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On Factors of Numbers of the Form
{af k4 1} = {41}

By K. J. Sanjana, M.A.

(Read 12th June 1908).

1. In this paper the factorization of arithmetical numbers of the
form {a™**+1} < {z*+ 1}, where x is a rational number such that
kx is a perfect square, is investigated by means of a trigonometrical
transformation. The number & will be taken to be prime for the

present.

When &=+ 2, it can be at once shown that (2*F 1)+ (x ¥ 1) may
be a difference of two square numbers according as k is of form
4p+1. Forlet («*-1)+(x-1)or a* '+ a2+ 25 +1

= {xt*) 4 g2 4 qd®9) | +ax 4 1}2
— ka{ad®9 4 bt + b+ 1}%;
then 2a, — k=1 and 2a,+a,> — 2b,k=1, whence }(k+1)*=1 - 2a,+ 2b,k,

so that 3(k+1) is odd. TLet it be 2p+1, then k=4p+1. Similarly
we can show k=4p — 1 or 4p + 3 in the other case.

2. When k is 2 the following proposition holds good : the number
2**? - 1 has four rational factors, 2x being a perfect square.*

Let 22=4*. Wehavea®’+1=212x+1-y’=(x+y+1)(z-y+1).

1t is easily seen that

2+ 1=(2"- 2zcos%+ 1)(z* - 2zcos3—4-7r +1), and

P ] = (A 2 oos T 4 1) (2 - 2 ooso 4 1),
( 2 1

* See the author’s question in the Educational Times for June 1898.
Numbers of the form z"+241 have been called Bin-Aurifeuillians by
Lt.-Col. Allan Cunningham, R.E., who has dealt with them in a paper
¢ On Aurifeuillians” in the Proceedings of the Lond. Math. Soc., Vol. XXIX.
(March 1898). My acknowledgments are due to Lt.-Col. Cunningham for
his kindness in allowing me to draw on this paper and on his solutions in
the Reprints from the Educ. T'm. for most of my illustrative examples.
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Divide the latter equation by the former, and put *=x; we
thus get (1)

{mt—settse ™1 ot _sptmits 7 1)

x‘n+2+1
Z+1

(x - 2aloos T+ 1)(9: - 2a:icosi—7r + 1)

T 3
TOI‘OOS4

4p, 4p+3or4p+1, 4p+2; and in these cases

Now cos(2n+1)-:;—-=cos , according as = is of forms

3r 3r T
2 T cos— —
cos(2n + 1) g = 008 Or cos—.
Therefore the right hand expression has, for every form of =, the
following value

a1 — aitHico(2n + 1) +1 @ — 2ai™Hlcos(2n + 1)3% +1

- x 3 (@)
x - 2x§cosz +1 - 2a:§cos—4- +1

But it can be readily demonstrated that

P sin20 s 8in36 o simeav“_l
sind sin@ 7 sing
sinf(n-1)0 . + sin26 1o 2™ ~ 2x"cosnd + 1
sind © T em@ ' o 2wcosf+1

Making requisite changes we obtain for (a)

. o . 3r . 4w . 3r . O
Sm-— Sm'z sm—4- sm? smT
2+ ™t 4 a1y i NN rz+——uxh+1
sin—’r— sinl sin—’r— sinl sinlr-

4 4 4 4 4
. 6r . 97 . 6w
smT Sln—4— SIDT
x{a™+— by 2. +——at+1
. 3w . . 3w
sin 1 sin i sin—
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It is seen that all terms containing 2% have 24 in their coefficients,
and that each of these terms has contrary signs in the two factors,
and that the coefficients of the integral powers are all rational.

Thus (a) is the product of two expressions of the form P+ »/22Q

and P~ /22Q or P+ Qy and P - Qy, where P and Q are rational
integral functions of z of degree 2n and 2n -1 respectively. We
see therefore that the left side of equation (1) has two rational
factors ; and as z* + 1 has been shown to have two factors, it follows
that #*+* 4 1 has four rational factors.

3. These factors may be evaluated for given arithmetical values
of z and n. It will be found that

@+ 1)/ +1) =(@+x+ 1) -z +1);
@+ 1)/@+ )= (" + 0~ +x+ 1) - (& + 1)%;
(@ + 1)/ + 1) =
@+ -t - - ta+ 1P -y @ - -2+ 1)
(P +1)(x*+1) =
@+ -2t —Ptat -2 - P+ 1) -2 -2 -+ 1)
@@+ D+ 1)=(@"+& - -+t + P+ - - P+ + 1)

(-t 2t -2+ 1)
and further similar identities can be easily obtained.

