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NECESSARY AND SUFFICIENT CONDITIONS 
FOR THE EQUALITY OF L(f) AND h 

WALEED DEEB 

Introduction. L e t / be a modulus, et = (bid) a n d £ = {eu i = 1,2, . . .}. 
The L(f) spaces were created (to the best of our knowledge) by W. 
Ruckle in [2] in order to construct an example to answer a question of 
A. Wilansky. It turned out that these spaces are interesting spaces. For 
example lv, 0 < p g 1 is an L(f ) space with f(x) = xp, and every FK 
space contains an L(f) space [2]. A natural question is: For which/ is 
L(f) a locally convex space? It is known that L(f) C Z1, for all / 
modulus (see [2]), and ll is the smallest locally convex FK space in which 
E is bounded (see [1]). Thus the question becomes: For wh ich / does 
L(f ) equal Z1? In this paper we characterize such/ . (An FK space need 
not be locally convex here.) We also characterize those/ for which L(f) 
contains a convex ball. The final result of this paper is to show that if/ 
satisfies fix-y) ^f{x)-f(y) and L(f) 9e ll then L(f) contains no 
infinite dimensional subspace isomorphic to a Banach space. 

Throughout/ will be a modulus and 

Bn = {X t L(f): \X\f£a\. 

LEMMA. If for some a > 0, Bf^n) is convex then for any finite collection 

of positive real numbers {ci, . . . , cn) with Ylct = I we have f(a) = 

Proof. Let Xm = aem, m = 1, 2, . . . , n then Xm G Bfia), for all m and 
X = J^CfXi is in Bf(a), since Bf{a) is convex. So \X\f ^ f(a). But 

1*1/= E/(Ci«) ûf(.a). 

On the other hand 

/(«) =. faciei) g E / ( C l a ) , 
SO 

/(«) = E /M) . 
THEOREM 1. For f a modulus, L(f ) = ll if and only if there exist two 

positive numbers r and e such that f(x) ^ rx for all x in [0, e). 

Proof. Assume that for every positive real number r and for every 
positive real number e, there exists an x in (0, e] such tha t / (x) > rx. So 

Received October 14, 1980 and in revised form February 23, 1981. 

406 

https://doi.org/10.4153/CJM-1982-026-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1982-026-1


EQUALITY OF L(f) AND I1 407 

for every positive integer n there exists xn in (0, 1/n2] such that 
f(xn) > nxn. Since/ is continuous [2], we have for every n there exists 
an interval In C (0, 1/n2) such tha t / (x ) > nx for all x £ /n- F ° r each 
n choose a finite number of points xnl, xn2, . . . , x^(n) in In such that 

1/n2 £ f>w/c ^2 /^ 2 . 

This can be done because, for all x in In, xn ^ 1/n2 so pick any point 
xnl in In, then choose xn2, . . . , xm(n) such that 

*(ra)—l tin) 

X! *»* ^ 1/n2 and J2xnk è 1/n2. 

Let 

X = (xu , xl2, . . . , Xi,(l), x22, . . . , x2t(2), . . .) 

then 
oo tin) oo Z(rc) co tin) oo -j -J 

1*1/ = S Hffrnk) ^ E X ***„* = X) n' H Xnk ^ X) n> ~2 = X2 " 

s o l ? L ( / ) f while 

CO ?(^) OO -J 

re=i fc=i i n 

so X G Z1 and L ( / ) ^ Z1. 
Conversely, suppose/(x) ^ rx in (0, e] for some positive real numbers 

r and e, so ll C L ( / ) , but ! , ( / ) C Z1 for all / modulus (see [2]). So 
L(f) = ll as sets, and this with the theorem in [4, page 203] imply 
their equality as topological spaces. 

THEOREM 2. For f modulus, the following are equivalent: 
(1) Bf(a) is convex for some a > 0; 
(2) there exists a positive real number a such that 

x, s f(a) fix) = -^-^ x, J a 

for all x in [0, a]; 
(3) there exists a positive real number b such that Bf^r) is convex for all 

r S b. 

