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SOME ORBITAL INTEGRALS AND A TECHNIQUE FOR 
COUNTING REPRESENTATIONS OF GL2(F) 

T. CALLAHAN 

I n t r o d u c t i o n . Let F be a local field of characteristic zero, with q elements in 
its residue field, ring of integers ûF, uniformizer œF and maximal ideal & F. 
Let GF = GL2(F). We fix Haar measures dg and dz on GF and ZF, the centre 
of GF, so t ha t 

meas(i£) = meas Z(ÛF) = 1 

where K = GL2(0 F) is a maximal compact subgroup of GF. If T is a torus in 
GF we take dt to be the Haar measure on T such tha t 

m e a s ( r M ) = 1 

where TM denotes the maximal compact subgroup of T. 
For any nonnegative integer c we define 

Kc = 
a /3 

. 7 <5. 
£K\y£ 

Let \l/c denote the characteristic function of Kc. In §1 we compute the following 
orbital integrals: 

T\G 

In [5, §3], Langlands computes these integrals for c = 0. He makes use of the 
Bruhat -Ti t s building of GF, and we use the same tools. Perhaps the details 
contained in §1 will be helpful to those studying [5]. 

Let n(c, F) denote the number of irreducible, uni tary, admissible representa­
tions, 7T, of GF such tha t 

i) 7T is special or supercuspidal, 
ii) C(TT) = c, 

iii) e* = 1, 
where c(ir) is the conductor of T (see [1]), and eT is the central character of IT. 
In Section 2 we describe a method for computing n(c, F) and we under take 
explicit computat ions when c is odd. 

I would like to thank R. Langlands and R. Kot twi tz for their assistance 
with this work. 
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432 T. CALLAHAN 

1. The orbital integrals. There are several conjugacy classes of tori in 
GF. A split torus is one which is conjugate to 

T h e other conjugacy classes are in a one-to-one correspondence with quadra t ic 
extension fields of F. If T is a nonsplit torus in GF, then the set of eigenvalues 
of elements of T is the multiplicative subgroup of a quadra t ic extension of F. 

Two tori in GF are conjugate if and only if they are isomorphic (see [3, §7]. 

LEMMA 1. Let H be an open subgroup of GF and X a function on GF such that 

\(h-igh) = X(g) 

for all h g H. Then, for all a 6 A, 

I ^(g~W)dg = meas (H) Hg~lag)dg 
uA\GF

 J C\GFIZH 

where 

QF
U 0 

. 0 1. 
\n £ z j c = 

If T is any nonsplit torus in GF and t Ç T, then 

f Ug-ltg)dg= [T-.T^'Z]-1 meas (H) f Hg'Wg. 
U T\GF J GFIHZ 

In particular, these formulae hold for H equal to Kc and X equal to \pc. 

Proof. Let T be a nonsplit torus and t Ç T. 

f Hf%)dg=] x{g-^g)^^^dg 
J T\GF J T\GFIH rneas (1 f \ gHg ) 

— nieas (H) f . _i . meas (TM) 
~ meas {TM) JT\aF/H

Hg tg) meas (TH gHg~l) dg 

- m e a s {H)[T : TM Z}'1 \ 
J GF 

Mg tg)dg. 

In the split case we proceed in the same way bu t use A = C X ^4A/Z. 

Let F be some 2-dimensional vector space over F and let XF be the set of 
classes of ^ F - l a t t i c e s in V. We say L\ and L2 are in the same class if Lx is an 
F-multiple of L2 . Consider X F as the set of points of a graph. We join two points 
Mi and Mi by a line of uni t length if there are lattices Lx £ Mx and L2 G M2 

such t ha t Li has index g as a subgroup of L2 . X F is called the Bruhat-Tits 
building of GF. Bruha t and T i t s have defined the building of much more 
general groups, bu t we need only this simple case (see [6]). If m Ç XF, there 
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ORBITAL INTEGRALS 433 

are exactly q + 1 points joined to m by a line of unit length. It is not hard to 
verify that any two points in XF are joined by some path and that there is a 
unique path of minimal length. This makes the building of GF particularly 
easy to work with, but it does not hold true in general; in fact, even for L7L3 

the situation is much more complicated (see [4]). If rnu m2 G XF, we define 
distx^ (wi, m2) in the obvious way. 

