t (mod L)}

(note that this is different from the set C defined in (12)). It is easy to see that |Cz| = £3 + O(£?),
and so from Theorem 24 we deduce that

1 d
Ie, (d; FL@/F) <y Z% +€3/2qd/2 deg L.

We choose
l = ﬁ
d4/5
and plug it back into (13) to obtain
q4/5)d

H¢(t; d) <y W

To prove the stronger result for supersingular primes (or, equivalently, those primes p with
ap(¢) = 0), we work with the Galois representation p. 4 : Gal(Ez ¢/F) — PGLo(A/LA). Choosing
L to satisfy Corollary 12, we have

|Gal(EL4/F)| = |PGLy(A/LA)| = £(¢% — 1), (14)

where ¢ := |L£|, as usual. The condition tr(g) = 0 is well defined for matrices ¢ € PGLy(A/LA),
and we denote by 02 the union of conjugacy classes of these matrices. It is easy to see that |02| =
¢2 + O(¢); thus, arguing as above, we obtain

#{pecA:degp=d, ap(¢) =0} < #{pec A:degp=4d, ay(¢) =0 (mod L)}
<#{peA:degp=d, prylop) € CL}
1q? /2
<<¢ Zg —l—Eq degﬁ
We choose
d/4
T

and replace in the above estimate to get the second part of Theorem 9.

7. The square sieve for function fields

Let ¢, A be as in the introduction. In this section we prove a function field analogue of the square
sieve developed in [Hea84]. For this, we need to recall the definition of the quadratic symbol in A.

Let £ € A be a prime and let a € A. We define
0 ifL]a;
(%): 1 if £{aand 2?

—1 if £{a and 22 = a (mod L) is not solvable.

a (mod L) is solvable;

As in the rational case, it is easy to show that

QEI=D/2 = <%> (mod £).
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From this we deduce the basic properties:

(1) if a = b (mod L), then

@ (7)-(2)(z)

From the fact that (A/LA)* is cyclic it follows easily that

#{aeA/ﬁA: (%) :1} :#{aeA/ﬁA: (%) _—1} |£|2_1 (15)

For proofs of these results and other properties, we refer the reader to [Ros02, p. 24].
With these definitions and remarks, we are now ready to state the following theorem.

THEOREM 30 (The square sieve for function fields). Let q, A be as in § 1. Let A be a finite set of
(not necessarily distinct) non-zero elements of A. Let P be a finite set of primes of A. Set

S(A):={a e A:a="b*for some b e A},
and for any a € A define

vp(a) == #{L € P: L|a}.
Then
Al

SIS )+ > (2)(z >‘ |P|Z”7’ P

max
|P|  £1,L2€P
L1£Ls 'a€EA acA

Proof. The proof of this theorem is a straightforward function field analogue of the proof of the
classical square sieve. For the sake of completeness, we include it here.

We note that if a € A is a square, then

> <Z> -y (Z) — IP| - vpla).

LeP LeP

Lta
Therefore
1 a 2
S Y | () + i@
acA LEP
<Pt (2)(%) 7 7 Ll
=5 D D Z + 5 > vela),
|P‘ ‘P| £y epaca A [F PP iea
L1#Lo
from which we deduce the result. O

8. Proof of Theorem 5 and Corollary 6

Let ¢, A, F' be as in the introduction. Let ¢ be a Drinfeld A-module over F', of rank 2 and with
Endz(¢) = A. Let K = F(1/¢(T")) be an imaginary quadratic field over F', with g(7') € A squarefree.
Finally, let d be a positive integer. We will use the square sieve to obtain upper bounds for the
quantity I, (K;d).

First, we observe that the condition F(my(¢)) = K given in the definition of II4(K';d) implies
that

ap(¢)? — dppp = g(T)W(T)?
844
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for some h(T) € A. Therefore, by multiplying both sides by g(7T'), we see that our task is to count
primes p for which g(T){ay($)* — 4upp} is a square in A. We set

A= {g(T){ap(¢)* — 4ppp} : p € A an ordinary prime for ¢ ,degp = d}
and
P:={LecA: L prime ,degL =0}
for some parameter 6 = 6(d) # d, to be chosen optimally later.
In this setting we apply the square sieve and obtain

3 '<9(T){ap(¢)2 - 4Mpp}> <9(T){ap(¢)2 - 4Mpp}>'

|" l|
. < —
H¢(K7d) NS + max ) )

where the prime on the summation signifies that we are summing over ordinary primes p for ¢.
From the prime number theorem for function fields we deduce that

Al _ a0
— = —. 16
IR (16)
By noting that

vp(a) < dega

and by using the bound (3) given in § 1, we see that for ordinary primes p of degree d we have

vp(g(T){ap(¢)® — 4upp}) < d + deg g(T).

We infer the estimates

2 a0
] >_vela) < g0~ [d+degg(T)), (17)
acA
1 2 200 2
o 2 vplal < o i+ degg (TP (18)
acA

It remains to evaluate

1 g(T){ap(0)? — 4upp} [ 9(T){ap(d)?* — 4ppp}
max E g P P .
CLIJ;E;ZEJD depgepi d< Ly > < Lo > ‘

In doing so, we deviate from the proof in [CFMO05] by making one simple (but important) observation
and a reduction to PGLg-extensions; these new ingredients lead to substantial savings in the final
exponent of g. A more clear comparison with the method in [CFMO05] is described in [CDO0S].

