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Abstract

In this paper we establish the existence of solutions of a more general class of stochastic
integral equation of Volterra type. The main tools used here are the measure of noncom-
pactness and the fixed point theorem of Darbo. The results generalize the results of Tsokos
and Padgett [9] and Szynal and Wedrychowicz [7]. An application to a stochastic model
arising in chemotherapy is discussed.

1. Introduction

The mathematical description of various processes in physical, biological and engi-
neering sciences give rise to random or stochastic integral equations. Theoretical
treatments of such problems can be found in [5, 8, 9].

The most important problem examined up to now is that concerning the existence
of solutions of considered equations. It is solved mostly by the Banach fixed point
principle, the Schauder fixed point theorem, and successive approximations [5, 6, 8, 9].
In this paper we use the notion of measure of noncompactness in a Banach space
and the fixed point theorem of Darbo type ({1,2]). This approach allows us to
weaken the conditions of [7]. An example of the equation considered in this paper
is in chemotherapy of a two-organ biological system. First, we discuss a stochastic
model for chemotherapy in a single organ biological system. A closed system with a
simplified heart, one organ or capillary bed, was described in Tsokos and Padgett [9].
The heart is considered as a mixing chamber of constant volume, and the recirculation
of blood in the system is with constant rate of flow. Also, it is assumed that the
injection of drug is given at the entrance of the heart producing a known concentration
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in the blood plasma. As the blood flows through the organ the particles of drug are
assumed to enter the extracellular space only by the process of diffusion through the
capillary walls. Bellman, Jacquez and Kalaba [4] developed a deterministic model,
but the concentration of drug in the plasma in given areas of the system is more
realistically considered as a random function of time due to the random nature of the
diffusion process.

The injection is given at the entrance of the heart resulting in a concentration
u; (1), 0 <t < t; of drug in plasma entering the heart, where ¢; is the duration of the
injection. Let t > O be the time required for the blood to flow from the exit of the
organ to the entrance of the heart. The concentration of drug in plasma entering the
heart at time ¢ > 7, ug(¢; w) is a random variable, and is given by

0, t <0,
ug(t;w) = { u; (1), 0<t<r,

u(t) fule,t —t;w), t=r,

where u,;(t) = 0if t < 1;, e is the length of the capillary in the organ, u(e, t; w) is the
concentration of drug in plasma leaving the organ at time ¢, and ¢ is the constant flow
rate of plasma in the capillary bed.

The concentration of drug in plasma leaving the heart u; (¢; w) satisfies the integral
equation, see [3,4,9]:

w13 w) = (] V*) [ (un(s; w) — u(s; w)} ds, 13 0. )
0

The concentration of drug entering the organ at time ¢ is given by

0, O<tr<r,
u(0, t; w) = -
u (t —t,w), t>rt.
The concentration of drug leaving the heart u, (¢; w) satisfies the semi-stochastic
integral equation

u;(t; w) = G(t) +/ k(s,u;(s;w)) ds, 2)
0
where
T(1)
G() = / (c/ V*)u,(s) ds, (3)
0
T = lt, O0<t<y,
tlv t 2 tI9
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V* is the constant volume of the heart, and
k(s,ur(s;w);w) = —(c/ V*)[uL(s; w) — u(e, s — t;w)].

Tsokos and Padgett [9] proved that a semi-random solution of (2) exists, that is a
deterministic solution in 0 < ¢t < t and a random solution in T < ¢t < M, where
T < M < 00, t; < M, whereas Szynal and Wedrychowicz [7] studied the problem
under less restrictive conditions.

Now let us discuss the two-organ biological system. Let u; (s, t; w) denote the
random concentration of drug in organ j at point s in the capillary at time ¢, for
J = 1,2. Let ¢; be the constant volume flow rate of blood in organ j, j =1, 2, and
¢ = ¢; + ¢;. Then c is the total constant-volume flow rate of blood in the system.