We identify GF with GL(V). Thus GF (and GF/Z) acts on XF. There is a 
unique point p0 £ XF which is fixed by K. Let C be as in Lemma 1. Then the 
line 21 formed by the orbit of p0 under the action of C is called the standard 
apartment of XF with respect to A. The connection with A is that 21 is the set 
of points of XF fixed by AM. In fact, if T is any split torus on GF, then the stan­
dard apartment of XF with respect to T is the line of points fixed by TM. For 
c G Z we let 

Pc = [^ \\P, 

If Wi, m2 G XF, we let (m1, m2) denote the minimal path from mi to m2; we 
distinguish between (mi, m2) and (m2, mi). We say g fixes (mi, m2) if g fixes 
each point of (mi, m2) or, what is the same thing, if g fixes mi and m2. 

LEMMA 2. 77z<? subgroup of GF which fixes (p0, p_c) is equal to KCZ. 

Proof. The group which fixes p0 is KZ, and so the group which fixes p-c is 

[V îHï !] - {[4- f ] I [; ^ 4 • *• 
The intersection of the two groups is KCZ. 

Let g be a diagonalizable element of GF\ i.e., g is conjugate, in GF, to a 
diagonal matrix. We define 

rAg) = " ' ( ^ ) 

where a, /3 are the eigenvalues of g and ^ is defined by 

\y\F = g"F(Y) 

for all 7 G F with | |F the usual absolute value on F. 

LEMMA 3. Let g be a diagonalizable element of GF contained in some split torus 
D. Let 2) be the standard apartment with respect to D. If p G XFj then gp = p 
if and only if 

distXF(p,@) g rF(g). 

Proof. This is Lemma 3.2 of [5]. 

For r and c nonnegative integers, we defined(c, r) to be the number of lines 
(mi, m2) of length c such that 
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434 T. CALLAHAN 

(i) dist*F(ro„ 8) Sr for i = 1,2, 
(ii) distxF(mi, 21) = distA>(mi, p0). 

LEMMA 4. For c ^ 0 , c even and r ^ c/2, 

i f ( C | r) = (g + l ) ^ 7 - 1 . 

i w c tfdd and r ^ [c/2], 

cSf(c,r) = 2qT+^c/2K 

For c 7* 0 awd r < [c/2], 

i f ( c , r) = 2q2T. 

For ail r ^ 0, 

-^ (0 , r) = q\ 

Proof. We must count the lines of length c in Figure 1 which start at a point 

level 
3 

0 - • 21 

marked by an open dot (Figure 1 is the diagram forjSf (2, 3) with g = 3). The 
base line is the standard apartment 21. There are (q — l)qn~l starting points at 
level n for 0 < n ^ r\ i.e., there are (q — \)qn~l points, p, such that 

distXF(p, 21) = dist(p,p0) n. 

Suppose that c is even and r ^ c. A line starting at level r must proceed towards 
21 for c/2 steps and then any one of q directions may be taken at each of the 
next c/2 steps. Thus from each point at level r originate qc/2 lines of the required 
type. At the opposite end, a line starting from the level 0 point has (q + 1) 
initial directions and then c — 1 choices of q directions. In this manner we 
obtain the following table: 
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Level No. of Points Lines per Point Total 

0 1 (q+ l)qc~l qc + qc~l 

1 (q - 1) (q + l ) ^ - 1 qc+1 + qc~ 
2 (q - l)g («z + l ) g - i <f+2 + gc 

r — c — 1 ( g - l)g r- c- 2 
(g + Dg'"1 q'-1 + qr-3 

r — c (g + i k ' " 1 qr + gr"2 

r - c + 1 5e"1 gr + g'-1 

r - c + 2 qc-i gr+1 + gr 

r - c + 3 qc-. gr+1 + gr 

r — c + 4 ( g - \)qr-c+z qc-2 gr+2 + gr+1 

r - 3 ( 2 - D? r - 4 qc/i+i çT+c/2-2 _|_ (jf+c/2—3 

r - 2 qC/2+i qT+c/2-i _|_ qT+c/2-2 

r - 1 qcn qr+c/2-1 i qr+c/2—2 
r ( 2 - Dg'- 1 qc/2 qr+c/2 _|_ „r+c/2-l 

If we add all this together, we get the promised result. All the other cases are 
just as simple—and just as tedious! 