4. Examples.—(a) 242" +1.

Here z=242, y= \/25=22;
hence (242 + 1) + 58 565

= (242¢+ 2428 - 2497 4 242 + 1)? - 2252428 + 1)?
=(3 443,856 263)* — (311 794 758)*:
so that N=24294+1
=5x13x 17 x 53 x 5 x 626 412 301 x 3 755 651 021.

It may be shown* that 626 412 301 =4 561 x 137 341, and
3 755 651 021 =881 x 4 262 941. The last number is prime; so
that the prime factors of N are

5% 13, 17, 53, 881, 4 561, 137 341, 4 262 941.

* See Reprinis E. T., Vol. LXX. (Lt.-Col. Cunningham).

6 Vol. 26
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(6) 50“+1. Here50°+1=41x61; alsoa®+o*—2f -2 -+ +1
=15931122 551, and y(z®-2°~2*+1)=3123725010; so that
the other two factors are 19 054 847 561 and 12 807 397 541. It
will be found that 29 is a divisor of the given number ; hence
504 +1=29x41 x61 x 657063 709 x 12 807 397 541. There is no
other small factor less than 151.

(¢) N=9"484=84{(2)*+1}.

Let 2=, then y= /2zx=32. Therefore
e+ l=(e+y+1)x-y+1){(x+2".. +1)2 - %" — 2°...1)%}
_29 5 480 229 391 693
-3 '8 & T F
Multiplying out by 8 we obtain
94+ 84=5x 29 x 281 x 1 709 x 391 693.
The last number is prime.

It is evident that numbers of the form a*"+*+ "+ where 2zy
is a perfect square, can be factorized by the method here adopted.

(d) N=18%+1. Here 182+1=5%x13;

18°+187-18°-18°+ 18- 18- 18"+ 18+ 1 =11 596 377 655,
and 6(18"-18°-182+1)=3 661 980 846;
so that the two large factors are

(«) 15258 501 and (B) 7 934 396 809.

Now N contains 18°4+1=34012225; dividing by 325, we
see that 104 653 is a factor. The prime factors of this are 229
and 457 ; and it will be found that

(o) 457 =233 388 093,
(B) =229 =34 648 021.
It is also evident that 37 is a divisor of N ; and the last number
written down is twice divisible by 37. Thus we finally get
N=5%x13 x 372 x 229 x 457 x 25 309 x 33 388 093.

The large factor has been shown* to be prime; so that the
above resolution is ultimate.

* By Mr C. E. Bickmore (Lt.-Col. Cunningham’s paper,
Proc. Lond. Math. Soc. XXIX.).
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() N =200 +1=(200°+ 1)(P? - 4°Q?).
It is seen that 200°+1=13 .17 . 181;
that P=2 572 735 681 591 960 201,
and yQ= 255 993 599 999 200 020.

The two large factors are therefore

F, =2 828 729 281 591 160 221
and F,=2 316 742 081 592 760 181.

Now 200°+1 divides N, and has the factors 44221 and
36181 (=97 x 373) besides 200*°+ 1. It is thus found that

F, =44 221 x 63 968 007 996 001,
and F, =97 x 373 x 64 032 008 004 001.

‘Writing the given number in the form
(40 000 +1=(3Tm +3)°+1=(73m - 4)°+1,

we get 37 and 73 as further divisors. These will be found to divide
into the large factor of F,: so that we finally get

200®4+1=13x17x181 x44 221 x 97 x 373 x 37 x 73
x 23 683 083 301 x 64 032 008 004 001.

The large numbers have not been examined for factors.

(f) 322+1. The factor 32°+1=>5%. 41 ; the other two factors
will be found to be (§3)

F,=1441151 891495977,
and F,= 878751140256 793.

It will be found* that 397 divides F, and 2113 divides F,.
Thus we have

3224 1=5%.41.397.2113.3630105520 141. 415878 438 361.
The large factors have not been examined.

