J. Austral. Math. Soc. 20 (Series A) (1975), 165-171

A MULTIFUNCTION GENERALIZATION OF GALE’S ASCOLI
THEOREM

GEOFFREY FOX and PEDRO MORALES

(Received 16 October 1972; revised 25 June 1973)

Communicated by E. Strzelecki

1. Introduction

Our purpose is to improve the Gale-type multifunction Ascoli theorem of
Mancuso (1971 ; page 470). This latter supposes the range space to be normal and
Hausdorff, and therefore does not contain Gale’s theorem (1950; page 304). To
obtain a multifunction theorem containing Gale’s theorem (also Mancuso’s
theorem), we return to Gale’s essential hypotheses. Thus, we assume the regularity
of the range space in the sufficiency direction, and, in the necessity direction, we
assume the domain to be a k-space and the range to be a regular Hausdorff space.
We dispense with the *‘point-like”’ condition imposed by Mancuso. Unexplained
terminology and notation is that of Mancuso’s paper.

2. Multifunctions with values in a regular space

Let X, Y be topological spaces. A multifunction f: X — Y is lower (upper)
semi-continuous if f~(U) (f *(U)) is open in X whenever U is open in Y. Con-
sequently, f is continuous if and only if f is both lower and upper semi-con-
tinuous.

LeMMA 1. Let f: X - Y be a multifunction on a topological space X
to a regular space Y. Then f is lower semi-continuous if, for each xe X and
each open set U of Y such that fx N U # (&, there exists a neighbourhood N
of x such that fz N U # ¢ for all ze N.

PrROOF. Let G be an open set of Y and let xef ~(G). Then fx NG # .
Let ye fx N G. By the regularity, there is an open set U in Y such that
yeU = U = G. Since fx N U # &, there exists, by hypothesis, a neighbourhood
N of x such that, if zeN,fzN U # &. S0 fz NG # I, thatis, ze f(G).

LemMA 2. Let f: X - Y be a point-compact multifunction on a topo
165
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logical space X to a regular space Y. Then f is upper semi-continuous if, for
each xe X and each open set U of Y such that fx < U, there exists a neigh-
bourhood N of x such that fz < U for all ze N.

ProorF. Let G be an open set of Y and let xef*(G). Then fx < G.
Since fx is compact and Y is regular, there is an open set U in Y such that
fx < U « U = G. By hypothesis, there exists a neighbourhood N of x such
that if ze N, then fz < U. So fz < G, that is, zef *(G).

The following lemma generalizes Lemma 2.4 of Mancuso (1971; page 467),
and will be crucial in the proof of our Ascoli theorem:

LemMA 3. Let f: X — Y be a continuous multifunction on a topological
space X to a regular space Y. If fx N\ U # J for some open set U in Y, there
exists a neighbourhood V of x such that fz "U # & forall zeV.

Proor. Let ye fxM U. By the regularity there is an open set W in Y such that
yeW < Wc U. Since f is lower semi-continuous, there exists a neighbourhood
V of x such that V < f~(W). Let zeV and suppose that fz N U =¢J. Then
fz "W = sothat fz = Y — W. Since f is upper semi-continuous, there is a
neighbourhood H of z such that H = f (Y — W). Since z eV, thereisve H N V.
Then fv = Y — W and therefore fv N W = (&. This is a contradiction, because
veV < f(W).

3. Condition (G)

Let X, Y be topological spaces and let F < Y™*. The set of subsets of F
of the form {f: f(K) = Uand fx NV # ¢ forall xe K}, where K is a compact
subset of X and U, V are open in Y, is an open subbase for the compact open
topology 1, on F [7, page 47]. It is clear that 7, is larger than the pointwise to-
pology 1, on F. The family F is called collectively continuous if U, _rf *(B) and
Uy rf  (B)areclosed in X whenever Bis closed in Y, or, equivalently, N, .gf *(B)
and N, g f7(B) are open in X whenever B is open in Y (Mancuso (1971;
page 469)). We say that F satisfies the condition (G) if each closed subset of
(F, t.) is collectively continuous.