THEOREM 1. Let D be a split torus in GF and let a be a regular element of DM. 
Then 

«, m „ \ - /meas(i?:c)e£f (c, r(a)), if \deta\F = 1 
*c[V,a) - | Q if\deta\F9* 1. 

Proof. Without loss of generality we may take D to be equal to A. Let 5 
denote the set of lines in XF of length c. From Lemma 1 it follows that 

GF/KCZ —> S 

gKcZ h-» (gp0, gp-c) 

is a bijection. Let S0 be the subset of lines (wi, m2) in S such that 

d is t X F Oi, 2t) = distXF(mltpo). 

If L £ S, then CL, the orbit of L under the action of C, has exactly one element 
in So. Therefore, Lemma 1 yields 

*c(A,a) = meas(2Q I ^c(g~1ag)dg 
J C\GFIKCZ 

Z) ^c(g~lag). 

It is clear that $c(g~lag) is zero for all g if |det a\F ^ 1, and so we assume 
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|det a\F = 1. We have, from Lemma 2, that 

<=> g~^g 6 Kc<=$g-lag fixes (p0} p-c) <=> a fixes (gpo,gpc)- Lemma 3 finishes 
the proof. 

In order to compute \Fc(r, /) for nonsplit tori we must work in a field large 
enough so that the matrices of T are diagonalizable, and then embed XF in 
the larger building. Let E be a quadratic extension of F. We view £ as a 
2-dimensional vector space over F. If a £ £ x , then 

a : £ —* E 

x —> ax 

defines an element of GLF(E). We identify GLF(E) with GF. The subgroup, 
JV, corresponding to Ex is a nonsplit torus. The lattices of E are ^ F -sub-
modules of E and two lattices are in the same class if one is an £x-multiple of 
the other. Thus we have a model of XF, consisting of classes of lattices in £, 
on which TF acts in a natural way. If L is a lattice in £ , we let [L] denote the 
class containing L. 

LEMMA 5. If E/F is unramified and TF = Ex, then [0E] is the only point in 
XF fixed by TF

M. If E/F is ramified, then [ÛE] ctnd [coEûE] are the only points 
in XF fixed by TF

M. 

Proof. If [L] is fixed by TF
M, then it is easy to check that L must be a frac­

tional ideal in 0E. The rest is straightforward. 

We now want to embed XF in XE. Let XE consist of classes of ^^-lattices of 
E X E. It is not hard to show that E <S>F E = E X E as E vector spaces 
under the map 

(1) E ®FE-+EX X 

a (8) b i—» (ab, ah) 

where b is the conjugate of b with respect to E/F. If [L] is a point in XF, then 
we obtain a point in XE by 

(2) [L] -> [L ®eF 0E\ 

Actually, the right-hand side is a lattice class in £ ®FE, but (1) allows us to 
consider it as a point in XE. In this way, we view XF as a subset of XE. If E/F 
is unramified, then each point of XE has q2 + 1 points distance one from it, 
and the embedding preserves distances. If E/F is ramified, then there are still 
q + 1 points distance one from each point in XF, but between any two points 
of XF there is a point of XE, not in XF. In this case distance is not preserved; 
in fact, if Wi, m2 G XF, 

distx^(wi, m2) = 2 distXF(rai, m2). 
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Next, we define the action of GE on XE to be compatible with (2), the injec­
tion of GF into GE and the previously defined action of GF on XF. In other 
words, we identify GE with GL(E X E) so that the following diagram com­
mutes: 

GF^- >GE 

GLF(E)->GLE(E XE). 