Let us fix £4,L£y € P distinct primes such that the Galois representation pg,r, 4 is surjective
and the extension Fr, r, o/ F is geometric, i.e. L1, Ly satisfy Corollaries 13 and 16. We remark that,
by choosing d sufficiently large, we can ensure that these conditions hold. Now we consider the sum

Seesi= 3 ’<9(T){ap(¢)2 - 4Mpp}> <9(T){ap(¢)2 - 4Npp}>7

peA L4 Lo
deg p=d
which we write as
T T
Scaco = (%) <¥> (Th + T — T3 — Ty), (19)
1 2
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where

Ty = p € A:p ordinary,degp =

#{ ( > ap()? — dpupp
Ty = #{p € A :p ordinary,degp = d, ( 4Mpp> _ <M
#{ ( > -

Ty = p € A:p ordinary,degp =

Ty = #{p € A : p ordinary,degp = (M) _ _(M

We will estimate each of the terms 17, 75,73 and Ty. Using Remark 15, we write
T; = #{p € A: p ordinary,degp = d, (ﬁcl,¢(0 ) Pea.6(0p)) € Cit,

where oy, is the Frobenius at p in F*®/F and C;,1 < i < 4, are the unions of conjugacy classes in

Gal(E£1£2/F) >~ PGLQ(A/ﬁlﬁgA)

defined by:
2 _ 4 2 4
(91,92) € PGLo(A/L1L2A) : (trg1) det g1 _ (trga) det go _1l
El £2
tr g1)% — 4 det tr go)2 — 4 det
{ 91792 E PGLQ(A/»ClﬁgA) <( gl) 7 gl) = <( 92) 7 92> — _1}’
1 2

2 _ 4 2 4

{ 91792 E PGLQ(A/£1£2A) <(trg1) 7 detgl) _ _((trgz) Z detgg> _ 1}’

o trg1)? — 4det trge)? — 4det
Cy = {(91,92) € PGLy(A/L1LoA) : <( r9) - ¢ 91> :_<( rg2) z © 92) — _1}.

We recall that ¢ denotes the projective image of a matrix g. The conditions defining the sets Cj
are well defined in PGLa(A/L1L2A) >~ PGLy(A/L1A) x PGLy(A/L2A). Since they are unions of
conjugacy classes in PGLy(A/L1A) x PGLy(A/LyA) and since L1, Lo have been chosen such that
PLiLs,¢ 18 an isomorphism, we can use Theorem 24 to estimate T;,1 < 7 < 4. For this, we only need
to estimate |C;|,1 < i < 4. We rely on the following lemma.

LEMMA 31. Let q, A be as in § 1. Let L € A be a prime such that |L| = ¢. Then:

3

(1) #{g € PGLy(A/LA) : <(tr9)2 Z4det9> _ 1} _ % o),

3

(2) #{g € PGLa(A/LA) : <(“9)2 Z4det9> — —1} - % +0().

Proof. The proof consists of an easy counting argument relying on (15), and we leave it as an
exercise for the reader. O

Using this lemma, we obtain

|Cy| = <€3 + o<e2>> <€; + 0(62)> = ? + O(L20%(01 + 1)),

for each 1 <7 < 4. Then, by Theorem 24, we obtain
(203 q* b+t ¢ 3/2 ,3/2
T, = 12 4 4 0 g/g/d/2l /¢ / 0 (3/4)d
ABG-1)(B-1) d ( (163 d> Ol ¢ oyl + ) + Ogla ™)
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for each 1 < i < 4, where the last error term comes from the estimate given in Theorem 9 for the
number of supersingular primes for ¢.

We are now ready to estimate Sg, £, and to conclude the proof of the theorem. Using the above
estimates for 71,75, T35 and T} in (19), we deduce that

d—0
Serzs <o QT 4 qd/2+369 + q(3/4)d7 (20)

where we are also using that [£;| = |£2| = ¢ (recall the definition of the set P). By putting together
(16)—(20), we deduce further that

2
H¢(K;d) <4 qd/2+3€9 +qd—0g[d+ degg(T)] + qd—20%[d+ degg(T)]2 + q(3/4)d.
We choose

d
0:=—
8

and conclude that

y(K;d) <4 ¢ + deg g(T)] + ¢®/Vd[d + deg g(T)]%.

We emphasize that the implicit <4-constant depends only on ¢, and not on the field K.
To prove Corollary 6, we write

#{p € A :p prime ,degp = d} = I14(0;d) + Z II4(K;d),
KeDy(d)

where I1,(0; d) denotes the number of degree d supersingular primes for ¢ and Dy (d) denotes the set
of distinct fields F(m,(¢)) obtained by running over ordinary primes p € A with degp = d. Using
Theorems 5 and 9, we obtain

¢ q/®

Dy(d)| > > .
Do(d) ? dmaxep, @ Us(K;d) ~ ¢ a2

This completes the proof of the corollary. O
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