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Abstract

We consider some general switching inequalities of Brenner and Alzer. It is shown that
Brenner’s Theorem B below does not hold in general without further conditions. A simple
proof is given of Alzer’s Corollary D.

1. Introduction

It has long been known that there is an interplay between mathematical inequalities and
the physical properties of networks. Thus Lehman [4] has derived a quite complicated
inequality by a look—see comparison of the resistances of two electrical networks,
the respective resistances representing the two sides of the relevant inequality. See
also [5] for the use of Boolean functions on networks to obtain mathematical relations.
Conversely we have the more common situation in which mathematical analysis may
be used to establish physical properties of networks.

By considering afresh the network of [5] with the resistances replaced by switches,
Turner and Conway [6] have derived the inequality

I=pH"+(1-¢")">1 (LI)

for m,n > 1 with p,qg > 0and p +q < 1. Here p, g can be interpreted as
probabilities and refer to switch reliabilities in the network. Brenner [2] has extended
the domain of validity of (1.1) inthe case p + ¢ = l toinclude 0 < m,n < 1.

In a subsequent study Brenner [3] gave a refinement of (1.1) and an elaboration.
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THEOREM A. Let p and q be positive real numbers withp + g < 1. If m and n are
real numbers with m,n > 1, then

(1=p™)"+1=g¢")">1+(1=p—g™"". (12)

THEOREM B. Let p, q, s and t be positive real numbers, and let k be a nonnegative
integer If p + g <lands >t > k+ 1, then

k t is i k N l‘s :
g?(i)p 4= +[1_§(,-)" (1“"’] >1+(1-p~q . (13)

It may be noted that for & = 0 Theorem B reduces to Theorem A. If p + g < 1,
neither theorem holds in general for 0 < m, n < 1 (see Alzer [1]).

Alzer [1] has established an elegant symmetric companion inequality to (1.3) in
terms of the sum

k
Arlx, s) == Z (:)x"(l —x)

i=0

where 0 < x <1 and k& is a nonnegative integer.

THEOREM C. Let p, q, s and t be positive real numbers, and let k be a nonnegative
integer. If p +q < landt,s > k + 1, then

AP’ )+ A(g'.s) > 1+ AP +q)", M), (1.4)
where m = min(s, t) and M = max(s, t).

In the special case k = 0, s = m, t = n this provides the following improvement
of (1.2).

COROLLARYD. If m,n > 1 andp, q>0withp +q < 1, then
A=p™" +1=g"" > 1+ (1= (@ + )™ ™)™ for pg>0. (L5)

In Section 2 we consider Theorem B further, while in Section 3 we address Corol-
lary D.

2. A counterexample to Theorem B

Suppose we take k = 1, p = € (small), ¢ = 1/2, s = ¢t = 5/2. In the limit as
€ — 0, the left-hand side of (1.3) tends to

52
7 (1\*?
1 1—=-{-=
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and the right-hand side to the greater value

1\%?
1 - .
* (2)

Hence by continuity there exist positive small values of p for which (1.3) fails with
the values assigned to the other parameters.

Thus Theorem B is not true in general without further qualification. Hence Theo-
rem C would appear to be the only established generalisation of Theorem A.

3. A simple proof of Corollary D

We shall show that Brenner’s proof of (1.2) can be modified to establish Alzer's
refinement (1.5).

PROOF OF COROLLARY D. Defineu =1 —p — q. Asin [1] set
F):=0-p")"+ A -[1-p—u])",
so that F(p) is the left-hand side of (1.5). In [1], Alzer showed that F(p) increases
strictly to a maximum and then decreases strictly ontherange 0 < p <1 —u.
This gives for p and g positive that if 4 > 0, then
F(p) > min{F(0), F(1 — u)}
=mn{l+1-1-w))", 1+A-(1-uw)™)"}
=14+ min{(l—-1-u«)")", I-1-uw)™)")}. 3.1)

We now show that the last expression is equal to

max{m,n}

14 (1= (1 — wymeimn)

This is immediate for m = n, so by symmetry we may suppose without loss of
generality that m < n. With this assumption

l1--w)'>1-0—-uw"
and so a fortiori

A-A-w))" > 1 -10-uw")",

from which the stated result follows.
Thus we have from (3.1) that for p, g positive

F(p) > 1+ (1= (p + g)™m)

The desired result follows.

max{m,n}
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