The top map is injection, the left side has been defined above and the bottom 
line is defined by (2); i.e., 

[gL ®GF 0E] = g[L ®ffF 0E\ 

In particular, if a G Ex, then a corresponds to a diagonalizable element of 
GLE(E X E) with eigenvalues a and â. If p £ XF and g 6 GF, then p is fixed 
by g acting on XE if and only if it is fixed by g acting on XF. The torus TF Ç GF 

is mapped into a split torus TE in GE. The apartment 2I# is the line fixed by 
7^ M 
1 E • 

LEMMA 6. Let mi = [0E 0 ^ F Û E] and m2 = [QE0E 0^?F ^# ] - i / £/-F is 

unramified, then ni\ = m2 and %Er^XF — {mi}. If E/F is ramified, then 
mi 9^ m2 and 

(1) %EC\XFis empty; 
(2) distXF(XF, 21*) = dis t^(m, , »*) = Ô(£/F), 

where ô(E/F) = vE {different of E/F) and i = 1, 2. Furthermore, if m is any 
other point of XF} then distXE(m, 2I#) > ô(E/F). 

Proof. Suppose that E/F is unramified. Then 

(3) TE
M = TF

M -Z(ÛE). 

Therefore, a point of XE is fixed by TE
M if and only if it is fixed by TF

M. Lemma 
5 says that the only point in XF which is fixed by TF

M is [ÛE], and so the only 
point of XF in XE fixed by TE

M is m\. 
Suppose that E/F is ramified. We no longer have (3), but any point on 2l# 

must still be fixed by TF
M. Thus, Lemma 5 implies 

2l# C\ XF C {mi, m2}. 

Multiplication by œE interchanges [ÛE] and [œEûE]. Therefore, the diag­
onalizable element of GLE{E X E) corresponding to œE interchanges mi and 
m2. This transformation has eigenvalues œE and œE. Since dis tX F(^i , w2) = 1 
there must be a point, m, of XE, not in XF, which is between mi and m2 and 
which is fixed by aE. From Lemma 3, it follows that 

d is t^(m f »*) ^vE(l-^j 
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and 

distx^Oi, $5L) > vE ( 1 - ~ - j . 

Since distx^(w, wii) = 1, we have 

d i s t^ (wi ,8 l0 = l + ^ ( l - » y 

= à(E/F). 

For nonnegative integers c and r, let 
(wi, 712) in X F of length c such that 

distyF(wi, w) S r, and distXF(^2, w) ^ r. 

where w is a fixed but arbitrary point in XF. 

LEMMA 7. c ^ 0, c even and r ^ c/2, 

c, r) denote the number of lines 

Jé{c, r) = g'f'}
q+,P (q-c,2+1 ->- "-en 

(a -D 
For c odd and r ^ [c/2] + 1, 

c, r) = V (g + 1) ^r-Ic/2] _ jx 
(2r 

(Z - 1 
For r < c/2, 

^ ( c , r) = 0. 

For a// r > 0, 

^ ( 0 , r) = (q + l ) ^ - 1 

^#(0 ,0) = 1. 

Proof. For q = %,^{c, 3) is the number of lines of length c in Figure 2. For 

level 
2 
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c odd and [c/2] < c < r we can produce, as in the proof of Lemma 4, the 
following table: 

Level 

0 
1 
2 

Lines per 
No. of Points Point 

1 0 
2 + 1 0 

(q + l)g 0 

Total 

0 
0 
0 

c — r — 1 
c — r 

c - r + 1 
c - r + 2 
c - r + 3 

r - 2 
r - 1 

(<Z + l)q"~* 
(q + D g — 1 

(q + l)q^ 

0 0 

qc + g C - l 

f+1 + g0"1 

g[c/2] + l QT+[C/2]-l _j_ g r+[c /2] -2 

7[c/2] + l 

7[c/2] 

7»"+[c/2] 

7r+[c/2] 
+ 5 
+ 5 

r+ [c /2 ] - l 

r+ [c /2 ] - l 

If we add all this up, and fiddle about for a bit, then we get the advertised 
result. The other cases are just more of the same sort of thing. 

The next two lemmas are standard results. 

