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1. Introduction

In 1964 Green and Rivlin (1) introduced a theory of simple force and stress
multipoles founded on conventional kinematics. Using a work formula, the
force and stress multipoles were defined with the help of the velocity field and
its spatial derivatives, More recently, within the framework of this general
study, Bleustein and Green (2) examined the theory of the simplest multipolar
fluid, the dipolar fluid, and formulated constitutive equations for a homo-
geneous incompressible linear dipolar fluid.

In this paper, after giving a resumé of the basic field equations governing
the dipolar fluid, we consider for the constitutive model proposed by Bleustein
and Green, the uniqueness of flows in a bounded region. We establish that,
provided the second velocity gradients remain bounded, then the solutions of
the initial value problem in which the velocity and velocity gradient are pre-
scribed on the boundary are unique. Moreover, the same can also be said for a
sub-class of dipolar fluids when the velocity and dipolar tractions are prescribed
on the boundary. These conclusions are based on energy considerations which
are reminiscent of the familiar technique of establishing uniqueness in bounded
regions for the classical Navier-Stokes theory (see Serrin (3), p. 251).

In addition to the generalization of the concepts of body and surface forces,
the theory of simple dipolar continuum mechanics also generalizes the concepts
of kinetic energy and inertia. In a forthcoming paper Green and Naghdi (4)
discuss generally the dipolar inertia and, for the case in which the form of the
kinetic energy is the same as that postulated in (2), these authors argue in favour
of adopting a different form for the fluid inertia from that assumed in (2). The
final section of this present paper shows that when the fluid inertia takes this
new form the parallel uniqueness theorems can be established when the first
and second velocity gradients remain bounded.

2. Basic equations for a dipolar fluid

We refer the motion of the continuum to a fixed system of rectangular
Cartesian axes. Throughout the paper repeated subscripts denote summation
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over the range 1, 2, 3. For an incompressible dipolar fluid the relevant field
equations are (see (2))

Tji, j— Sy, ki + P(bi— B i, ) = p(6;—Tj; 7, 2.1
Uk =0 (2.2

where p is the mass density, v; the velocity vector and X, ;,; are the components
of the dipolar stress Z,;; which are symmetric in the first two indices. The
symmetric tensor 7;; is related to the non-symmetric monopolar stress o;; by

Ti5 = O+ Zpyy, 1+ P(Fi;—T)), (23)
and the dipolar inertia I';; adopted by Bleustein and Green (2) is
Ly = d*(v;,,— v;,0, 9, (2.4a)
while that proposed by Green and Naghdi (4) is
Ty = d*(0;,i—v), 405, 1~ U, 1, 1+ Uk, i, 1) (2.4b)

where in both cases d is a constant. We shall assume that the monopolar and
dipolar body forces per unit mass, b; and B;; respectively, are zero. However,
the present paper is easily modified to cover the situation when these forces are
derivable from potentials, that is
bi=0, B;;=Y¥ i
In the equations (2.1)-(2.4) a superposed dot denotes the material time derivative
and a subscript k following a comma indicates partial differentiation with respect
to the space variable x,. If the dipolar tractions associated with the surface
whose unit normal is n, are T;; and if, in addition, T;; is a linear function of #,
then
Tij = mZy;.

For a homogeneous isotropic incompressible linear dipolar fluid which is
undergoing homothermal motions the constitutive equations for 7;; and Iy
are (2),

T+ @i = 244, jys (2.5)

Zapkt Vi +V,0u = hi0;jvy, ut2hy0q, 5y, 1+ sty o (2.6)

where §;; is the Kronecker delta, ¢ and y; are arbitrary functions that arise
from the incompressibility of the fluid, u, A,, h,, h; are constants and

v, jy = 3(v;, 5 +05,0) 2.7

The thermodynamical restrictions imposed by the Clausius-Duhem inequality
upon the coefficients appearing in the equations (2.6) and (2.7) are reported in
(2) to be

=0, 2hy+h3 20, 2h;+h3 20,
h3—h2 g 0, Shl —h2+2h3 ;0. (2.8)
We note for future reference that these inequalities imply 73 = Oand 4, + A3 2 0.
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Irrespective of the form of the dipolar inertia, there is inherent in the theory
a certain degree of non-uniqueness for, as pointed out by Green and Rivlin (1),
the skew-symmetric part Z;;;;; of Z;; makes no contribution to the governing
equations and it is therefore arbitrary in the interior of the fluid. Furthermore,
there is a non-uniqueness associated with the constraint of incompressibility
for when the equations (2.5) and (2.6) are substituted in (2.1) and (2.3) a vector
partial differential equation is obtained involving the velocity field and the
quantity p = ¢—2y,; ; (see (2), equation 5.18). These three equations together
with the equation (2.2) yield four equations for determining v; and p. However,
a knowledge of the function p at an interior point of the fluid is not sufficient to
determine the functions ¢ and y; at that point. As pointed out by Hills (5)
the implication of this observation is that it is not possible to state explicitly
the values taken by the stresses at any interior point of the fluid.