The concentration of drug entering the heart ug(#; w) after time 7 is a random
variable for each ¢ > 7, and is given by (refer Tsokos and Padgett [9]):

0, t <0,
up(t; w) = { w0, O<t<r, 4)
’t— ) ,t_ 5
(1) + ciu (e T, w) + cuxe T w), c<i<M,
c

where u; (e, t; w) is the concentration of drug in plasma leaving organ j (at the e end)
attime ¢, j = 1,2,and u;(¢t) =0fort > 1.
Substituting (4) in (1), we have

' e g
uy (1 w) = %/' [u,(s) n aue,s —T;w) + u(e, s — T, w) o w)] s
0 .

c
=< ’u(s)ds—i/’ u(s‘w)——icw(e s—T,w);ds
o % 0 ! | % 0 L j=1 s ’
2t
=G(t)+Z/ k; (s, ur(s; w); w) ds, &)
j=1 70

where k; (s, u (s;w);w) = —(¢/ V*) {uL(s; w)/2 —cjuj(e,s — 1; w)}. We shall
prove that a semi-random solution of (5) exists under milder conditions than those of
Tsokos and Padgett [9]. Note that (5) has a deterministic solution when 0 < ¢ < 1.

The aim of this paper is to prove an existence theorem for a more general stochastic
integral equation of the form

xtw) = htw) + Y [ Ky xwyiw) du, ©)
j=1 70

where ¢t > 0 and
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(i) w € K2, the sample space of the complete probability measure space (2, A, P),
(ii) x(#; w) is the unknown random function for ¢t € R,,
(iii) h(z; w) is the known random variable, for r € R,
(iv) K;(u,x(u;w);w) are stochastic kernels defined for 0 < u < ¢t < 00 and
we,j=12,...,m

2. Mathematical preliminaries

We denote by L%(Q2, A, P) the space of A-measurable square integrable maps
x (¢, w) with

1/2
lx (2 = (/ x (5 w) ? dP(w)) .
Q
We now give the following definitions.

DEFINITION 1. We shall call x(¢; w) a random solution of the stochastic integral
equation (6) if for every fixed t € R, x(t; w) € L?(R, A, P) and satisfies (6).

Throughout this paper X will denote an infinite dimensional real Banach space
with norm || - || and the zero element 0. V(x, r) stands for the closed ball centered at
x of radius r. Denote by My the family of all nonempty bounded subsets of X, and
by Ny the family of all relatively compact and nonempty subsets of X.

The following axioms defining a measure of noncompactness are taken from Banas
and Goebel [2].

DEFINITION 2. A nonempty family B C Ny is said to be a kernel (of a measure of
noncompactness), provided it satisfies the conditions
(@) UeB= Uce B;
®) UeB, VCU V#0= VeB;
© UVeB=aU+(1—-a)VeB, acl0l]
(d) Ue B= ConvU € B;
(e) B (the sub-family of B consisting of all closed sets) is closed in N © with respect
to the topology generated by the Hausdorff metric.

DEFINITION 3. The function u : My — [0, +00) is said to be a measure of
noncompactness with kernel B (ker u = B) if it satisfies the conditions
i) u()=0+ UeB;
(i) p(U) = u(U);
(iii) p(Conv U) = u(U);
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(iv) UC V= u(U) = u(V),

VM pw@U+0-a)V)<au()+ A -a)u(V), a€l0,1];

(i) ifU, e My, U, = U,and U,y, C Uy, n=1,2,...,andiflim, o u(U,) =
0, then U = N2, U, # 0.

If a measure of noncompactness u in addition satisfies the following two condi-
tions:

(vii) w(U+V) < u(U)+ w(V);
(viii) (@) = la|u(V), a€R;

it will be sub-linear.

Let M C X be a nonempty set and let 1« be a measure of noncompactness on X.

DEFINITION 4. We say that a continuous mapping 7 : M — X is a contraction
with respect to p (p-concentration) if for any set U € My its image TU € My, and
there exists a constant k € [0, 1) such that

w(TU) < kp(U).