* See Proc. Math. Soc. Lond. XXIX. (Lt.-Col. Cunningham),
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(9) N=8*+1, The factor 82+1=5 . 13; the other two factors
are @+ 1) (- 1P+ 1) +a(@? -+ -2t + 2t -2+ 1)
+y(a* - 1)(a* + 1)(«" - 1), where «=8, y=4. I find these to be

=7 036 872 740 045
and F,=2 706 490 805 957.

Writing the number in the form 512% + 1, one factor is seen to be

512°+1=5.13.37.109.
Thus N=5.13.37.73148400161.5.109.12911693101.

As 8%4+1 is a factor of N, other divisors will be found to be
1321, 41, 61; and it may be shown that 181 is also a factor.
Thus finally

N=5".13.37.109.41.61.1321.181. 54001 .29 247 661.

I have not examined the last number.

5. When k is a prime greater than 2, the following result holds
good : the number {x®+™+1} =+ {a*+1} has* three rational factors,
kx being a perfect square and the upper or lower sign being taken
according as % is of form 4p — 1 or 4p+1. Before considering the
general theorem, I shall take up the cases when % is 3 and 5.

Let 3z = 4*;
then (P+1)/(z+1)=2+2zx+1-yP*=(x+y+1)z-y+1).

Algo 22+1= (z“ - 2zcos% + 1)<z2 - 2zcos3—;-r + 1)(z’ - 2zc055%r + l) H

changing 2 to «} and transposing the middle factor,

?+1

fourr (ac incos— + l)(x 2z‘lcos-6— + 1)
Similarly, putting z = ad®+3),
sy ]

br
+1 _ Qaeh(2n+1) n+1 Hon+1)
o b % Hleog— +1}{:t:2 - 2x 0086 +l}

* Except when n has the value kp + 3(p—1), in which case
the general proocess fails.
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eyl Pl

Hence (1) W—.'m

{1 - 2t c0n 4 1) {aet - 2:::*""“’008%1: +1}

(a: - 2zicos% + 1>(a: - 2xioos%r + 1)

Now cos(2n + 1)% = cos%— or cos%—r, when n is of form 6p, 6p+5

orfp+2,6p+3: and cos(2n + 1)5-61:= cosi’g or cos% in the same
cases respectively. Therefore the right hand expression has, for
these forms of n, the following value

4 doos(n + 1) 41 o~ akeHcon(2n + 1) + 1
b4

x - 2xicos%+ 1 x - 2:&0055% +1

Hence as in § 2, the left side of equation (1)

o . 3T 27
) sy sing
={ "™ 4+ —— b ¢ ... +——at41
. sinl Sln—w—
sin 8 3 3
( 1 157 . 107
sin 5 g
x4 x4+ -t 4 ..., + o4l
sin—— sin—7r- sm——5—1r—
6 6 6

It is seen that the coefficients of ", 2™, 22 .. are absolutely
equal and rational in the two brackets ; and that the coefficients of
the fractional powers are equal, but opposite in sign and involve
3t throughout. Thus the expression above is the product of two
factors of the form P+ +/3zQ and P~ /3zQ or P+yQ and P - 4Q,
where P and Q are rational integral functions of « of degree 2n and
2n — 1 respectively.
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Again

a4 1 _{w""+3+1 .x‘+1} 4]
P+1 LT "z +1 x+1

=P +yQ(P - yQ)(&™ - ™+ 2™ ..~z +1),

so that it is the product of three rational factors each of degree 2n ;
and as «* + | has been shown to have three factors, it follows that*

z*+3 41 has six rational factors, when n has one of the forms given
above.

6. Putting n=2, 3, 5, and evaluating the coefficients above
obtained, we get the following results :

@+ +)=('-+a* -2 +1) x
{(*+ 2% + 2%+ 2+ 1) - (P + 2+ x+ 1)*} ;
@@+ D))+ =(* -2 +x* -2+ 2P -2+ 1) x
{(xf+ 2+ - B+ P+ 22+ 1) - (P + 2t + e+ 1)} ;
E+)(E+) =@ -+t -+ -+t - r -+ 1) x
{(@°+ 22 +2® - & — %~ o — 22* — ¥+ 2 + Bz + 1)*
—y (P +ad -t - -t~ 2+ + 1)}
Other similar identities can be obtained without difficulty when-
ever 6n+ 3 does not contain a power of 3 higher than the first.