LEMMA 8. If T is a torus in GF} isomorphic to Ex where E is a quadratic exten­
sion of F, then 

[T: TMZ] = e(E/F) 

where e(E/F) is the ramification index of E over F. 

LEMMA 9. If C is any positive integer, then 

[K:KC] = g - i ( g + l ) . 

THEOREM 2. If B is a nonsplit torus in GF, isomorphic to an unramified 
quadratic extension of F, and b G B, then 

*, (u M _ / m e a s ( i Q ( c ^ , rE(b)) if \detb\F = 1 
^c^0) ~ \o if |det 6 1 , ^ 1 . 

Proof. It is clear that the integral is zero if |det b\F 9
e 1, and so we assume 

|det b\F = 1. Let .5 be the set of lines in XF of length c. Then there is a 1 — 1 
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correspondence with G/KCZ given by 

G/KCZ->S 

gKcZ^ (gpo,gp-c). 

Therefore, from Lemmas 1 and 8, 

• / . 
tc(B, b) = meas(Ke) ^(jfbg)dg 

J G/KcZ 

= Z idg-'bg). 

We embed XF in XE, and use Lemma 3, to obtain 

tdg-'bg) = 1 

if and only if 

d is t^G^o, l\E) S rE(b) and d is t^(g£- c , %E) S rE(b). 

But there is a unique point, m, in XF H ?l#. Therefore, for p £ XF , 

d i s t ^ ( ^ , Sis) = distX]S (p,m). 

For nonnegative integers c and r, \etyV (c, r) be the number of lines, («i, w2), 
of length c in X F such that 

distxF(^z, h) S r or distXF(w^, /2) ^ r 

for i = 1,2, where /i and h are two arbitrary but fixed points in XF such that 
distx^(/i, h) = 1. For ç = 3,<yK(c, 2) is the number of lines of length c in 
Figure 3. 

LEMMA 10. For c ^ 0, c even and r ^ c/2 

2gC-1(g + 1) / r-c/2+1 
^(c, r) 

fo- 1) 
(q 1). 
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For c odd and r ^ [c/2], 

^(c,r)=f~C2r[cl2]+1 - 3 - D . 

For all r > 0, 

g - 1 

For r < [c/2], 

J/(c, r) = 0. 

Proof. We could prove this lemma in the same manner as Lemmas 4 and 7, 
bu t there is a simpler way. If we bend Figure 3 a t the point h, then we get 
Figure 4 (ignore the points marked by closed dots) . Thus^V(c, r) is equal to 

,Jé{c, r) plus the number of lines with an end point a t one of the qr points on 
level r + 1. If c is odd, then a line of length c can have a t most one end point 
a t level r + 1 and so, for r ^ [c/2], 

J/(c, r) =<J?{c,r) + 2qr+lc/2K 

If c is even, we must be careful not to count twice the lines with both end points 
on level r + 1. For c even and r ^ c/2, we get 

JV{c, r) =<Jf(c, r) + qr+c/2 + qr+c/2^K 

Combining this with Lemma 7, we obtain the required formulae. 

T H E O R E M 3. If T is a nonsplit torus in GF, isomorphic to a ramified quadratic 
extension E of F, and t £ T, then 

if | d e U | F - 1 

10 , if | d e U | F ^ 1. 

Proof. We assume |det t\F = 1. If S is the set of lines of length c in XF, then 

GF/KCZ->S 

gKcZ -> (gp0, gp-c) 

is a bijection. Therefore, from Lemmas 1 and 8 

*C(T, t) = 2 m e a s ( i Q £ * c ( r t ) -

We embed XF in XE. Let m\ and m2 be as defined in Lemma 6 and let m be the 
point of XE between m\ and m2 (see the proof of Lemma 6) . For p £ X F , 
we have 

d i s t x *(£ , 21*) = 5 ( £ / ^ ) - 1 + d is t s (p , w) 

= h(E/F) + min{2 d i s t A > (£ , mi) , 2 d i s t A > (£ , w 2 )} . 

