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CORRESPONDENCE.

ON THE VALUATION OF POLICIES SUBJECT TO
CONTINGENT DEBTS.

To the Editor of the Journal of the Institute of Actuaries.
Str,—In Mr. Sunderland’s valuable paper in the Jowrnal (vol.

xxix, p. 419) on the subject of the issue of policies subject to a
contingent debt in lieu of a rating-up in the ordinary manner, there
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does not appear to be any reference to the question as to the proper
method of valuing such policies at an investigation period or for
purposes of surrender. Ihave therefore thonght it might be interesting
to examine this point, with the view of determining whether or not it
would be sufficient for all practical purposes to value policies of this
description, as if they were in force for their full face-value at the
actual age of the assured. Mr. Sunderland deals only with the case
where the contingent debt is a decrewmsing one, but I propose to
consider also the case in which the debt is fixed at a constant amount
for a given number of years.

The latter of these cases being the simpler, I shall take it first in
order. The debt in this case is chargeable against the sum assured
only in the event of death happening within a certain number of
years, which may be arbitrarily fixed, but which is generally con-
veniently taken as the time in which the premiums payable will
amount to the sum assured at the rate of interest assumed in tle
company’s periodical valuations. This term is sometimes spoken of
as the “probationary term.”

Then if P',=the office premium at the actual age, xyin=the
loading per unit contained in the office premium for the rated-up age,
t=the number of years composing the probationary term, and X =the
constant contingent debt for a policy of 100 on a life of actual age
« taken ab an advance of » years; and if we further assume the life
in question to be for all purposes exactly equivalent to one really aged
x+mn, we shall have the value of the benefit without any loading
whatever for expenses, contingencies, or profits

_ (100—X)(My+n—Muy i) +100Myp et

will be

A ¢ |
Doen €y
_ 100Mm+n_X(Ma;+n—Ma:+n+t) §
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(lOO—X)Mm+n+XMx+n+t
= R )
Dx+n
Multiplying (8) by 1+«a4n, the value of the loaded benefit

(]— + K.w:+n) { (IOO—X)Mx+n+ XM.t+n+t}
Dasn ’
and the value of the annual premiums receivable being
100P';, Neyn—)
Da}+n ’

we have (14+xpr2){(100—X)Myyn+ XMaynic} =100 :Nuyno,
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If net premiums only were taken account of, the formula for the
debt would become

100(Ms45—PaNe 1 u-1)
X= . . . . . (b
Mm+n—M:v+n+t ( )
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P, here representing the nef premium ab age #. Further, if we
suppose the office premiums to be loaded with an equal percentage at
all ages, the amount of the debt will still be that shown by
formula (5).

Now, in order to illustrate the practical effect of this method in
actual working I shall take an example derived from the published
rates of premium of one of the Australian offices, these rates not
being formed by the addition of an equal percentage of the net
premiums at all ages. Take the case of a life aged 30 which has
been accepted at the rate for age 85, and where it is proposed to pay
the premium for the lower age with a debt upon the policy which is
to remain constant during a term equal to the number of yearsin
which the premium actually payable will amount at 4 per-cent
interest to the sum assured. This probationary period will be, in the
case supposed, equal to 25 years, the rates of premium being at age
30 £2. 8s. 2d., and at age 35 £2. 15s. 4d. per £100. The rate of
loading at age 85, the net premium being taken by the HM 4 per-cent
table, is *405 per unit. Therefore (1+kg) in formula (4) becomes
1-405, and the resulting value of X=23'614. In actual practice
this would probably be taken to the nearest integer, but in what
follows 1 shall assume that the exact value is adhered to.