LEMMA 4. Let F be a family of point-compact multifunctions on a topo-
logical space X to a regular space Y. If F satisfies (G), then the members of the
t,-closure F of F, in the set of point-compact multifunctions of Y™X are con-
tinuous.

Proor. Let feF. To show that f is lower semi-continuous, suppose
fx NV # F, where V is open in Y. By Lemma 1, it suffices to show that there
exists a neighbourhood N of x such that fz N ¥V # & for all ze N. Let
yefx NV and let G be an open set in Y such that ye G = G = V. Then
Fo={h:heFand hx 0 G # &} is closed in (F,t,.). Since F satisfies (G), Fy is
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collectively continuous. Then N = (1, .g,h~ (V) is an open set in X containing x.
We claim that ze N implies fz NV # (. In fact, suppose that fz NV = (.
Then fz <« Y — V, and, since fz is compact, there exists an open set W such
that fzc W o WY —V. Since M= {g:geY™, g is point-compact,
gz = Wand gx NG # J} is a 7, neighbourhood of f, there exists f'e F N M.
Then f’€eF,, and, since ze N, f'z NV # . This is a contradiction, because
flzcWand W NV = .

To show that f is upper semi-continuous, suppose fx < ¥, where V is open
in Y. By Lemma 2, it suffices to show that there exists a neighbourhood N of x
such that fz < 7 for all ze N. Since fx is compact there exists an open set G
in Y such that fx « G =« G < V. Then Fy = {h: he F and hx < G} is closed
in (F,7.). Since F satisfies (G), F, is collectively continuous. Then N =", g, * (V)
is an open set in X containing x. We claim that ze N implies fz < V. In fact, let
zeN, yefz and let W be any neighbourhood of y. Since M = {g: g€ ymX,
g is point-compact, gx < G and gz N W # (J} is a t,-neighbourhood of f,
there exists f'eM N F. Then f'z "W # J and f’'eF,, so, because ze N,
we have f'z < V. Thus W NV # (J, so yeV. Since y is an arbitrary point of
fz, fz V.

COROLLARY 1. Let F be a family of point-compact multifunctions on a
topological space X to a regular space Y. If F satisfies (G), then the members
of F are continuous.

COROLLARY 2. Let F be a family of functions on a topological space X to a

regular space Y. If F satisfies (G), then the members of the t,-closure of F in
Y* are continuous.

LEMMA 5. Let F be a family of point-compact multifunctions on a topo-
logical space X to a regular space Y. If F satisfies (G), then the t,-closure and

the t-closure of F, in the set of point-compact multifunctions of Y™X, are
identical.

Proor. Let F, F denote the 7,-closure, the 7.-closure of F, respectively,
in the set of point compact multifunctions of Y™X. It must be shown that foe F
implies f, € F. It will suffice to show that every 7,_-neighbourhood of f, of the form
Ni=1{f:feY™, f is point-compact, f(K;) =« U; and fx NU{# & for
all xeK;}, where K; = X is compact and U, U; = Y are open (i = 1,---,n)
intersects F. Since f, is continuous (Lemma 4) and point-compact, fo(K;) is a
compact subset of U; (i = 1,---,n) (Berge (1965; page 110)). Then there exists, for
each i=1,---,n, an open set V; in Y such that fi(K)) <V, <V, < U, Since
fox NU;# J for all xeK; (i =1,---,n), by the Lemma 1 of Smithson
(1971; page 47), there exists an open set V;'in Y such that 7/ = U}and fox N V'# &
for all x € K;. Choose a fixed index i. For xe K; let H, = {f: fe Y™, f is point-
compact, fx < ¥, and fx N V] # &}. Then H, is a closed ,-neighbourhood
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of fo, and therefore F, = H, N F is a non-empty closed subset of (F, t.). Since F
satisfies (G), F, is collectively continuous. Then N, = ,.¢.f ' (U) N
Nyer S (U} is open in X, and contains x, because fe F, implies fx = 7, < U;
and fx NU/> fx NV, # . Since K; is compact, there is a finite sequence
{x}}1<j<r in K; and corresponding neighbourhoods Hxj, Nxi of fo, xi, res-
pectively, such that K; = UL, Nxi. Then M = N}, N4 H,; is a 1,-neigh-
bourhood of f;. Hence there exists f'e M N F. The proof will be complete if
we show that, for any i = 1,--,n, f'(K)) = U; and f'x N U} # & for all,
x € K;. Let xe K. There exists j(1 < j < k;) such that xe Nxj = Ny epif (U
and therefore fx N U; # Jforall feFx}.Since f'eM NF < Hxt NF = Fxj
we have f'x N U{# J. On the other hand, xe Nx} = (N;cp,t f T (U)). Then
fx < U; for all feFxj, and, in particular, f’'x < U,. Since x is an arbitrary
point of K;, f'(K;) =« U;.