*,(r,/) = 
meas(i^c)yK ( , rB(o - m IF) 
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The situation is illustrated by Figure 4. The open dots are points of XF and 
the closed dots are points in XE not in XF. T h e base line is %E. Figure 3 mus t 

be bent a t rax to relate it to Figure 4. 

level 
3 

FIGURE 4 

From Lemmas 2 and 3 we have 

4>Ag-Hg) = 1 

if and only if 

t fixes gp0 and gp-c 

if and only if 

distXE(gpo, llE) ^ rE(t) and d\stx E(gp-C, 21*) ^ rE(t). 

T h e theorem follows easily. 

If we combine Theorem 1, 2 and 3 with Lemmas 4, 7, 9 and 10 we can 
establish the following table of values of \l/c(F, 0 -

For A a split torus, a £ AM and r = rF(a) 

(2q2r~c+1(q + l ) - 1 for r < [c/2] 
\PC(A, a) = lqr-c/2 for r ^ c/2, c even, c ^ 0 

(2g^-tc/2i (g + l ) - 1 for r ^ [c/2], c odd. 

For B ~ Ex where E/F is an unramified quadra t ic extension, b £ 5 M and 
r = rE(b). 

(0 for f < c/2 
yc(B, b) = <(q - l)-l{qT~c/2+l + qr~c/2 - 2) for r ^ c/2, c even 

{2(q - l ) - 1 ^ 7 " " ^ 7 2 1 - 1) for r ^ [c/2] + 1, c odd. 

For J1 = Ex where E/F is a ramified quadra t ic extension, / Ç 7 W and 
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I = [ M O - HE/F))/2], 

(0 for / < [c/2] 
te(T, t) = Uq- l )- i(g '- c^+i - 1) for / ^ c/2, c even 

((q2 - l ) -1(2? ' - [ c / 2 ] + 1 - q - 1) for / ^ [c/2], c odd. 

2. The computation of w(c, F). We shall produce a function (Lemma 13), 
fc, on Z\Gf, which is locally constant and has compact support such that 

(4) tr(x(fe)) = {; i M * ) = < a n d * = l 
w v v cn , (0 otherwise 

where -K is any irreducible unitary admissible representation of GF. There 
exists a locally integrable class function XT, for each T, such that (see [3, §7]) 

t r W / c ) ) = f xAg)fc(g)dg. 
J Z\GF 

If we apply equation 7.2.2 of [3], we obtain 

f Xr(g)fc(g)dg = \ E f A(/) f Xrig)icig\)igàt 
J Z\GF T£S *> Z\T U T\G 

\ £ f A(f)xAt)Fe(T,t)dt 
Tes J

 Z\T 

where S is a complete set of nonconjugate tori in GF, containing A, 

Afe) = 
(oil — a2) 

0:10:2 

with «i and a2 the eigenvalues of g, and 

Fc(T,t) = f fcig-hgtfg. 
d
 T\G 

Let y = 5 - U } . We define a function F c on U ^ s A ^ = ^ by 

Fc(a) - F e M , a ) , a G Z \ 4 

and 

Fc(/) = mezs(Z\T)Fc(T, t) for T ^ Sf and / G T. 

Then 

tr(w(fe)) = è £ ~- g ! 7 \ r ^ f A(0xx(0Fc(0d/. 
r € S meas(Z\7 ) . / z \ r 

If J1 Ç 5, then 7" — 7" (7" is the set of regular elements of 7") has measure 
zero, and so 

tr(ir(fc)) = \ Z — i r « f Mt)xAt)Fe(t)dt. 
Tes meas^z \ i ) */ Z\T 

https://doi.org/10.4153/CJM-1978-037-3 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1978-037-3


444 T.CALLAHAN 

. As in [3, p. 480], we define a measure on °U' = Urçs ' T, by 

J f(s)ds = \ E --T-k-r^ / M0f(t)dt. 

This defines an inner product which we denote by ( , ) and we let L2(tf/') 
denote the corresponding space of functions on °UI. From [3, Chapters 15, 16] 
we known tha t the characters x^ are an orthonormal basis of L 2 ( ^ ' ) where w 
runs over D, the set of special and supercuspidal representat ions of GF. 