7. Examples:
(@) 48°+1. Here y=12; 485+1=49.37.61.

The other factors are 48¢—-48°+482-48+1,
and 48442 . 48° 4487+ 2 . 48+ 1 £ 12(48°+ 487+ 48 + 1).

The given number will thus be found to be
7¢.37.61.31.134731. 5200081 . 6887 341.

The last two numbers have not been examined.

* See Educ. Times for August 1902, Numbers of this form have been
called T'rin-Aurifeuillians by Lt-Col. Cunningham in his paper *On Aurifen-
illians ¥ mentioned above. As before I have derived much help from that
paper in my examples,
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(b)) N*=972¥4+1. Here =972, y=>54;
B+l=(x+1)c+y+1)(x-y+1)=7.139.919.13.79;
a—af+2?—or+1=2891699420421=1291. 690704431,

where the large number is prime. It will be found that
(P+yQ)(P - yQ) =944 095 306 951 x 844 813 520011 ;

and it is easily shown that
31, 151, 181, 211, 541

are divisors of the given number. By actual division we obtain
P+yQ=31.151.181.211.5281;
and P-yQ=>541.1561577671,
where the large number has been shown to be prime. Thus the
complete factorization of N is
7.139.919.13.79.1291.31.151.181.211.541.5 281

x 690704 431 x 1 561 577 671.

(¢) 122 +1. Here 12°+1=13.7.19;

12°-124 ... —124+1=2756 293 ;

and the remaining two factors are

3502825 +1617 486, 4.e., 5120311 and 1 885 339.

The first of these is divisible by 7, and the quotient has the factors
43 and 17 011. Thus

12 +1=72.13.19:43.17.011.1885339. 2756293.
(d) 3+ 1. The factors of 3*+ 1 aret 1, 4, 7; and
3835, -3+1=112 570 976 472 749 341.
The other two factors are found to be
(3%+2.3%+3%-3%-2.3%"... - 372,313+ 34+2.35.. +2,.3+1)
£3(304+3% 8930, _30_36_ 3038 18.7)

ie., 450 283 904 728 735 897

and 64 326 272 436 179 833;

223, a divisor of the number, is contained in the first of these, the
quotient being 2019210335106 439.

* See Reprints E. T., Vol. LXX. (Lt.-Col. Cunningham).
1 is algebraically a factor, though it does not count numerically.
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There is no other divisor smaller than 251.

8. When n is of form 6p+1 or 6p+4, t.e, 3¢+1, the index
6n+ 3 =9(2¢ + 1), and is therefore a power of 3 or a multiple of a

power of 3. In this case cos(2n + 1)% and cos(Zn + 1)%” are equal

5
to cos% and cos-21, and hence vanish; so that the right side of

equation (1) cannot be put into the form

a1 _ 2k Hloos(2nm + 1)’_(; +1 @i 2xw»+vcos56-—” +1

X '

x - 2‘5005% +1 x— 2x!cos5%r+ 1

and the trigonometrical quotients of § 5 cannot be obtained. We
may, however, proceed algebraically thus.

Let 6n+3=9(2g+1); then (x™+ +1)/(z*+ 1)

N R |
A B

= {xG(Rq*H) — ¥t 1} . E1 .

As shown above, E, is a product of three rational factors; and the
bracketed expression, being {z**t) 4 1}% —42(a™+)? is a difference
of two squares. Hence the number «**+*4+1 has 8* rational
factors, including the three of 2*+1. But if 2¢+1 is itself a
multiple of 3, {«*¥+V +1} +(«*+ 1) has five factors, and thus the
given expression has ten. In general, if 6n + 3 = 3! £, where f+ 3m,
I find the number of factors of «%*++ 1, given by this process, to
be 2(I+2); but when 6n + 3 =3, the number is only 2!+1. But
this number can be increased to at least 2! + 4 by various artifices.

Examples.—
(@) (75°+ 1)+ (75*+ 1) =(75°+ 1 - 15.75) (76°+1 + 15.75)
and 76°+ 1=(75+1) (756 +1 - 15) (75 + 1 + 15).
Thus 75°+1="76.61.91.420 751 . 423 001
=2%.19.61.91.127.3313.423001.

The last number is prime.