We denote the interior of the three dimensional bounded flow domain Q
with surface dQ by Q° Thus, we assume that equations (2.3)-(2.7) are valid
on the product set Qx [0, T'] where T is a finite instant of time, while the
equations (2.1), (2.2) and (2.8) are valid on Q°x (0, T]. We shall restrict our
attention to classical solutions which are assumed to exist subject to the
prescribed initial conditions

v{x, 0) = fi(x) in @x 0 (3.1)
and prescribed boundary data of the type
(@) o, ) =gx, 1) on Qx[0, T]
I A (ii) nkzk,-j = N,-j(x, t) on aQ X [0, T]
(i) fi = g on a0NxO0,
or of the type
() vx, ) =gi(x,t) on Qx[0, T]
II< (i) Duyx,t) = h(x,t) on dQx[0, T]
(iii) f; = g; on 9Qx0

where n, are the Cartesian components of the unit normal to dQ2 and D is the
normal gradient operator.

3. Uniqueness: Case 1

In this section we shall adopt (2.4a) as the form for the dipolar inertia and
say that v, is a solution if it satisfies (2.2), the vector partial differential equation
that results from (2.1) on using (2.4a), (2.5)-(2.7), together with the designated
initial condition (3.1) and either boundary data of type I or II. Moreover,
the velocity is said to be of class & if

SUp U pb; e = N?
0ox (0, T)
for some prescribed constant N. We now prove the following theorem:—
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If initial data (3.1) and boundary data of type I are prescribed then, for the
sub-class of fluids for which hy = 0, h, = 0, the governing equations have at
most one solution in the class o .

We shall assume that there are two solutions v; and »} and on setting
w; = v;—uv? and utilizing the linearity of the constitutive equations (2.5) and
(2.6), we obtain from (2.1) and (2.4a) by subtraction the equation

2 * 2 *
a,W,—d 6,w;_jj+wjvi,j+vjwi'j—d (kai, kj+uk wl,kj),j

(‘Eﬁ, i~ z(kj)i. kj) (32)

-

where 0, denotes partial differentiation with respect to time holding the spatial
variable fixed and 7;; and X, denote the stress tensors appropriate to the
difference velocity w;. Then, by forming the scalar product of (3.2) with w,
using the incompressibility condition, it follows that

w,-a,wi-*l- dzw,-, jatwi. j
L. 5 2 *
=5 (WiTji, j— Wikiwjpi, k) — WiW;0, j—d W, Wil

—Hwwp?), j+d [wdw; j+w (Wi, xi+0Ew, ) — 30w w0, 2 (33)

Next, we introduce the function R(¢) defined by
R(t) = %J‘ (Wlwi'l"dzwi’ jwi' J)dV
Q.

where the symbol Q, indicates that the integral is to be taken over Q at time ¢.
Consequently, on using (3.3), the divergence theorem and the boundary con-
dition w; = 0 on dQ x [0, T] we deduce
dR _
dt
The identity

1 _ -
J {; WiTj, j— Wi ) —(Wiwyo;, j+d 2w, WYL, kj)} av. (34)
o,

wif(k i kj = (Wifk i, k), j—(wi, jfk ji), kW kjf(kj)i

allows us to rewrite (3.4) as

dR _

1 _ =
o f {; Wi, Tt Wi, jZwpp) + waw o, j+d>w, wol kj)} av
Q.