We shall use the following modified version of the fixed-point theorem of Darbo
type.

THEOREM 1. Let C be a nonempty, closed, convex and bounded set of X and let
T : C — C be an arbitrary p-contraction. Then T has at least one fixed point in C
and the set FixT = {x € C: Tx = x} of all fixed points of T belongs to ker .

Let p(-) be a positive continuous function defined on [0, co) such that

lim sup p(t) = po.

T—>00 45T

Let C, denote the space of all continuous maps x (¢; .) from R into L2(Q2, A, P) with
the topology defined by the norm

lxll, = sup {p@Ollx(@ll.2 : + >0} < oo.

The space C, with norm [} - ||, is a real Banach space, see [1].
Now forx € C,, U € M¢,, T > Oand € > 0, we put

BT (x,€) = sup {llp()x(t) — p(s)x(s)ll2: 1,5 € [0, T), |t — 5| < €};
By (U,€) =sup {BT(x,€): x € U};

By (U) =lim BT (U, €);

Bo(U) = }Lngoﬂg(U);
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a(l) = }Lngo sup sup [|x ()|l .2p (1);

xelU =T

b(U) = Tlgxgo sup sup {llp()x(t) — p(s)x(s)ll2};

xeU s, 2T
wo(U) = Bo(U) + a(U) + sup{p(t)m(U®)) : t > O};
w1 (U) = Bo(U) + b(U) + sup{p (t)m(U(1))) : t > O};

where m is a sub-linear measure of noncompactness on M;z:q 4.p) and
Ut)y={x@)e L*(Q,A,P): x e U}.

The functions w1y and u, define sub-linear measures of noncompactness on M. It
is also known that ker 11, is the set of all sets U € M such that the functions belonging
to U are equicontinuous on any compact subset of R, and

lim p(O)x ()2 =0

uniformly with respect to x € U. Further properties of 1o and @, can be found in [1]
and [2].

3. Main results

Now we shall make the following assumptions concerning (6).

Lett € R, be fixed. We assume that the functions x (¢; w), k(¢; w), and K (u, z; w),
j =1,2,...,min (6) are real valued, x and h are product measurable on R, x £,
and K (u, z; w) are product measurable on R, x R x €2 for each z.

Let A(t;w) € Lo(2, A, P) and

HaMIl = P-esssup |A(z; w)l.
we

THEOREM 2. Assume that the functions K;, j = 1,2, ..., m, and h in (6) satisfy
the following conditions:

(1) K; : Ry x R x R — R are sub-linear. That is there exists nonnegative
functions A; and B; belonging to L(R2, A, P) such that |K;(t, x(t; w); w)| <
Ai(t;wx(t w)l+ Bj(,w), j =1,2,... ,m;

(i) M; = sup [p(t)fot(lllA,-(u)Ill/p(u))du: te IR+} ,J = 1L2,...,m and
0<M <1whereM =37 M;;

Gii) N; = sup{p@ f{UIB;)Il/p)du: teR,}, j = 1,2,...,m and
N = Z}":l N;;
(iv) lim, e p(O) A2 = 0;
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) lim, e p@) fy IIB; @Il du=0, j=1,2,...,m;
(vi) limep@IK;(t, x(1)) — K; (¢, yD)ll2 =0, j = 1,2,..., m uniformly
with respect to x and y belonging to V(0, r), where r = (||h||p + N) /(- M);
(vii) the mapping z(t;w) — K;(t, z(t; w)) from C, — C, is continuous in the
topology generated by || - ||,, j =1,2,... ,m;
(viii) there exist L; satisfying 0 < L < 1, where Z}';l Li=L,

m (/l K;i(u, U(w)) du) < Lym(U(1)),
0

U@) = {x(s) €e L2(Q,A,P),s>0,x e UC VO, r): pOIx®)ll2 < | Ull,}.