* Except when ¢ is zero,

https://doi.org/10.1017/50013091500036592 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036592

7

() 48741 48741 48°+1
48 +1 48° +1° 48+1
= (48741 — 12.489) (489 + 1 +12.484(48° + 1 - 12.48)(48° + 1 + 12.48).
As 48°+1=49.37. 61, we get
487+1=172.37.61.19.5851.110017. F,. F,, where
F,=13562 605524 295 681, F,=1 352 605 396 893 697.
(¢) 12%+1. Let =12, V/3x=y=6; then
+1 «¥+1
Tl +1
=@ +]1-ya) (@ +1+yx") {-P+a2>—x+1} x
{(x* 4+ 22+ o + 22 + | P~y (@P+2*+ 2+ 1)}z + 1){{z + 1)*~»*}, by $6.
But ¥ +1=(2*)"*+ 1, and 32*=1+%"; hence
®+1=(F+1) {(@+1)7 -2} (- +af-2>+1} x
f(a? +22° + & + 22° + 1)® - 2% (@ + 2® 4 2 + 1)},
by the same formula. Now a°+ 1 contains the last three factors
obtained by the first process, and «"-a°+a%-2*+1 the preced-
ing three. Hence the large factors 2+ 1Fya" are divisible by
(£*+ 1) Fxy ; it will be found that
tl=(z+1) (@+1+y) (z+1-y) @ -P+a?-z+1)x
(#+22+2 + 22+ 1 -y P+’ +x+1) (2 + 207+ 22+ 2+ L +y P+ P4z + 1),
X (& + 1 +ay) (@ + 1 - 2y) x
(212422 + 28+ 207+ | -y rab+aP+1) (242024 2%+ 205+ 14wy 2+asraP+1).
We thus get 12 +1
=13.19.7.19.141.13051.35671.1 801.1657xF,.F,;
and 13 051 =31. 421 ; therefore,
12641=13.19.7.31.421.19141.35 671.1 801.1657 x
9 298 142 3299 081.8 554 703 697 721.
The last two numbers have not been tested.

(d) 3®+1=N. AsN=27%41, the number has the following
six factors (§ 6) :
28, 19, 37, 198537 877 376 983, 292 582 128 285 019,

x4 1 (#+1)

150 244 883 667 451.
3”.*.1 383 1 333 1 333 3 310 33 16
AsN = g5 (¥ +1)=(+1)(3"-3. 39+ 1)(3%+3.3%+ 1),
and 3% 4 1 has six factors ( §6), we get N=4.1.744287.

176 419.25411. 5559060437 415 361 . 5559 060 695 695 687.
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Again 176419 and 25411 are prime; 44 287 =67 . 661 ; these
are the factors of 198 537 877 376 983. Other divisors* of the
given number are found to be 397, 199, 4 357 : and it is seen that

2932 582128 285019=199. 4 357 . 337 448 233,
and 150 244 883 667 451 = 397 . 378 450 588 583.

The large quotients* have been verified to be prime ; so that N
is completely factorised into

2°.7.19.37.67.661.25411.176419.199.4357.
397.337 448 233.378 450 588 583.

9. When £ is 5, it may be shown that the number z'**** — 1 has six
rational factors when bz is a square (=y?) and the index does not
contain a power of 5 higher than the first. The method of proof is
not simple, and the general result cannot be easily exhibited.

As before
-1 7, 5 2 ) . 4
poy -(z —..zcoslo+1 (z —2zcosi-6+l)x

6w 8w
2_9 halel _ el .
(z zcoslo + 1)<z2 2zcos10 + 1) ;
change 2* to x and «**' respectively and divide: we thus obtain

. T
lon+s _ ] . 2-1 H((I.‘2 +1_ 2:1:{(”"“’(!08-5-4- 1)

) v _i+z-17

)
H(ac - 2acicos% + 1)

where the product II contains four factors involving the cosines of
T 2r 37 4w s -1
555 5 x -1
2
= (:n - ‘)micosg + l)(x - 2m§cos—5lr + l) x (a: - 2x§cosi;-. + 1>(x - 2:::&003‘;—” + 1)
=@ - JBai+3z— JEat+1)x (+ Vb i+ 3z + NE b+
=(2?+3z+1)*-ba(e+1)’={2*+ 3z + 1 —y(e+ 1)}{=* + 3z + 1 + y(x + 1)}.