We now suppose tha t 

(5) Fe(A,a) = 0 

for all a• Ç A. This will be shown to be true in the case c is odd. Then 

t r ( , r ( / e ) ) = <F„ xx>. 

Therefore, 

7TÇD 

where 

Air = ( F c , XTT) 

= tr(T(fe)) 

_ (l if c(w) = c and ê  = 1 
(0 otherwise. 

Hence 

<FC, F c ) = X) a* = X #*• = n(c, F). 
IT£D TTÇD 

We have shown 

T H E O R E M 4. 7/ FC(A, a) = 0,for all a G A, then 

n(c, F) = <FC, F c> = h Z m e a s ( Z \ r ) I AA(/)FC (7\ / ) 2 & 
res' J Z\T 

T h e next lemma presents (5) in a more t ransparen t way. 

LEMMA 11. Suppose thai f is a locally constant function on GF with compact 
support. Then tr (w(f)) = 0 for all principal series representations TT if and only 
if F {A, a) = 0 for all a Ç A where 

F (A, a) = f fig-'ag^g. 
u A\G 

Proof. From [3, Proposition 7.6] it follows t ha t tr(7r(/)) = 0 for all principal 
series representat ions w if and only if all the Fourier coefficients of F {A, ) 
are zero. 
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LEMMA 12. If c is odd, then F c is identically zero on A. 

Proof. Let IT denote a principal series representation of GF. If eT = 1, then 
C(TT) is even, and so, by Lemma 11, tr(ir(Fc)) = 0. 

I t is now time to construct the functions fc. We observe t ha t 
tr(7r((meas Kc)~

l\pc)) is equal to the number of times tha t T contains the 
trivial representation when restricted to Kc. Therefore, if eT is not identically 1, 
then tr(7r(/ c)) = 0 for all c. Suppose tha t eT = 1. Then (see [1] or [2]) 

(6) ( m e a s O ^ ) ) - 1 ^ ^ ) ) = (0 if c < c(ir) 
\c - c(ir) + 1 if 0 ^ C(T) ^ c. 

LEMMA 13. Let 

/ i - - 2 ^ o + ( m e a s X i ) - V i , 

and for c ^ 2, 

fc = (meas Kc_2)~
ltc-2 — 2(meas i£ c_i)- ty c_i + (meas Kc)~

l\pc. 

Then f c satisfies (4). 

Proof. I t is a simple exercise to verify the lemma by means of (6). 

One could now verify Lemma 12 directly because Fc is a linear combination 
of the integrals computed in §1. 

Let T G S' and let E be the corresponding quadrat ic extension of F. We 
shall write bT to mean 8 (E/F). Since the eigenvalues of any element, t, of T 
must be conjugate with respect to E/F, |det t\F = 1 forces the eigenvalues of / 
to be units . Therefore, the set of t G T such tha t |det t\F = 1 corresponds to 
&E

X- We define, for n a nonnegative integer, 

HT(n) = {/ G 7>tf(/) = ^ a n d |det t\F = 1}. 

For fixed T £ S, the function 77
C(T, l) depends only on rE(t) and so we shall 

write Fc{T,t) = Fc(T,rE(t)). 

LEMMA 14. If E/F is unramified and n ^ 0, //ze^ 

' ( < ? - !)(<? + l)-lq-\ n ^ 1 
(g(g + 1) x , w = 0. 

/ / E / / 7 z s ramified, then HT(n) is empty if n is not of the form 2m + 8T for some 
nonnegative integer m, and 

mesis(HT(2m + ôT)) = g~(w+1)(g - 1). 

Proof. W e have 

m e a s ( i 7 r ( n ) ) = measfa G ^ ^ x | ^ ( a — a) = n). 

Suppose tha t E/F is ramified. Let / be a complete set of representatives of 
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0EX/ï>B0BX such that 0 Ç J and J - {0| C ÛF
X. If a 6 â ^ we can write 

Oi = X / (€2m + €2w+lW#)^Fm 

m=0 

where em Ç J and eo ̂  0. Thus 

oo 

If e2m+i is the first odd numbered coefficient which is not zero, then 

vE(a — ôt) = vE((tôE — ooE)ûFm) 

= b{E/F) + 2m. 