Then there exists at least one solution x € C, of (6) such that
tim p ()1 (1) ]|.2 = 0.
=00

PROOF. Define F on C, by
(Fx)(t;w) = h(t;w) + ) f K; (u, x (u; w); w) du. ™
j=tvo

For x € C,, by assumptions (i)—(iii) of the theorem, we get
POIFN)®2 < p(0) [Ilh(t)llu +y [ T ACEION S du]
j=1v0
< llall, + lIxll,p(8) [ (14, @Il /p (w)) du
j=10

+p(r)2/ I11B; ()1l du,
j=170

that is

IFxll, < llkll, + lixll, M + N. ®)

Therefore F maps C, into C,. Moreover we note that F : V(0,r) - V(0, r) for
r = (llhll, + N)/(1 — M). We now prove that the map F is continuous in the ball
V(@©,r). Letx,y € V(0, r). By (vi) for any givene; >0, j =1,2,... ,m, we can
choose T > 0 such that

P | K; (6, x@) = K; (1, )| . < €, whent > T. ©)
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Furthermore, we can assume without loss of generality that there exists 7 > 0 such
that [|A; )|l > 1,j =1,2,... ,m,where t > T and

1AW =min {14, : 0<us<T}>0, j=12,...,m,
AT = min {141l : 1<j <m}.

Putpr =max{p(u): 0<u < T). Wehavefort > T

p I(Fx) (@) — (Fy)(D)l .
<p() Z / I K; G, x () = K; (u, y(w)) |, du
j=l 0

| K; G, x ) = K (e, y) |2

T .
_p(t) pr / ll1A; Galll

— [I|A; |17 p(u)
NA; ()
+p() ; fT —[)’(7)'—”p<u) | K (u, xw)) — K; (u, y))| . du.
Then we have

- iPr
sup p OIFD ~ FNDls < Z [m ywiies e,.,] (10)

whenever [ x — y|| < 8. Also for €;; > 0 we have

sup p(OIN(Fx)(@®) — (Fy)()|le: < Zeu whenever |[x — y||, < 8. (11)
O=<t<T i=1
Hence, by (10) and (11), for given € > 0, {|Fx ~ Fyl||, < € whenever ||x — y||, <
8, x,y € V(0, r). Therefore F is continuous on the ball V(0, r).
Lete >0,7T >0begivenand¢,s € [0, T], |t —s| < €. By (7T)forO<s <rand
x € Uc V(,r), we have

lp () (Fx)(8) = p(s)(Fx)(s)].2
< lp(@®) — pOHAO 2 + p(A(E) — h(s) L2

+p@®) — p(s)| E fK,-(u,X(u))du /Kj(u,X(u))du
j=1 0 L2 s L?
By using (i)
lp(t) — p(s)| / K; (u, x(u))du
Q 12

< Tlp() — p()| [lxl, max { (114, Gll/p @) :0<u<T) 1P

+max (I1B; @il : 0 <u < T}].

https://doi.org/10.1017/5033427000001105X Published online by Cambridge University Press


https://doi.org/10.1017/S033427000001105X

[9] Stochastic Volterra integral equations 101

Similarly we get

p(s)

/’ K; (u, x(u)) du

§

L2

< |t — slp(s) (rmax {|[|A; w)lllp(u) : 0 < u < T}
+max {|||B; @)|ll/p(w) : 0 < u < T}). (14)

We need to recall the definition of the modulus of continuity which is defined for all
real functions u as

vr(u;€) = sup{lu(®) —u(s)|: t,s € [0, T], |t —s| <€}, €>0. (15)
Now, by the properties of p, h and (15), we get
linavr(h;e) =0, j=12,...,m, lingvr(p;e) =0. (16)

Therefore by (12) to (14) and (16) we get for U C V(O0, r)

Bo(FU) = 0. a17)
Fix now U C V(0, r). We prove that
a(FU) < Ma(U). (18)

It is clear, by the definition of the integral, that for any given a; > 0 there exists a
positive integer n; = n; (a;) such that, forn > n;,