* See Proc. Lond. Math. Soc., XXIX. (Lt.-Col. Cunningham.)

https://doi.org/10.1017/50013091500036592 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036592

79

3 .
It will be found that cos(2n + l)—g- = cos % or cos%r according as

n is of forms 5p, 5p+4 or 5p+1, 5p+3;

and cos(2n + 1)%)1 = cos%’r or cos%
under the same circumstances. Similarly

or in 4ir 2w
cos(2n + l) 5 T — cos— 5 Or cos and cos(2n + 1)———cos 5 Of Cos g

in the same cases respectively. Hence the right hand side of (1)
has, for these forms of =, the following value

IH {41 - 9d®#9 cos(2n + 1) 7 +1},

_9 T }
II{oc2 a:ioos5+1

that is, it is the product of

2 . 37 . 3 . 27
sin— sin z— sin—
(— =g 4 a4 a4 z + ot +1,
sin — sin— sin sin—
b 5 b 5

and three similar series f (2-I>,f (3_1r>, S (4_#)
5 5 5
The product of the series

7(EM(E)
is found to be

a*+ 5. 2"+ 2.2 10 -2, 2 - «/5.3:""9...+1;

this is of the form P+ /52 Q, where P and Q are rational functions
of « of degree 4n and 4n -1 respectively. It will be seen that

the products of
4w
7(5M(F)
is the complementary expression P - v/5z Q. Now

xlOIIH_. 1 x10n+5 1 mﬁ 1 N m’ﬂ+l _1
@-1 2 1 z-1 z-1

=(P+yQ(P-yQ)a™ +a™ 1+ ... +2+1),
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so that it is the product of three rational factors ; and as z° -1 has
been proved to have three factors, it follows that «'**+* -1 has six
rational factors.

In the excepted case n=5p+2, and the index is of form
5%2p+1). Here cos(2n+ 1)% is—1; and the right hand side

of (1) cannot be put into the form (2). The trigonometrical
divisions, therefore, cannot be performed; and we shall have to
proceed algebraically as in § 8.

10. In the case of #'° -1, we have n=1; hence, by the previous
section,

oo # in 9 . .
f<_51r;)xf<:f:_r> ___(w,‘,_i_sm a w“_sm&z m+sm2ax§+l)x

sin a sin a sin a

- xt 4 — x4+ —
sin2a sin2a sin2a

<w2+ sinda sin6a sinda ot 1>’

where a =#/5. Multiplying out and simplifying we get

2t + B+ 228 + Bab+ 32+ /Bt 4 22+ Jrt 41,
that is, ot 2%+ 3%+ 2o+ 1 +y(f+ 2+ + 1) ;

3
and the product of f (Fﬂ) and f (‘%ﬂ-) will be found to be the

complementary expression. Thus we have (z'*-1)/(z*-1)=
(@ +x+ D{(x' + 22* + 30 + 2 + 1) - (P + 2? + 2 + 1)}
Following the same method for n=3 and n=4, T get
E-Df@- =@+ +a + P+ +x+1) x
{(x?+ 22" - 22" - 2® + 52 + &7 - 3a® + &7 + St - 2 - 207 + 2z + 1)°
—y (@t -2 + 2P+ 207 - af - o+ 2t 0 - 2P+ 1))
(- 1)/(@®-1)=(P+a+aP+a’ +2* + P+ 2? +x+ 1) x
{(2" + 206" — 22" — & — 4o + 220 + 3a° ~ 2 + 37 + 2 — 42 — 2 - 2®
+2x+ 1) - (2 — 2 - M — 20+ 22° + % - 2® — 2t — P+ 1)%).

* It should be noticed that in the series f the co-efficients recur reciprocally
after the middle term.
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11. Examples.—(a) 50 000° -~ 1 =49 999 x
{50000%+ 3 x 50 000 + 1 + 500 (50 001)}
=49999.2525150501 . 2475 149 501.
The first large number* = 151 . 541 . 30911, and the second*
=11%.131.156 151.

(b)) N=320%-1. The factors of 320°-1 are 319, 9052i,
116201 ; 4., 11, 29, 131, 691, 116201; and the number
320+ 320+ 1=139.739. The remaining two factors are found to be

11 866 432681 and 9 236 775001 ;
the first of these®=31.1951. 196 201, and the second* =61 . 661.
229 081.
Thus the number is completely factorized.