COROLLARY 3. Let F be a family of point-compact multifunctions on a
topological space X to a regular space Y. If F satisfies (G), then 1, = 1, on F.

Proor. It suffices to show that, on F, 7, is larger than 7,. Let H be closed in
(F,1.). Obviously H satisfies (G), so H = H. Hence H=HNF=HNF is
closed in (F, 1,).

4. Ascoli theorem

A subset E of a topological space X is k-closed if E N K is closed in K for
every compact subset K of X. A topological space is a k-space if every k-closed
subset is closed Cohen (1954; page 79). Locally compact spaces and spaces satis-
fying the first countability axiom are familiar examples of k-spaces.

LEMMA 6. Let Fo, be the family of all point-compact multifunctions on
a set X to a Hausdorff space Y. Then (Fg,t,) is Hausdorff.

Proor. Let f,g be distinct members of F, ; we may suppose a yefx — gx
for some x e X and some ye Y. We can then construct disjoint neighbourhoods
of y, gx, from which we define disjoint neighbourhoods of f, g.

Let F, be the family of all point-compact multifunctions on a set X to a
topological space Y, and let F = Fy. We will say that a subset B of I, covers F
if F < B, where F denotes the t,-closure of F in F,. If X, Y are topological
spaces, the symbol €(X, Y)(C(X, Y)) will denote the subfamily consisting of all
continuous multifunctions (continuous functions) of Fy. If Y is regular and
F < F, satisfies (G), then €(X, Y) covers F (Lemma 4). If, further, F consists of
functions, then C(X, Y) covers F (Corollary 2).

The following lemma appears as Corollary 3 in Fox and Morales (to appear):

LemmA 7. Let {X,},.4 be a non-empty family of compact spaces. The
set of all point-compact multifunctions of P{X,: a € A} is t,-compact.
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Let {X,},.4 be a family of non-empty sets and let F < P{X,: ae A}. For
ae A, we write F{a] = ;. ¢fa.

LemMmA 8. Let {X,},.4 be a non-empty family of topological spaces. If
F < P{X,:ac A} then F c P{F[a]: ae A}, where F denotes the t,-closure of
Fin P{X,: ac A}.

ProOF. Let f € F. Let a € A be arbitrary, let y e fa, and let V be an arbitrary
neighbourhood of y. Since M = {h: heP{X,:acA} and ha NV # J} is a
7,-neighbourhood of f, there exists f'eM NF. Then f'anV # & and
f'a = F[a], and therefore F[a] NV # . So y € F[a]. Since y is an arbitrary
point of fa, we have fa < }Ta].

THEOREM. Let F be a family of point-compact continuous multifunctions
on a topological space X to a regular space Y, and let B be a family of point-
compact multifunctions of Y™ which covers F. The conditions

(@) F isclosed in (B,1,),

(b) F[x] is compact for all xc X, and

(c) F satisfies (G),
are sufficient for the t-compactness of F. If, further, X is a k-space and Y is
Hausdorff, then the condition (a), (b) and (c) are necessary for the T,-compactness
of F.

