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1. Introductory. The Laplace transform

f(p) =p f: e h(@)dz (Rep>0) .vcvrrrvinieeiiiinunnnns (L.

has been generalised by Varma [4] by the relation

d(p)=p f: et (prynt W, . (pr)h(x)dz (Rep>0), ..ooocvvrrnnnns (1.2)

which reduces to (1.1) when k = -m +4% by virtue of the identity

Wit m(®) = 2 mHeb=, (1.3)
We shall define ¢, ,, .(p) by the relation
bem (D) =D fo e~ (pym AW, . (px)2*h(x)dz (Rep > 0). ............ (1.4)

The object of this paper is to obtain some recurrence formulae and series for ¢y . a(p)
and to use them to obtain recurrence formulae and series for MacRobert’s E-function.

2. Formulae required in the proof. We have [5, p. 352]

Wi @) =2Wig mei@+@G—k+m)Wiy (), oo 2.1)
Wem@ =22W g @ +E-k-m)Wi_ | n(2) oeerrnini, (2.2)

and
zW;c’ @) = k= 32) Wi () —{mP = (E =13 Wiy m(2). cerrieinnnanes (2.8)

We have also [3, p. 201]

%[z""*e““W,"m(z)] = 2"l bW, b (@) e, (2.4)
It will be observed that (2.2) can be obtained from (2.1) by using the property
Wk'_,m(Z) = Wk,m(z)' ......................................... (2.5)
From (2.3) we also observe that
Wi—m(z) = Wim(Be e (2.8)

Harishanker has obtained the following series for W, ,,(2)

& -1y r/2W +7/2, m+r
Wisn, (@) = (=11 Tlm i +n+3al 3 2208 r(’;nlf'mﬂ?) (Re(} —k+m) > 0),
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and
W (z) - (—1)"F(m+k+n+%)n! & ('_ l)rzrl2Wk—r/2,m+rlz(z)
k=n, m F'm+k+3) 7=0 (n—r)lr!

(Re(} -k +m) > 0).

3. Recurrence formulae for the Whittaker’s confluent hypergeometric function.
Eliminate W, _, ,(z) between (2.1) and (2.2), divide by z4, replace k by k +4 and m by m -}
to obtain

(m-k-3)Wi n(2) = G-k-mWi 1) +2m =124 Wy g (2). ennennn. (3.1)
This has been otherwise obtained by Rathie [2, p. 392].
In (2.2) replace m by m —1 and eliminate 24 W;,_; ,,_;(2) from this relation and (2.1) to get

Wi mal@)+G-b+m)Wisy (@) = G-k-m)Wi_) (@) + Wi m(2). oo (3.2)
Equating the values of W ;r,m(z) from (2.3) and (2.4), we obtain
(mak-2-HWy p(z) = M (k=33 Wil1,m) =2 Wirg mip (2). v (3.3)
Simplifying (2.4), we get
Wiem2) = 32-m+ )Wy n@) =22 Wi mg (@) oo, (3.4)
Using (2.6) with (3.4), we obtain
Wi m(2) = Bz +m W m2) =2 Wig mad (@) e (3.5)

4. Recurrence formulae for the generalised Laplace transform ¢, ,, ,(p). Using
(3.2), we get

73¢’k,m-1, @)+ -k +m)¢k—1,m, Ap) = pE-k = m)r_1, m-1, 141 (D) +¢k, m (D) oo 4.1)
Using (3.3), we get
(m+k =i, m, A (D) —PPr, m, a2 (2) = {M¥ = (k= 1)Tbs1,m, 2 (D) = PPrert, met, 242 (D) oo (4.2)

5. Recurrence formulae for MacRobert’s E-function. If

1
2 (%) = 2B <o:1’ ces gt Bryeey Beyt ;:),
then [2, p. 392]
aaam [t e e A A2m: p
e m (D) =D E(ﬁl,...,ﬁs_l‘)\+m—k+%:>' ..................... (5.1)
The formulae (4.1) and (4.2), on replacing A by a,_; A+2m by «, and A+m -k +3% by B,.
then give us

yare s O e g+, =11 p gy ooey Clp ° P
E(“l %p_p g+ T )+ o, E(l r )
Bl""’ Bs—l’ ﬁs: (B ’ 1) BD“ ﬂs—-li Ba+1:
yees ey tla-1:p I
= (148, -« E(“l -1t o ) (1’ » ) ........... 5.2
( Bs r) Bl’ v ﬁs—l: Bs+1 . ﬁl! AR Bs: ( )
and

: Lo, +1:
_ E ST s Oy p) -E (al’ » Xpogs Gy 4, & p)
(oer B’) (Bl’ vy B Brs o> Bo-1s Bs+ 1

S Gesedlem B (G B g 7) B G g e
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6. Series for the generalised Laplace transform. Using the results (2.7) and (2.8)>
we obtain the following series for the generalised Laplace transform, ¢; . A(p),

Bramma(D) = (=1Ll smen syt 3 L2 bdsmerpa B (ot -4 > 0)
L e (6.1)
an
_ n! F(m+k—n+§)(-1)" L ("1)r¢k—rl2,m+rl2./\(p)
¢k—n.m,/\(p) - I‘(m+k+§) r§0 (n_r)! 7“. (Re(%_k'*'m) > O)

7. Series for the MacRobert’s E-function. Using (5.1) with the results (6.1) and
(6.2), we obtain the following finite series involving MacRobert’s E-function

By, )
L DB (et )

= (-1)"n! F(l+a,—ﬁs+'n)t§,0 Mo Tt Bt (7.1)
and
g (o p)
(ﬁl: woos Bs-py Bstm:
_ne g (% %r-n e, +E: P
_ (-D)ra! T +a,—B,—n) é (-1 (ISI’ s By Bu i ) ........... (7.2)

I'(l+ea,-8) =0 (n-t)t ¢!
My thanks are due to Dr N. G. Shabde for the help and guidance I received from him
during the preparation of this paper and to Professor T. M. MacRobert for his various valuable
suggestions.
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