Theorems connected with the Differentiation of a
Circulant.

By Professor W. H. METZLER.

(Bead and Received 9th May 1919).

1. In 1909 Dr Thomas Muir,* in a paper on the above topic,
gave several theorems involving the derivation of a circulant, and
it is the writer’s purpose in this paper to extend these investiga-
tions with a number of other results.

2. Let the imaginary factors of the circulant C be denoted
by @y, 05, ..., &, , Where a,=a,+a, F*+a;6* + ... +a, 6"V% and
taking their products in pairs as follows: ;. a,,, ay. 0ty i,
el s Oy, let them be denoted by o o, 04. @on s oo. @ i
respectively. Let us denote the sum

™ ™
? g, am - Og a1 oos Kk 2mok41 by E;" 0‘-;") ’
then it is readily seen that
o™ | m—k+1
@ mver = (3 e)(n4)
where 7, represents (o, 6" *t% 4oy, 1 oM -1y and where for
each of* in % ot the co-factor = », contains no o which
is found in of7.
Again,
e ™ g1 m—h+l My
B) g a=dm-kel) e (3, 1, )5 P e
= o Y {m—k+2);
=2(m-k+1) ?131 oMy 2 y 21: o_g"—‘z’> ? 1, 1,

where in each term of Zof*? there is no o« common to of2,
1, , and I, .

* Muir, Messenger of Maths., New Series, No. 460, August 1909.
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In general,
r ™

2ar 2 =2 (r 1) (m+ks1)

e
< {1}
]

(B)

oa;
m—k+1 ar—l mk—l
+ <?h, [,,1 5(‘1{__'1 ( }1;,- m}x-x))

Taking the sum with respect to ¢ in each case, we have

™y

b}
(A) E 5“ p) af=0
. o hiir 3 My—1
(B) = é;—zl af=2.n.(m-k+1) }l: aft
1 i
R’ - i v’f " Yp— 1 k+1 z‘ A kz, (k—~1)
(R) T' da; ‘1" @; X Y(m &+ ) 3 < o

m—k+1 a,._l my_y
; < ( Su. I >—— (\‘j *—1) ishes
simnce i h _ ~d o vanl .
1’ T ) eart\ ] ’

From (R') we have, when » =2p,

n  O0%® ™ e
(ny aaa,? =2, (2p-1)(m-k+1]) & aaz,,_g(?.i a;*—v)
=22 n.(m-k+1)(m- k+2)...(m—k+p)

’"lk.p
x(2p-1)(2p -3)...3.1. ZJi al»,
1
and when r=2p + 1

”

el Tk
;,) N = o 0
- " sp+1 <~ =\,
( 7 OaFtt T Y

3. It is known* that
for n=2m+1

"k .2k
I .;/a.‘”—(— 12 19 2k> , (k=1, 2, ..m),

"

o L (12241
IL 8. Saf=(-1) 2(12...2Ic+1)’ (k=0, 1, ..m);

and for n=2m +2

* Vide author’s paper in the Mathematics Teacher, December 1918.
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o " 12...2k

III. S.8' S5 at-D_ o® (1Pt (
S gl el =(=107 2 19 at)
k=1, 2,

12...2k+1

i 3
IV. (S+8)Sa¥= _1:‘2( . ) k=0, 1, ...
( )2 e =(-1)" 2120k +1) ¢ ;

where S=a,+a,+a;+
S=a-ay+a;-...,

..om+1),

, m)

12...k
and where 2 (12._. Ic)’ (or 2, say), is the sum of the coaxial

minors of order k.

4. For circulants of odd order, n=2m+1, we have from (1)

and I

n o n o2

B) P 5w Za=-2.@p-Dm-k+]) S 555,

=(—l)”2"’.n.(2p—1)(2p—3) 3. 1. (m—-k+1)

w(m—k+p)Zy ,,.
For p=1 and k=m, this is

0}

n
Q. « AN
%’ daz < dpn=-2n3,, ,
<
- 2n “om—1
S

From (2) and I we have
n Ot
(4) P aa“-m, 25 =0, which, for p=<1 and k=m, is
)}
Ei EA,, =0,

From the rela.tlon 8.2, = 22”1 , we have

)
(A) o Zan=3u+8. 5 Zu

a* 9 &

mno 2 =2 Z 3,
(B) 5 Zun =2 o E“Saa,. -

* It is to be observed that in this relation, when k=m+1,

consider 3; a_}""“) to be zero.
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" ar ar—l . , ar
( ) ﬁ—gwﬂ-l =r5FL%+Saa:

<
doy »

From (R”) we have, when r=2p,

a 0% n 0%

(5) ]2i Wgzk-yl:‘g-?i 50—?1;217:
=(-1)*22.2.8.(2p-1)(2p-3)...3.1.
x(m-k+D)(m-k+2)...(m-k+p) 2y _,,

which, for p =1 and k=m, gives

n 62
~

S o2 C=-2.0.3, _
N da,f 39
32 2% 4
but ,; Ba;" C=n ?T 30.; Ai 5
04, <
i 2a. = - 2"1:—3
N :
When r=2p+1 we have

?‘ Wl Zan=02p+1) 21‘ @v Zo
=(-1)~22.n.2p+1)(2p-1)(2p-3)...3.1
x(m-k+1)(m-k+2)...(m-k+p) 3, ,,,

which, for p =0 and k=m, gives
n a
?‘ P, C=nZ,,=nZ4+t,
where 4, is the signed complementary minor corresponding to the

element a, in the first row of C.

Since
= Sp=S .75 S+ Iy and —3—2‘4 =8 o +3
o, —HHITO aa ST =k Ja. wh "2 <ok T Sk
¢ ¢ J 5

it follows that

o 9 9 9
(7) da, Zorgr - % 2= S (Ezu _% ‘\-'z») ’

* Vide Article 6 below.
1 Vide Article 6 below.
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or when k=m,

0 0
n(d, —4,)= S(W SAH‘?,;; EAH)
since Ba; C=nd,.

But by Stern’s theorem *
A, -4, =(-1y%"18.0,
where @ is the determinant got from C by deleting the first row

and the ¢* and j® columns and inserting a column of units in
the first place.

Therefore

b 0 .
(8) &7 2411—5;’_' Sdy=(-1)*" 1. n.Q.

5. For circulants of even order, n=2m + 2, we have from IV,

™ Y

?
(A) (=1 g San=(1+(= 1)) T o +(8:8) 5~ S

™y 2 My

2,
(B") (=1) 57 Zun=2(1+ (= 1)) 557 % o +(5+.8) 53 %5 aly

r r—1 m

9 %
®7) (-1 g Zan=r1+(-1)7) 55 o
r
HE+8) 5D ol

From (R"') we have, when »=2p

. 0P r» ™k

©) 2 om Zan=(C DSOS 55D ap

1
=(-1)?.22. n.(2p-1)(2p-3)...3.1
x(m-k+1)y(m-k+2)..(m-k+p)Zy_g41,
which, for p=1 and k=m, is

%y‘ 2 S4,=-203,, =-2mZ ,.

* Crelle’s Journal, Ixxii., pp. 374-380. Cf. Muir, Mess. Math., New
Series, No. 491, March 1912.

7 Vol. 37
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When r=2p + 1, we have
e p ™k

(10) 2‘ dairn Zmi=(— 1)"(2P+1)>~‘(1+(—1))anpf' o

=(-1)*P27 0, (2p+1)(2p-1)...3.1
x(m—-k+1)(m-k+2)..

(m-k+p) —-———-Eu_z’“.
1
which, when p=0and k=m is
O 24
% >34 =

1 Oay n= "z, Zay,
From III. we have

My

AW _ 1)k~l _0_ Su= (S’+( ~1¥18) 3 oD
(A") ( % 2 of

Mx—1 d ™
xS8.8 7= T afV_=— S o
oa;, 7 ¢ da, 7 %

& ) b
(B") (=10 5 Su =2(S+H(- )7 8) 3 Z o

2

& 9
x8. 8 %f—z ot - a7 SaM+2(-1)-1 S o0

r r—1 ”

(RY) (=150 S (8 4 (1)) 57 Baf 045 8 5 S

r r—2

- m ,aa.“‘)+'r('r—-l)(-l) ar = Safh,

From (R") we have when r =2p

2p—1

o
A (=1 5B 2p 3 (S(- 1)'S) g Sl

» o W
=1 _ Ty ——— T
+%‘ 8.8 20 Zo ;.t da Zaf

n aﬁp—z
+2p(2p-1) 2 (-1) Za5Zaf
1 %
=(—~1)7*2.n.(2p-1)(2p-3)...
3.1.(m-k+2)...(cm-k+p)

Pk )
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which, when p=1and k=m+1, is

i_C —.,’ng.zm ,=—‘7'n2n__3.
1 fa;

