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1. Recently some inversion integrals for integral equations involving Legendre, Cheby-
shev, Gegenbauer and Laguerre polynomials in the kernel have been obtained [1, 2, 3, 5, 6].
In this note, two inversion integrals for integral equations involving Whittaker's function in
the kernel are obtained. We shall make use of the following known integral [4, p. 402]

i: -x))dx = .

Qi > -h v > - }). (1)

The results of this note are based on the following two integrals, which are derived from (1)
by writing u—t = (v—t)x.
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for w + 1 > 2v > - 1 ;

Xv-0m+1e*(""° (3)
form + 1 > 2 v > - 1 .

2. The operator S^n and its properties. The operator OF„ occurring in this note is denned
by the formula

where n is a positive integer. Since n is a positive integer, by explicit computation we have

l{^n{F(v)}}=-^n_l{F(v)}, (5)
dv

}} = (-TF(v), (6)

and
<v)} = 0 for v = l. (7)
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3. Integral equations and their solutions. Consider the integral equation

r(u_
where / = {t: c ^ t ^ 1}, c is a positive constant and/(f) is defined on /. The integral is taken
in the Riemann sense. It is assumed that (a) m + l>2v> —1, where m is a non-
negative integer and n is a positive integer, (b) / ( t ) ( l ) = 0 for 0 ^k ^n+m + l, and
(c) (d/dOn+m+2{e~*'/(')} is piecewise continuous on /. If these conditions are satisfied, then
the solution of (8) is

y(u)= - [B(m-2v +1, 2v +l)r(m + n+ 2)]-! f (v-uy~*Mx<v{v-u)e-*"3?n{F{v)} dv, (9)
Ju

where F(») = A ±

Next consider the integral equation

1 ( w '
where g (t) is defined on /. The integral is taken in the Riemann sense. It is assumed that
(a) m+l > 2v > - 1 , where m is non-negative integer, (6) g(k\l) = 0 for 0 ^ k g m+1, and
(c) {<f/du}m+2{e*"0(y)} is piecewise continuous on / . If these conditions are satisfied, then
the solution of (10) is

z(u)= - [ r ( 2 v + l ) . r ( m - 2 v + l ) ] - 1 {v-uy-*Mx v (y-u)e-*"J-—I {eiog(v)} dv.

J- ' 1 dv)
(11)

4. Proof of the dual relation (8) and (9). Substituting the value of y(u) from (9) into the
left-hand side of (8) and proceeding exactly in the same way as in [5], after using (2), we obtain
the expression

m + 2)J, dv"

Successive integrations by parts and the application of the operational relations (5), (6) and
(7) then yield

it
J= -

f1 f Jin+m+2

Further successive integrations by parts and the application of the conditions / (k )(l) = 0,
0 ^ k ^ « + m+1 finally yield
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5. Proof of the dual relations (10) and (11). Substituting the value of Z(M) from (11) into the
left-hand side of (10) and proceeding as above, after using (3), we obtain the expression

f1/ yn+lf d {s g(v)} dv.

Successive integrations by parts and the application of the conditions grw(l) = 0,0 ^ k ^
yield

REFERENCES
1. R. G. Buschman, An inversion integral for a Legendre transformation, Amer. Math. Monthly

69 (1962), 288-289.
2. R. G. Buschman, An inversion integral, Proc. Amer. Math. Soc. 13 (1962), 675-677.
3. A. Erde'lyi, An integral equation involving Legendre's polynomial, Amer. Math. Monthly 70

(1963), 651-652.
4. A. Erdelyi, Tables of integral transforms, Vol. II (New York, 1954).
5. Ta Li, A new class of integral transforms, Proc. Amer. Math. Soc. 11 (1960), 290-298.
6. D. V. Widder, The inversion of a convolution transform whose kernel is a Laguerre polynomial,

Amer. Math. Monthly 70 (1963), 291-293.

M.A. COLLEGE OF TECHNOLOGY

BHOPAL (M.P.) INDIA

https://doi.org/10.1017/S2040618500035309 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500035309