The rest is straightforward and we omit it. The unramified case is similar. 

The function A(/) has the following explicit values: 

jg-2rE(t) jf j^jY -g u n r a m i f t e d 
A ( / ) \g-rE(t) if E/F i s r amified. 

Let B denote the unique unramified torus in Sf, and let S" = S — {A, 13}. 
We can put the last few facts into the formula in Theorem 4 and, for odd c, 
obtain 

<FC, Fc> = £ E meas (Z\ r ) f ^A(t)Fc(T, t)2dt 

oo 

E meas HB(n)g~2nFc(T0, nf i 
2 

n=0 

+ \ E 2 £ meas HT(2m + 6T)q-2m-STFc(T, 2m + ÔT)2 

T£S" m=0 

oo 

= i E («- D(g + iry3vc(r„,W)2 

ra=0 
oo 

(7) + E ?"Sr E ^8M"1(<? - ir'cFiT, 2m + 5r)
2. 

We shall need 

LEMMA 15. 

E s-'r-af1. 
rçS ' -CTo! 

Proof. This lemma is a special case of a more general theorem due to Serre. 
It can be proved in several ways. It can be proved by the same techniques we 
have been using. One has only to use the Weyl integration formula to obtain 

1 = f **(g)dg= \ E f A(t)^o(Tyt)dt. 
G TG S T 
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If we put explicit values of \pn{T, t) into the above, then the identity drops out. 

THEOREM 5. If c is an odd integer, then 

(2g<*-»/*(ff - 1) for c ^ 2 

Proof. Suppose that TT is a supercuspidal representation of GF. Then c(w) ^ 2. 
Therefore, for c = 1, we need only count the special representations with trivial 
central character. It is not hard to show that there are exactly 2 of these. 

We now take c to be at least 2. To make the computation we have to put 
explicit values for FJT, t) into (7). We start with the unramified torus B. 
We shall use the results of §1 without giving specific references. 

fe = (meas(i£c_2))-^c_2 - 2(meas(i£c_1))-Vc-i + (mes.s(Kc))-^c. 

Therefore, if r = r(b) 

Fc(B,b) =^f(c - 2, r) - 2<Jt(c - 1, r) +^(c,r). 

A bit of computation shows that 

'-2(q - 1)V~3 if r ^ (c - l)/2 
F<(B>»= >0 i f r * ( C - l ) / 2 . 

Hence, 

I \ \ A (Fc(B,b)YA(t)db 
J Z\To 

CO 

= * Z (s - D(? + l)-V3B(-2(<7 - D<T3)2 

w=(c-l) /2 

<?2 + <z + i 
Now suppose that T Ç S" "and let m = (r#(0 — ôr)/2 (in view of Lemma 

14, m is a positive integer). Then 

^c(7\ 0 = WY(c - 2, m) - 2j/(c - 1, m) + ^ ( c , w)}. 

It follows that 
(-qc~Hq2 - 1) for/ > (c - l ) /2 

(* - D/2 

Therefore, 

j A(t)(Fc(T,t))2dt 
U Z\T 

7 

2) 

for/ = 
for / < 

oo 

E 
n=(c- l ) /2 

g2 + s + i 

q % - iy\-r\<i2 -1))2 
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2/ 

Applying Lemma 15, we get 

^(t)(Fc(J\t))2dt 
Z\T 

= V - ^ ( g ( c " 1 ) / 2 ( g - l)(g + 2) \ 
7̂ << \ 3* + 3 + 1 / 

_ 2 g ( c - 3 ) / 2 ( ( 7 - l ) ( g + 2) 

<T + ? + 1 

Adding this to the unramified term produces the advertised values of n(c, F). 

To make this method work for c even it is necessary to construct functions 
which behave like fc but whose orbital integrals vanish on the split torus. 
While this can probably be done, it is not clear what form these functions 
should take. Recently J. Tunnell [7] has found a completely different method 
which imposes no restrictions on c or ê . 
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