The question now arises how such policies should be valued at the
periodical investigations. Their value, on the common assumption
that a rated-up life is always to be considered as equal to a select (or
average) life so many years older, will be found as follows. In the
first place it will be necessary to determine the net premium for the
benefit actually granted, that is,in the case just supposed, an assurance
of 76-386 for the first 25 years, together with a deferred assurance of
100 after the expiry of that term. Thus we have

76:386( Ms;— Mgo) + 100Mg
Ny

100 Mg; — 23614(Ms;— Mop)
- N,

=1714=q' say.

100 P’30 _ 2408

T4kg 1405
transaction is equivalent to insuring the life at a rate of premium which,
though charged as for age 30, contains the rate of loading involved
in the rate for age 85. It follows that the value of the policy after
e years (m<t) will be

76'386(M35+m— Mﬁo) + 100 Mﬁ()

This is necessarily equal to =1-714, for the

— (]_ -+ (l35+m) X 1'714.

Das4m
Of course, when the probationary period has just expired this will
become
100 My _ (14 ag) x 1714,
DGD

and similarly for subsequent years.
The numerical values derived from the above formula are given
in col. (8) of the subjoined table, where they are also compared with
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the values of an ordinary policy for 100 on a life aged 30 at enfry,
and further with those of the same policy valued at the rated-up
age, 35. It will be seen from this table that to value such policies
as being of their full ultimate amount and at the real age of the
assured will considerably understate their true values, while fo value
them as at the assumed age gives values which at first are slightly too
great and afterwards somewhat too small. In practice such a
valuation as at the rated-up ages would no doubt be sufficiently
accurate, except perhaps for very long durations or where the rating-
up is heavy. It will be noticed that even after the expiry of the
probationary term the value of the policy still remains greater than
that of an ordinary policy on a life of similar rated age. This must
necessarily be so, seeing that the net premium for the benefit is less than
in the case of the ordinary policy. In fact the true value then exceeds
that of such a policy by an amount equal to (7—=') (1+ @usnim), m
being the duration of the policy. For instance, in the above example
we have (1'969—1-714) (14 ag)=2-667, the difference between the
values in col. 2 and col. 3 for duration 25 years.

To come now to the case where the debt instead of being constant
is a decreasing one, this being the case considered by Mr. Sunderland
in his paper above referred to. Here if X’ be put for the initial debt
we shall have the equation

!

X
(1 + Ka;+n) { (IOO—X’) M;v+n+ ? (Ra:+ n+1_R.v+n+t+l) }

ZIOOP’x-Na:+n—-1,

whence
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the debt diminishing by equal annual decrements for # years, after
which time the policy becomes one for its full face-value. In this
case ¢ may conveniently be taken as equal to the expectation of life
for the actual age at entry. If it were taken as equal to the number
of years in which the premiums at 4 per-cent interest would amount
to the sum assured, the value of # would be less than the expectation,
and the initial debt consequently greafer than if the deduction were
spread over the longer term. This would, no doubt, act as a deterrent
to possible assurers under this scheme, especially if the number of
years added to the age was at all considerable.

To take, as before, an actual example: Let the rates of premium
be as above stated in the former illustration, and let # now be taken
as the integer nearest to the expectation of life at the actual age, .e.,
in this case, 835. Making the necessary substitutions in formula (6),
we shall have X'=82-406 and the annual decrease=X'~-85="926.

To find, now, the value of a policy effected on this scale, it will be
necessary, as in the former case, to calculate the true net premium
for the benefit, which in this instance will be
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100M35—32406{M35— 3% (Rgs—Ron) }
Ny,

=1714,

being exactly the same as was formerly arrived at in the case of the
constant debt. This must necessarily be the case, seeing that the
two benefits are at the inception of the policies precisely equal in
present value. This equality, however, will not hold as regards the
policy-values, even if the same term were taken for both the constant
and the variable debt, owing to the different distribution of the debt
over the subsequent years of life; but these values will, of course, be
identical at any time after the expiry of the probationary term. In
the case of the decreasing debt, the formula for the policy-value after
m years (m<t) will be

32406
Mas+7,z[100—32-406(1— - )] + 257 (Rasen—Rp)

D35+m

— (1 +a35+m,) X 1'714.
At the end of the 35 years probationary term this will become

100M,,
2 (1 +am) x 1714
Dy

These values are shown in col. 5 of the appended table, and may be
compared as before with the values of an ordinary policy valued
according to either the true or the rated-up age at entry.

