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ON TWO LEMMAS OF BROWN AND SHEPP HAVING
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Abstract

Simple proofs are given of improved results of Brown and Shepp which are useful in
calculations with fractal sets. A new inequality for convex functions is also obtained.

1. Introduction

Recently there has been a resurgence of interest in sum sets, which have, inter alia,
application to fractals, iterated function systems and dynamical systems (see the
authors [2] for some select references in the area). The calculation of associated
Hausdorff dimensions and Hausdorff measures and other properties can be delicate.
In [1], Brown and Shepp provided two key lemmas which have proved valuable in
making available a number of simple calculations in this area. Improvements of the
results of Brown and Shepp were obtained in [2]. Further generalizations of these
results are given in [3].

In particular, let E; be a non-empty set and L; a class of nonnegative functions
fi : E; &> R (i = 1,2). We consider functionals A; : L; — R which satisfy the
following conditions fori =1, 2.

(@ fieLi= Ai(f)=0.
) fiel,, s >0=Xrfiel; and A;(\f)=xrA(f).
(¢) lelL;,thatis,if fi(1) =1Vt € E; then f; € L,.
@ fi, g el with fi(t)>gW) (VieE) = Af) = Ai(g).
e Ai(fi+g)<A(fD)+AE@) (fi,gi€li= fi+g €L).
Then we have the following
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THEOREM A. Let f; : L; — (0,00) (i = 1, 2) be real functions and let the func-
tionals A; (i = 1, 2) satisfy the five conditions above. Further, let s;,t; (i =0,1,2)
be positive numbers such that as”' + bt7' = 1 for positive constants a, b and
5; <850 <5, Then

AL(F)R A () < max [AVFD' A (FHV
In proving this theorem we used Lemma 1 below from [4] and Theorem B.
LEMMA L If ff € L; (i = 1,2) forallr € (0, 00), then the functions
Gin=A(f)) (=12
are logarithmically convex on (0, 00), that is, the functions log G;(r) are convex.

THEOREM B. Suppose that positive numbers s;, t; satisfy as,~_1+bt,~_1 =10=0,1,2)
for positive constants a;, b; and s, < 5o < s5. If f,g : (0,00) — R are convex
functions, then

! i L ’
f(s0)+g(0)§max[f(s) g()]_ M
So lo =12 L
The following generalization of Theorem B is also given in {3].
THEOREM C. Suppose that positive numbers s; ; (i = 0,1,2; j =1,...,n) satisfy

517 <80, <82, (G=1,....,n)and ajs7| + b;s;; =11 =0,1,2; j=2,...,n)
for positive constants a;, b; (j =2,...,n). If f;: (0,00) > R, (j=1,... ,n)are
convex functions, then

> fi(se)/s0; < max IZ f,-(s,-.,-)/S.-,,-] :
j=1 e W

Here we shall give simpler proofs of Theorems B and C.

2. Results

Our proofs stem from the following lemma, which is of some interest in its own
right. For example, it implies from Lemma 1 that the functions

H) =AY (=12
are logarithmically convex or that the means
Mi(r) = A(FHY (=1,2)

are logarithmically convex functions of 1/r.
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LEMMA 2. Suppose [ : (0,00) — R. Then f is a convex function if and only if the
function F given by

F(x) =xf(1/x)
is convex.

PROOF. First suppose that f is convex. Thenif x < y < z, we have

C=x)fMN=O-0f@D+E-yfk). 2

Forb>a > 0,setz =1/a,x =1/b,y = 1/[Aa + (1 — A)b], where A € (0, 1).
Then (2) becomes

1 1 1 1 1 1
(;_E)f(ka+(l—k)b)5(Aa+(l—k)b—5)f(2)

W
a Aa+(1—M\)b f(B)’
that is,

1 1 1

or
F(ha+ (1 —2)b) <AF@)+ (1 —A)F(®).

Therefore F also is convex.

Because f(x) = x F(1/x), the converse follows from the result just shown.