(¢) 20®-1. Tt will be found that 20°-1=19.11. 61.251;

and 20°+20°... +1=29.71. 32 719.
The two large factors are

6 527 898 023 267 251, and 2 441 576 160 715 231.
There is no other divisor less than 251.

(d) N=45"-1={(45"-1)+(45°-1)}(45°-1). The number
45°-1=2%.11.2851.1471. Let 45°=a; then 5 .45°=5°.3",
so that /52 =>5°. 3°=30875. Hence

@ -Df(x-1)={+3x+1+y(x+ 1)} {*+3x+1 -y(x+1)}

=34 056 234 511 427 251. 34 045 024 427 772 751.
There is no other divisor less than 200.
575_ 1 515_ l
G Sy I )
={5%+3.5"+1 +5%5" +1)}{5°+ 3.5+ 1 - 555" +.1)}
x (B2 4+5+1){(6*+2.5°+8.5°+ 2.5+ 1)~ 545+ 5+ 5 + 1)}
x(3-1){6°+3.5+1+5(B+1)}{5°+8.5+1-5(5+1)}
=22.11.71.31.181.1741.F,. F,.

Also N=&_1- . -1 . (5° - 1), putting 5°=x and 5%=1?
521" 5 ~1 ’ ’
= (5"~ 1){(=*+ 8z + 1)~ y*(x+ 1)’} x
(Z+z+ D{(x*+20°+ 32+ 22+ 1) - (P + &* + x + 1)?}
=22.11.71.9 384 251 .10 165 751.9 768 751 .G, . G,.
It will be found that 9 768 751 =31.181.1 741, F, =G, x 9 384 351,
and F,=G, x 10 165 751.

() N=5%-1=

*Reprints E.T., Vol. LXX. (Lt.-Col. Cunningham).

https://doi.org/10.1017/50013091500036592 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500036592

82

Other small divisors of the number are seen to be 101, 151, 251.
Thus N=22,11.71.31.181.1741.9384251.101.251.40l.
151 . 606 705 812 851 . 99 244 414 459 501.  The large factors have
not been tested.

12. It is now easy to see that the number z®+*+1 has six
rational factors. In the first place we have
-1

x ~1

3 k-1
={x- 2ac!cos% + 1)(7 - 2xicos%r+ 1><ac — 2xteos T + 1),
when k=4p+1; and
+1 <

3r 2k -1
- 2xtcos— - 2xtcos— ol -
x xcos2k+l)<z accos2k+l> (x 2atcos~ % 1r+1)

x 41

when k=4p+3. In the second case the factor containing cos;:

is absent from the right side, being in fact the denominator of the
left ; thus the number of trigonometrical factors is k-1 in both
cases. It will be found that these can always be arranged in two
groups each of 3(k-1) factors whose products are severally of
forms P+ /kxQ, P— %zQ, where P and Q are rational functions
of =z of degree 4(k-1) and 3(k-3) respectively. Thus
(@*F1)/(®F1) has two rational factors. In the next place, we
put 2%+ + 1 in the form (A)

x(2n+1)l:t1 . xktl }x2ﬂ4-l+l
{Z‘M‘Htletl xt1 (mk+1)

As before, we can prove

x{25+l)k+ 1 { T 37!'
e = _ 9t l)ana 2+l _ 9odentl)oggt }
T x ot cos2k+1}{m x cos2k+1

1r+1}

and a similar result for {a®+V*_1}/{x** - Hence the
expression in large brackets in (A) is

. {m”'“ ‘7xi""+"cos

H{xzw-ﬂ _ 2m¥"‘+"cos£- + 1} H{x”"“ _ Qw*cos% + 1}
or
H{x 2a:§cos— + 1} H{m - "xicosi’:- + l}
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according as &k is 4p + 3 or 4p+ 1. The products II contain each an
even number of factors k-1 ; and as

k-1

008(2"“"1)0]" cos(2n + 1)%, cos(2n+1)2

have the values
3r 2%-1

ks
COS—7, COS7=, ...COS——T
2k 2% 2k

in same order depending on the values of %¥*, as also
3 k-1
cos(2n + 1)%, cos(2n + 1)—1, ... cos(2n + I)Tr