When »=2p 41 we have

” Atp41 n a?p

0 < on T
(12)  (-)S far Su=(@p+ DY ($+(-1)8) g So

n aﬁy+l n a‘JP+1

< S St —_ S, (k=1) _ }i -— 2 (5]
+ b . .4(). 2. +l O

N aa?p+1 daZr 7

% a?p_l
+(2p+1) 22 (- 1) gpmm 20
=(=1)-712 0. 8. (2p+])(2p—l)...
3.1.(m~- k+")

2k—2p+l

(m-k+p+ l)

11
which, when p =0, and k=m +1, is
n. 24,

Za—aC—--—le:l————-n}JAl,
when p=0and k=1, it is
L2 s s
T e, ” =n.0,

whenp=1and k=m+1, it is

. N N
@ C Co2 Zomy1 — <8y Zz:;.)
-~ N =zn\ T .

da? Zay,

1

S.8 S8
= -3 =~ — .2,
n Sar, 2m—1 S+3° —35
n o n g
but St 5 C=n Zi A4, (Art. 6.)
1 da/ 1 i
Lo, 8.8

1 aai bl S+SI n—1 3

6. The relations given without proof in this article are either
well known or are readily obtained from those which are.

aC oC
aai='nA,~, Tgi=nA
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04, 04, "

C " 1 C "9
e e RS —n3, d,=n 34, s 24,
oa; oa;, ’ 21" oa; nEI * a,nd? da? i 24 oa; =
. oC
Since C =Za,34, and - = Zd,+Za ( >
(]
0 nd,- =4 0
A e 32 54,=0.
2a, 4, S and 5, Z4,=0

Since C=o,, 0.0,
oC Caml+caa.,

da, o, 0a, ©e,0a;

oC _ C o, C %o,
— = ==+
Oay, a., Ba» 0.y 00y

0 d 2
( aka+ak+l$2 +...a;_, 5“&:)0=C(1 +6+02+ “_gn—l)=0

oC
(13) or Ea,,az =0, k+1.
By Euler’s theorem for homogeneous functions we have

(14) Ea,,i0=n0, and
(15) (za N >EA1_(n—1)EA1,
(16) (Ea,,a%)Ak=(n—l)Ak.

7. It is readily seen that

04, 12 1,113 : T1h: i1 A+l
e, ikh-1:T Tka 2,+'"+;k1;+;kn
_ln :
t ik k4l

‘Where Ilc '}7,’ represents the minor formed from the circulant

by deleting the 1** and j* rows and the %* and A* columns,
where : Ilc Zt i : =0, when k=% - ¢, and where each term having
an odd number of inversions is to have a negative sign.

Since for circulants any minor
rst..
wvw...

r+ae 8+at+a ...
U—CGV-AW—Ga...

| is equal to
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where when any row number becomes greater than n it must be
reduced by =, and where any column number that becomes zero or
negative must be increased by =, it is seen that for circulants of
even order n= 2m we have

A,=4, =4, k=1, 2,..m), and therefore the primary
k 2k~ m+k

1
minors corresponding to elements in the odd places of the first row
have primary minors corresponding to elements along the principal
diagonal equal to them, but those in the even places have not. It
follows that 24, =254, , (k=1, 2...m),

but Z4,=24, + 24,
. 0 0 Z4
% £34,=0, and S — S4,,—n 20
%a, 4, and 5, Ay Sar,’

_d 2
(UT) o S oSy = -3 S,

0 n 24n
(18) and =i -;lu w90—1= T Ean .
In this case of circulants of odd order for every signed primary
minor corresponding to elements in the first row there is a primary
minor corresponding to some elements along the principal diagonal.

i

~

0 0
8. If we denote a, 5&-1 + @ 372 +...+a, o

0
+a, +...+ak_1-a'a—

0, ;40

. 0
y }Ja,,aj'—q , then
(19) (Ea )An— Ah——k+l’ (or An+lz—k+l if k>}”)
=1, 2 ..n }
k = “’ ’
The truth of this is seen on observing that ( Za, a%) 4, is the
1

sum of n determinants which are obtained by increasing the
subscripts of the elements in the first, second, and so on, columns
of 4, by £—1. Of these all vanish, having identical columns,

except the (h-k+1)" (or the n+h—k" if h<k), and it is
—~dy i (01' - An+h—k—l) .
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If A=k then (16) becomes
0

(Eaka;j A= — 4y, (k=2 3..n).