] NA; @1 (@) L2/ p (0)) p (w)
0

n—1
- Z(t/n)lllAj (ke /M)l (Ix (ke /n) |l 2/p (kt/n)) p(kt/n)| < a;.
k=0
Let T < t. Putk;. =max{k: O <k <n, kt/n < T}. Then we have

> f 1A @Ol @) |2/ p () p () du
j=170

=<

5

ke
[aj + @/ mIA; ke /w1 (llx (ke /n) |2/ p (kt [ n))p (kt/ n)
k=0

i

il

! (19)

n-1

+ (@/mIA; ke/ )| Cllx (ke /n)| 2/ p (ke /n))p (kt/n)]

k=kj-+l

= Za,- + I] + 12.
j=l1
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Now for any given ¢” > 0,

I < [k;. max{p (kt/n)lix (kt/m)| 2 : kt/n < T}
=1

] 1 (20)
x max{|||A; @|l/p(): 0 <t < Tn""]

< a”, for sufficiently large n.

Similarly for any given " > 0,

L <sup{p@®lx@ll2: t = T} <Z/ A; )N /p(u)) du +a”') (1)
j=1v0

for sufficiently large n. Therefore, by (19)—(21), we get

PONEFx)®)l 2
<pOIR®ON + Msup {p@®llx(@®li2: t = T} + p()(@ + " + ra™)

+p0 Y [ N8l
j=170
Thus, by assumptions (iv) and (v), we obtain
lim sup {sup {(p(OI(Fx)DOli2 = t 2 T}

xelU

< (@ + o + ra")po + M Jim sup (sup (p(Dx (D]l : £ = T)).
=0 xelU

Leto’ — 0, @” — 0 and «” — 0. Then we get (18). Finally by (17) and (18)
we obtain puo(FU) < Due(U) where D = max{M, L}. This proves that F is a u,
contraction. Now by Theorem 1 the proof is complete.

4. Example

We shall apply the above theorem to (5). Suppose that the function in (5) satisfy
the following conditions:

() ki R, xR x & — R are sub-linear,
&; (s, uL(s; w); w)| < le/ V[(lur(s; w)| + lu; (e, s;w)l),

where u; (e, s;w) € Loo(2,A, P),j =1,2;
(i) M =sup{p®lc/V*| ff(A/p(s)ds: teRy}, 0<M<I;
(iii) N; = sup {p(t)lc/ V*lfO' [Hu;(e, s)lllds: t € [R+} <00, N =N,+Ny;
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(iv) lim, o p®)|G#)| =0

(V) lim, o lc/ V¥ [ i (e, )l ds =0, j =1,2

(vi) Hm o0 pOK; (¢, ur (1)) — ki (2, v ())|2 = O for j = 1,2 uniformly with
respect to u; and v, € V(0, r) where r = (G + N)/(1 — M), G = sup{p(1)|G()] :
te R}

(vii) the mapping u;(s; w) — k; (s, u (s; w)) from C,(R,, L*(Q, A, P);p) into
C (R, L*(Q, A, P); p) is continuous in the topology generated by the norm || - ||,;
(viii) thereexists Lj,j =1,2,0 < L, + L, < 1 such that

m (/ ki(s, U(s); w) ds) < Lym(U(1)),
0
U()={u.(s) € LY(Q,A, P),s>0,u, € UC VO, r): pOlug @)l < U},

where r = (G+ N)/(1 — M).
Then by Theorem 2 there exists at least one solution u, € C, of (5) such that
im0 p(D |l (B2 = 0.

REMARK. Equation (5) corresponding to a two-organ biological system can be
extended to an m-organ biological system which is still more realistic. In an m-organ
biological system, the concentration of drug in plasma leaving the heart u, (¢;w),
satisfies the integral equation

u(t; w) = G(t)+Z[ k; (s, ur(s; w); w) ds.

By the main theorem this equation has a solution.
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