+ I Win T+ w;, imZyi—wiZyj, 0dA  (3.5)
20,

and by employing the boundary conditions I we see that the surface integral
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vanishes, If we now substitute for the stress tensors using the constitutive
equations (2.5) and (2.6), it follows by (2.2) that

1
—_— == I = (uwg, Wi,y hawi Wi, e+ 3wy, jWy et 2w 5w
Q:
+ pPWiW;U; j+ pdzw,, jw,,v,‘_ kj)dV' (3.6)

Then, for the materials in which #, =2 0 and h, = 0, since y = 0 and 3 = 0
we can deduce from (3.6) that

dR _ _
dt —
If —m is the lower bound for the characteristic roots of the tensor v ,, in
Q°x (0, T) then since v; ; = 0 it follows that m = 0 and we can use the familiar
argument employed in the classical Navier-Stokes theory to bound the first
term on the right-hand side of (3.7) (see Serrin (3) p. 252). Moreover we can
apply the arithmetic-geometric mean and Schwarz inequalities to the second
term on the right-hand side of (3.7) to deduce

J (wwjo,, j+d*w, Wl )dv. 3.7
0.

dR < k‘[ wwdV +}d2J wy, Wi, 4V
dt n' Q,

where k = m+3d*N?. Consequently

dR
— 2 (2k+1R
dt =( )

so that by integrating from ¢ = 0 to ¢z = T using the initial conditions we
conclude

R(T)e™3*+1T < 0,

Since T was an arbitrary instant, R(T) must be identically zero which in turn
implies w; is identically zero. Hence the two flows v; and v} are identical.

We remark that in the preceding proof the boundary condition I;;, enables
us to show that the surface integral

j L mEda (33)
on. P

is zero. Now given any surface we can express the velocity gradient in terms
of the surface gradient operator D; and the normal gradient operator D:

vi,j = Djvi+njDv, (3.9)

where n; is the unit normal to the surface. In particular for the surface 6Q,,
since the velocity is specified on this surface, the first term on the right-hand
side of (3.9) can be evaluated. Consequently, if we specify boundary data of
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type IL, it is easily seen that w; ; = 0 on 9Qx[0, T] and therefore the integral
(3.8) will again vanish. Moreover, employing the identity

hyWi, Wi, e+ Baw; 5wy o+ 2how; pWy i

= (hy +h)W;, kWi, e+ B3 (Wi, oWy kj— Wi, Wi k), 5+ 2R (Ws, Wi, 2,
together with the divergence theorem and the inequality h, + 45 = 0, we see that
if boundary data of type II is specified then (3.7) can be deduced from (3.6)
independent of any restriction on A4, h,, k5 other than those implied by (2.8).
Hence we have established : —

If initial data (3.1) and boundary data of type II are prescribed then the
governing equations have at most one solution in the class <f .

4. Uniqueness: Case 2

In this final section we adopt (2.45) as the dipolar inertia so that henceforth
v; is a solution if it satisfies (2.2), the vector partial differential equation that
results from (2.1) on using (2.45)-(2.7) together with the initial condition (3.1)
and either boundary data of type I or II. Moreover, the velocity is said to
be of class 4 if

sup ;U ; = M?, SUp v jb;, g = N?
Q0% (0, T) Q0x (0, T)
for some prescribed constants M and N. Then, corresponding to the results
of the previous section, we now establish the following two theorems:—

If initial data (3.1) and boundary data of type I are prescribed then, for the
sub-class of fluids for which h, = 0, h, = 0, the governing equations have at
most one solution in the class 8.

If initial data (3.1) and boundary data of type II are prescribed then the
governing equations have at most one solution in the class 8.

We need only concern ourselves with proving the first of these results since
the second will follow from the first by an argument similar to the one set out
in the previous section. We again assume that there are two solutions and find
that the equation satisfied by the difference solution w; is obtained by adding
the term

AW, k0), 1+ V7 W5 k= Wi, 0k, 1= Ok, jWh, 1),
to the right hand side of (3.2). Consequently, the equation corresponding in
this situation to (3.3) has the extra terms

dzwi, v, k"f, K dZWi, Pk, ij: i~ d? [Wi(Wi, kU5t U?: Wi e Wk, jUk, i — UIT, i, i)], j
included on the left hand side. Then, by following an analysis parallel to that
of Section 3 with these extra terms included, for materials in which A, = O,
h, = 0, we arrive at the inequality

dR <

2 * *
o =" f ww;v; AV +d J (Wi, Wi, 10, k— Wi, ;W7 ik — Wi, jWe, 0k, AV .
nl ﬂt
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Since the velocity is now of class # we can apply the arithmetic-geometric
mean and Schwarz inequality to obtain

R < klj ‘v.-widV'*'dzkzj Wi, Wi, j 4V
dt Qt Q

where k, = (m+4d*N?), k, = 3(3+2M?) and m has the same meaning as
in the previous section. Consequently,

dR
— < 2(k;+ky)R
5 = ki tka)

and it follows directly that the difference velocity is identically zero. Therefore
the theorem is proved.
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