ProOF. Sufficiency. Let F,, Fg be the sets of all point-compact multi-
functions of Y™¥, P{F[x]: x € X}, respectively. If F denotes the 7-,closure of F
in Fy, Lemma 8 implies F < F; < F,. Since Y is regular, (b) implies the com-
pactness of F[x] for all x e X. Then, by Lemma 7, F{ is 7,-compact, and so F is
1,-compact. Let F denote the t.-closure of F in F,. By Lemma 5, (c) implies
F=F But Fc B and (a) implies F = F N B, thus F = F is t,-compact.
Since (c) implies (F,1,) = (F,1.) (Corollary 3), F is 7,-compact.

Necessity. Since (B,z,.) is Hausdorff (Lemma 6), F is closed in (B, ). Since
the projections pr, are point-compact and continuous, the F[x] are compact.
To prove that F satisfies (G) it will suffice to show that F is collectively con-
tinuous. Since X is a k-space, it will suffice to show that, if W is closed in Y, then
Userf (W) and U, pf (W) are k-closed. Let K be an arbitrary compact
subset of X and write S = U, e f *(W)NK, S' = U, .ef (W) N K.

We will show thatif xe K — S, then x ¢S5 N K. Wehave fx N (Y — W) # &
for all feF. Let fe F. By Lemma 3, there exists a neighbourhood N, of x such
that fz N (Y — W) # & for all ze N,. Then K; = N, N K is compact, and
therefore M, = {h:heF and hz N (Y — W) # & for all zeK,} is open in
(F,1.) and contains f. Since F is compact, there is a finite sequence {f;}; <;<, in F
suchthat F < 7., M,,.LetK* = N, K,,.Then,if feF, fz " (Y-W)# &
for all ze K*, and therefore K* N (U, .ef *(W)) = &. On the other hand,
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N* = Ni=;N;, is a neighbourhood of x such that N* N K < K*. Then
N* N S = ¢, proving the assertion.

We will show that if xe K — S’, then x¢S" N K. We have fx c Y — W
for all fe F. Let fe F. There exists an open set V, in Y such that fx < V, < ¥,
< Y — W, and there exists a neighbourhood N of x such that f(N,) < V,. Then
f(N) <Y —-W. Let K, =N, nK. Then K, is compact, and therefore
M, = {h:heF and h(K;) = Y — W} is open in (F,t,). Since f(N,) = f(N,)
Ponomarev (1960; page 120), fe M,. There is a finite sequence {f},<;<, in F
such that F < Jj_ M;. Let K* = "Ni-; K;. Then, if feF, f(K*) c Y- W,
and therefore K* N (U erf/ (W) = . Let N* = N{_;N;;. Then N* is a
neighbourhood of x such that N* N K < K*; therefore N* NS’ = (J, and
the proof is complete.

COROLLARY 4. Let F be a family of point-compact continuous multifunctions
on a topological space X to a regular space Y. The conditions

(&) F isclosed in (6(X,Y),1.),
(b) F[x] is compact for all xe X, and
(¢) F satisfies (G),

are sufficient for the t.-compactness of F. If, further, X is a k-space and Y is

Hausdorff, then the conditions (a), (b) and (c) are necessary for the t,-compactness
of F.

COROLLARY 5. Let F be a family of continuous functions on a topological
space X to a regular space Y. The conditions

(a) F isclosed in (C(X,Y),t,.),
(b) F[x] is compact for all xe X, and
(¢) F satisfies (G),

are sufficient for the 1,~compactness of F. If, further, X is a k-space and Y is

Hausdorff, then the conditions (a), (b) and (c) are necessary for the t.-com-
pactness of F.

RemARKS 1. Corollary 5 is the essential Theorem 1 of Gale (1950; page
304).

2. The point-like condition of Mancuso played two roles, one of which
we have by-passed by workingentirely in the space of point-compact multifunctions.
The second role was to assure the non-emptiness of the sets F, of our Lemma 4
(logically superfluous). However, without evoking the point-like condition,
we may if we wish, prove these sets F, non-empty. For example, in the first case,
we consider M = {g: ge Y™*,g is point-compact and gx N G # J}, which is
a 7,-neighbourhood of f, so there exists f'e F N M < F,.
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