Proof. (1) => (2): Let n be any positive integer. By the lemma we have 

f[a) = nfia/n). 
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Let m be a positive integer m < n\ then 

st \ Àm , n — m \ Am . 1 . 1 , 1 \ 
\w n I \n n n n 1 

(n — m) times 

= Af a ) + (w"w)/via) 
by the lemma. So 

\n J n 
Hence 

m . . Am \ 

So for any rational number r < 1 we have fir a) = r/(a). By the con­
tinuity of/ we have 

f(xa) = a/(a) for any x £ [0,1]. 

Now for any y £ [0, a], y/a fg 1. So / (^) = y/af(a). 
(2)=» (3): 

/ ( x ) = ^ 1 x for all x Ç [0, a], 

so Z1 = L ( / ) and for any r rg a 

£ r = ( i a ( / ) : | X | , g r } 

= {X (E £ ( / ) : \\X\U = \X\,/a fk r/a},a=f(a)/a 

So Br is a convex set for all r ^ a. 
(3) => (1) is trivial. 

Remark. The equality of L(f ) and Z1 does not guarantee the existence 
of convex balls in L(f). Take for example f(x) = x / ( l + x). / is a 
modulus. Since/(x) < 2/(x/2) for all x, no ball is convex. And it is clear 
t h a t i ( j f ) = IK 

The final theorem is a generalization (in the method of the proof and 
the conclusion) of the one given by Stiles [3], for the lv spaces 0 < p < 1. 
In the proof we will use his terminology. 

THEOREM 3. If L(f) ^ ll and f satisfy f{xy) ^ f{x)f{y) then L(f) 
contains no infinite-dimensional subspace isomorphic to a Banach space. 

Proof. First we will show that if B is a closed infinite dimensional 
subspace of L(f ), then B contains a subspace isomorphic to L(f ). 
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Now if B is infinite dimensional, it contains a sequence {bn} such that 
\bn\f = 1 where bn is of the form 

bn = (0, . . . , 0 , bn
kn,b

n
kn+1,0, . . . ) 

where fen is chosen arbitrarily large. Select bn such that 

E j % : \ < 1/2-+1. 
fc=fcn+l 

Let 

cw = ( o , . . . , o , %,,..., &2n+1-i,o, . . . ) , * = i , 2 , . . . 
(C„J is the basic sequence equivalent to {£„} in L( f ) for 

I oo I oo A:n +1 — 1 oo A n i l — 1 \ 

Z x , c , = E E /IVXI^E/ E |x,6»"i) 
I w = l I W = l fcn n=l \ kn ' 

oo / oo oo \ oo / / oo oo \ \ 

= E / l E I W - E |XA"| )= E / M E l**"l - E l^l) 
71=1 \ A:n &n+l / n = l \ \ kn kn +1 ' ' 

s j / ( l » . l ( i - 5 i . ) ) * 5 
On the other hand 

oo co A;n +1 — 1 oo fcntl-1 

E*»a /= E E /|XA"| ^ E/KI E /IVI 

^ Hf\K\-\bn\fè |X|/-
n=i 

We also have {Cw} equivalent to {ôn}, for if Y,\nbn converges then XXC* 
converges from the definition of {Cn\. On the other hand, 

X) ^nibn ~ Cn) I>„(0, . . . , 0 , «„,,,...) ^ Z S/M*"l 
w = l £ w -t 

?» oo w i i m w 

^ E/M • E /l**"l è E/M • 9̂ T ^ 5 E/M g E X.C , 
n=l kn+\ n=l ^ £ n=l I re==l I 

the last inequality coming from (*). So {bn} is a basis for a subspace of 
13 which is isomorphic to L(f). 

Now if L(f ) contains an infinite dimensional subspace isomorphic to 
a Banach space 5 then by the above result L(f) is isomorphic to a 
subspace of S. But L ( / ) 9^ I1 so by Theorem 1, L(f ) contains no convex 
neighbourhood, which is a contradiction. 
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