Had the decreasing debt been spread over the same period as the
constant debt—in this case 25 years—the necessary initial debt would
have been 44°266 and the annual decrease 1'771; the policy-values
being shown in col. 4 of the table already referred to. In this case
the values in question become identical after the expiry of the 25
years whether the policy were originally issued subject to a constant
or to a decreasing debt, although during the currency of that term
the policy, subject to the decreasing debt, has a somewhat larger
value.

Further, if we base the formula for the debt upon nef premiums,
as in formula (5), or if we assume that the premiums at all ages are
loaded with a uniform percentage (which, as already stated, produces
exactly the same result) we shall necessarily have the net premium
for the benefit equal to the ordinary net premium for the actual age.
In the case of a constant debt where a life aged 30 is rated-up 5
years the debt on this assumption would be 27-784 for a period
of 25 years (as against 23:614 when the loaded premiums were used),
and the premium for the benefit 1'669=ms. The policy-values are
shown in col. 6 of the table.

If the decreasing debt be calculated on the basis of net premiums
and spread over the expectation of life, then the debts will be found
identical with those quoted in Mr. Sunderland’s paper, that for age
30 rated-up five years, starting at 38:090 (annual decrease 1-088), as
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against 82'406 when the premiums are loaded as stated above. The
values of such a policy are given in col. 8.

Finally, if we spread the decreasing debt over the same period as
the constant one, namely, 25 years, the necessary initial amount will
be 52029 and the annual decrease 2-081, the corresponding policy-
values being given in col. 7.

The only other point to which I wish to advert in the present
communication is that as to the proper method of allotting profits
to policies under the contingent debt plan. In considering this
question Mr. Sunderland divides the loading on the premium into
the portion required to provide for expenses and that required to
provide for profits, but it does not seem to me that it is always
possible thus to split up the loading into its component parts. Most
if not all of the Australian offices now employ in the division of
surplus what may be termed the “modified contribution method”, by
which each policy is first credited with the surplus arising from
interest earned on the reserve held for it at the previous investigation,
and the remaining surplus is then allotted in proportion to the
loading on the premiums paid during the period in question. To
apply this method strictly to the class of policies we are now
considering it will be only necessary to determine as has been done
above the true net premium in each case, treating as loading the
balance of the actual premium receivable, and to value the policies in
the manner I have indicated, or, if this were found too troublesome,
by some convenient approximation. In the case of a policy for 100
on a life aged 30 and rated-up 5 years with a constant debt of 28-614
for 25 years, the loading would be 2:408—1-714="694 as against a
loading of 739 (=2'408—1'669) in the case of an ordinary policy
on a select life. 'The application of the method of distribution I
have just described would therefore result in the alloeation of smaller
“ bonuses from loading ” in the case of contingent debt policies than
those allotted to ordinary policies on select lives, although in the
later years of duration this would be partly counterbalanced by the
larger “interest bonuses’ arising from the higher value of the policy.

Before concluding I would only repeat that in the whole of this
investigation 1 have assumed that policies on rated-up lives may
properly be treated for all purposes as if the higher age were the real
age of the life, although T am of course aware that some theoretical
objections have been urged against such a course. Still T believe
that this method if it errs does so on the side of safety and therefore
may generally with advantage be adopted in practice.

I am,
Yours &c.,

Sydney, N.S. W. D. CARMENT.
10 July 1893.

[Some slight alteration has been made in the notation used
by Mr. Carment in this letter, in order to make it accord with
that employed by Mr. Sunderland in his paper above referred
to.—Ep. J.I1.4.]
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