From the foregoing we have
<Eoka—%>EAl = ~24,, or it may be seen as follows :
3
C = Eal EAI
CCma 34,430 (0, 34, )
axaal =0 24,4 26, | a, 4,

0 0
Rty 5;2 C=a,,24,+ 2“1( L8} 3, 2A1>

~

(Bme )O=20 24, + 0 (3a, - 34)),

oa,
o 0 . o
or Sa,—Z2Z4,= - ZA4,, since Za,— C =0.
oa, oa,
From o¢ =nd, we get
oa,
*C od, #C o4,

“’aakaal = oa, ’ ® 9a, 9a, =na2%~ ’
and therefore

®2C &*C ) ?
(21) “‘a_a,‘aaf"“’a_"a,,aag+"‘="<“‘aal+“25‘+ )A,c
=n(n—1)4,
Also
®C ¢ ) ?
A )4
@) g T angat ”’<“’° da, T 50t ) *
= ~nd,.

Again, from C=2a,24, we oet
o*C
=2, —2.4 +(Zal)<a, 53 24, )

a,a 2

2C 3 b} 0?
—_— e —— S e - 2
i3 = 1 Azwz(a 4, ) + <2a,>(az T o )

..............................................................................

and therefore

¢ & >C (2 a>EA
(GIW-,-“Z oa, aag aal 6a3 o 20, 1

o s
+ Za, (—— ZA ) +2a1(¢llm+%m...)2‘41
1
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or
n(n-1) 4, =(n— 1) 24, + (nd, - =4,)
o o*
+2a,(a,a ’+a28a,6 )EAI,
& o* 9 s
(23) .. Sa, (a,a?+a2m+...)>:A,=(n_.)(nA,- 4,),
and also
@) (Smgr) =20, (Sa ) S4+2(n-1) 34,
and
¢ ¢ 24,=224 A, + 4
(25) Ea‘(“”aakaal+a*+‘aakaa2 + ) =224, - n(4, + 4,).
From
& 0 0 *
B — = —_— = —_— 2‘ EA,)
z 8a,‘aa‘C ”(aak EA') "aasz‘+2“‘< da, oa;
+ 3 iEA,
oa;
o 5
S Cen(s —)A
and Saoa C "( oa, ) 4

it follows that
9 0
9 = = 2
(26) aasz' (E‘ 52 ) 4,, and

]

@27 = Z4,=0, since = % 24,=0.

&*
oa, 0a;

10. Another form for writing the circulant is
C=a,4,+a,4,+...+a,4,,
and therefore
oC 04, 04,

_ + o4,
0a,, =% oa, % oa,

04,
+ o+ QT _—
0,

X A+ ... +a,
oa,

?
(28) or a4, —A,=(n-1)4,.

oa,,
Also
& 0
(29) P a‘aT:-A‘=('n—2)— Ak
&* C
(30) = (n=2) 5%
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Taking the sum of both sides of (28) with respect to & gives

0 9 0
a1<—+— +...>Al+a,<

da, Oa,

+ 2
oa, Oas

(31) or Zia,Zx 8% 4, = (n-1)24,,
Xk

and therefore

(32)

11. As an illustration of some of the foregoing relations let us
find the value of the Hessian of a circulant.
venience sake, the case when the order is five, though the process
is obviously general, we have

Sa Sk 2 A, = (Eali)EAl,
O, da,

H(C).C
*2C *C *C *C *C
=\ da? da, da, 0a,;%a; 0a,da, Oa,da,
&*C *C o C *C o C
da, 0a, da,’ Oa, 0as 0Oa,da, Oa,da,
o C &eC *Cc *Cc. FC
Oa, 0a, Om,da, Oay’ da,0a, OayOas
o C *C 0*C 2C *2C
da,0a, 0Oa,0a, Oa,das Oal da, Oas
a0 2C *C &C *C
das0a, 0a® da, Oa;da; Oa;da, Oa,’
n(n-1)4, n{n-1)4, n(n-1)4,
= -n 4 -n 4, ~-n 4,
-nd, -n 4, -n 4,
-n A, -mn 4, -n 4,
-n 4, —-n 4, -n d,

=(=1)3e+D (-2 (n — 1) m» On-1.
Therefore
(33)  H(C)=(-1)+D(n=2) (n — 1) nn -2,

)4t = =124,

a, a, a; a; a,

Az Gy Gy Gy Oy

Qs @y Gy Ay G

Ay G5 Oy Gy Ay

As O Qg O3 Oy

n(n-1)4, n(n-1)4;

-n 4, -n 4,
-n 4, -n 4,
-n 4, -n d,
—-n A, -n 4,
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