T o k-1 . .
have the values cos— 7z CcoS— % ...cos—k—w in same order, it follows

that the products take the form

{ a1 — Yk tlleog(2n + 1)— +1 }

n{ — boos 1}
x xCOS2k+

H{x’"“ — 2 Hcos(2n + 1 )% + 1}

or

T
I’I{x - 2xicos—k— + 1}

Thus the expression is the product of %.-—1 series of the form

Sln27r s 3 2
s in—
- 9 -,
" 4 kx"'—i + Tkw"'" . kaci +1,
smﬂ smﬁ smﬂ
. O . 3 . 2
SIDT sm—k- Sin—
or a™+ e B L+ a4+ 1,
sin— sin— sin—’-r-
k k k

* The value of eos(2n+l)% is zero, and the factor corresponding to this

function does not occur in the product.
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in the two cases. Hence, always the expression referred to is
the product of £ -1 such trigonometrical series. It will be found*
that these can always be arranged in two groups, each of
3(k - 1) series, such that the products in the groups are of forms
P+ Jk_mQ', P — VEzQ, where P’ and Q are rational functions of
x of degree n(k-1) and n(k—1) -1 respectively. Thus

2t g 1 = (P4 J—Q'}{P kaQ’}(x"“ L+ 1)@k x]);

and as the last factor has been shown to have three rational factors,
it follows that the given number has six such factors.

13. T conclude by giving a few formule for the values 7, 11, 13
of k.
The expression x+1 is the product of seven factors of the

form 2? - .zcosliz+l ; of these the central factor is z*+1.

Hence (¢ +1)/(2*+1) is the product of six such factors; and
changing a? to = we get

(& + 1)/(x+ 1)=(:c— 2 J:Z‘cosﬁ+ l)( -2 Jmcos3— + 1)

14
97
il -9 ad el
(m 2 chosl4+ 1)( J;cos i + l)( J;:cos 13 + 1)
( 2 Jz, cos— +1 >
It will be found that the factors containing 17;’ 311, si‘t give rise to

a product of the form P + ~72Q ; the others to the complementary
expression. Hence

@+ 1=(x+1){(2*+32° + 3+ 1)’ - Ta(P + z + 1)?}.
Also, changing a? to «* we get

@+ 1)/ + 1)=H(a:’— Saicos— + 1),

where there are six factors. Thus

A4l el (a:” incosﬁ+l>

= - = .
152+l H(x— 2x§cosﬁ+l>

* I have no right proof to offer of this statement.
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T 87 3w O 9 T
As cos3 . = cosl—4, cos3 . T~ cosﬁ, cosd . i~ cos—ﬂ,
it is seen that the three factors above involving
kd 87 9r
14’ 14’ 14

are divisible by the factors below involving
97 w& 3w

1414 14

respectively : similar remarks apply to the remaining three factors.
Hence the above quantity is the product of the following two
groups of series

7/ (37 () e () (i) 4 ()
The former product will be found to be
B4 —at =T — B b dat L+ T+t - 200 - 2P 2+ 1)
the latter to be the complementary expression. Hence finally

Btl=(+ 1) -x+1)x
{(@f+4a® — 2t — T2® — 2 + 4 + 1)* — Tow(2® + o - 22* - 2 + ¢ + 1)*}.

Similarly changing 2* to «° in the original identity, I find that

Dl=(+ 1)zt -2+ -x+1)x
{(«+ 42"+ 62+ 112+ 15a% + 1 T’ +1925+1 T+ 1 5t + 1 1P + 62 + 4+ 1)
- Ta(a" + 22! + 32° + 5a® + 627 + Ta® + Ta? + 62 + 52° + 322 + 22 + 1)*}.

When k=11, (2 +1)/(z+ 1)=n<m~_ 2@005’;_’_2& 1),

where II includes 10 factors. The product of five of these involving
the cosines of

x 5 Tr 97 nd 197
92 22 22 22 *"° 22

will be found to be

& +528 -2 -2+ 5+ 1+ Nllz(@ 42 - Bz 4 1);

7 Vol. 26
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that of the other five is the complementary surd. When k=13, we
have to combine the six factors involving the cosines of
n 27 37 6r 8rx 9r

T DT

as also the six remaining ones. The following result is thus
obtained

2% 1= (2 1){(28 + Ta® + 152" + 192° 4 1522 4 T + 1)?
— 13a(2 + 324 + 52% + 5a? + 3z + 1)%).
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