PROOF OF THEOREM B. Let F and G be two convex functions on (0, c0). Then
F(x) + G(y), with ax + by = 1 (a, b > 0) is also a convex function of x. Hence if
Uy < ug < uyand au; + bv; = 1fori =0, 1, 2, then

F(uo) + G(w) = max{F(u;) + G(v)}- 3

For the functions f and g of Theorem B we have, by Lemma 2, that the functions
given by F(x) = xf(1/x), G(x) = xg(1/x) are convex. Thus (3) becomes

uo f(1/ug) + vog(1/w) < gfl{g{u.-f(l/ui) + v;G(1/v)},

that is, (1) holds foru; = 1/s;, v; =1/t (i =0, 1, 2).
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We now prove a generalization of Theorem C.
THEOREM 1. Suppose that positive numbers u; ; (i =0,1,2; j=1,...,n) satisfy

uyjZuo; Zuy; (1<j<n) and aui+bu,;=10=0,1,2,2<j<n)

C))

for positive constants a;, b; (2 < j < n). If F; : (0,00) = R(1 < j < n)areconvex
functions, then

; F(uy,) < max I; F,-(u,-,,-)] :
PROOF. From (4) we have for u; ; > ugj > u, ; that
aj(uig — ) +b(u;; —ug ;) =0
for each of the pairs (i, k) = (1, 0), (2, 1), (2, 0). That s, for A € (0, 1),

Uoj —Upj _ U2 — Uoa (:= )
= = 1),
Uy j— Uz j Uz — Uy

Uyj—Uoj _ Uoy — Ui (=1-2)
Uyj— Uz Uz — U

CY)

On the other hand, the functions F; are convex, so

Ug; — U
F(up ;) < !
u1'j

2,j Uyj — Uo,j
Fi(uy ;) + —=F;(uy,;),
2,j Uy, j — Uy

that is, F(uo'j) < )\,F}(M]_j) + (1 - A.)F:,'(uz'j).
Summation gives

Y Filwo) SAY Fi(u )+ (=2 Fi(u))
j=1 j=1 Jj=1

x| Lo |
J::

Theorem C follows in the particular case Fj(x) = xf;(1/x) and u; ; = 1/s;; (i =
0,1,2; 1 <j <n).
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REMARK 1. Lemma 2 can be generalized as follows.
For an integer n > 1, the reciprocal transformation of order n of a function f whose
domain is an interval of positive numbers is the function ¢, given by

¢ (1) = (=1)"t"7' f(1/0).

The reciprocal transformation of order » of ¢, is evidently f. We have the following.
The reciprocal transformation of order n preserves n—convexity, that is, ¢, is n—convex
if and only if f is n—convex.

Recall that a function f is n—convex if, for n 4+ 1 distinct points x,, we have

Y ofe [ [Je—x) 20 (5)
k=0 =0
j#k

(see [5, pages 14-16]).
To establish the statement enunciated, suppose f is n—convex and set x, = 1/¢ in
(5). Simple manipulations provide

[To | Dy rasmy [ Tl -1 =0,
j=0 k=0 j;g

that is,

Zn:fpn(tk) ﬁ(’k —t) >0,
k=0 i=0

J#k
SO ¢, is n—convex too.
Since n—convexity coincides with ordinary convexity for n = 2, this establishes an
alternate proof for Lemma 2.

References

[1] G. Brown and L. Shepp, “A convolution inequality”, in Contributions to Prob. and Stat. Essays in
Honor of Ingram Olkin, (Springer, New York, 1989) 51-57.

[2] C.E.M. Pearce and J. E. Pecari¢, “On two lemmas of Brown and Shepp having application to sum
sets and fractals”, J. Austral. Math. Soc. Ser. B 36 (1994) 60-63.

[3] C. E. M. Pearce and J. E. Petari€, “An inequality for convex functions”, J. Math. Analysis and
Applic. 183 (1994) 523-527.

[4] J. E. Pecari¢, “Generalization of the power means and their inequalities”, J. Math. Analysis and
Applic. 161 (1991) 395-409.

[5]1 J. E. Pedari¢, F. Proschan and Y. L. Tong, Convex functions, partial orderings and statistical
applications (Academic Press, Boston, 1992).

https://doi.org/10.1017/50334270000010821 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000010821

