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Abstract

Financial contracts with options that allow the holder to extend the contract maturity
by paying an additional fixed amount have found many applications in finance. Closed-
form solutions for the price of these options have appeared in the literature for the case
when the contract for the underlying asset follows a geometric Brownian motion with
constant interest rate, volatility and nonnegative dividend yield. In this paper, option
price is derived for the case of the underlying asset that follows a geometric Brownian
motion with time-dependent drift and volatility, which is more important for real life
applications. The option price formulae are derived for the case of a drift that includes
nonnegative or negative dividend. The latter yields a solution type that is new to the
literature. A negative dividend corresponds to a negative foreign interest rate for foreign
exchange options, or storage costs for commodity options. It may also appear in pricing
options with transaction costs or real options, where the drift is larger than the interest
rate.

2010 Mathematics subject classification: 91G20.

Keywords and phrases: exotic options, extendible maturities, holder-extendible option,
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1. Model

Financial contracts with options that allow the holder to extend the contract maturity
by paying an additional fixed amount have found many applications in finance. The
European option with extendible maturity (written on the underlying asset X;) can
be exercised by the holder on a decision time 7 using strike K;. The holder may
also exercise the option later at some maturity 7, > T, using strike K>, by paying
an extra premium A > 0 at time 7. Denote the value of this option at time 7 < T
as Q(X;, t; K1, K>, T, T>); we want to find the fair value of this option today at time
t =Tp =0. At time T, the payoffs for the holder-extendible call and put options are

Oc(Xr,, T1; K1, K>, T1,T7) = max(Xy, — K1,C(X7,,T1; K2, T>) — A, 0), (L.1)
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and
Op(X7,, T1; K1, K>, T1,T2) = max(K; — X7, P(X7,,T1; K3, T2) — A, 0), (1.2)

respectively. Here, C(X;,t; K, T) and P(X;,t; K, T) are the standard European call and
put options (so-called vanilla options) at time ¢, respectively, for the underlying asset
value X, (referred to as spot value), strike K and maturity at time 7, that is, their
payoffs at maturity are max(Xy — K, 0) and max(K — X7, 0), respectively.

Applications of these options include extendible options on foreign exchange,
nondividend and continuous dividend yield stocks, real estate, bonds, and so on. For
example, the standard holder-extendible option in foreign exchange (FX) allows the
holder to extend the maturity of an FX vanilla option by paying an extra premium. An
option on real estate often allows the option holder to extend the contract expiry date by
paying an additional amount to the option writer. In general, any contract that involves
rescheduling payments can be viewed as a contract with extendible option. Closed-
form solutions for these options were presented by Longstaff [6], Haug [4, p. 48],
Chung and Johnson [2], and Chateau and Wu [1] for the case when the underlying
asset X; follows a geometric Brownian motion with a constant drift and volatility. Of
course, the Monte Carlo method, direct integration and other numerical methods can
also be used to price these options. For example, Ibrahim et al. [5] have applied fast
Fourier transform to the valuation of extendible options.

In this paper, we consider a geometric Brownian motion model with a time-
dependent drift and volatility, which is still important for practical applications, and
derive a closed-form solution for holder-extendible options in the case of a drift that
can include nonnegative or negative dividend. The latter case yields a new solution
type that has not been studied in the literature. We also fix several typographical errors
in the formula for the holder-extendible put option presented in Longstaff [6, equation
12] and Haug [4, equation 2.15, p. 48].

Let Q be a risk-neutral probability measure under which the underlying asset X;
follows the stochastic risk-neutral process

dX; = Xyu(t) dt + X0 (t) dW;, (1.3)

where W, is the standard Brownian motion, o(¢) is the instantaneous volatility, u(f) =
r(t) — q(¢) is the risk-neutral drift, r(¢) is the risk-free domestic interest rate and ¢(¢) is
a known continuous function of time (hereafter referred to as dividend). This model
is often used for pricing a holder-extendible option on a foreign exchange rate, where
q(t) corresponds to the foreign interest rate. In the case of an option on a dividend
paying stock, ¢(#) corresponds to the continuous dividend yield. Assuming constant
drift and volatility, Longstaft [6] and Chung and Johnson [2] have considered the case
of zero dividend ¢(f) = 0; Haug [4] and Chateau and Wu [1] have considered the case
of nonnegative dividend ¢(#) > 0. In this paper, we allow for a negative dividend g(¢)
(for example, negative foreign interest rate in the case of FX options), leading to a new
solution type that has not been considered in the literature. Also, the drift and volatility
are allowed to be time-dependent.
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For the stochastic process (1.3), the joint distribution of In X7, and In X7,, given X,
is a bivariate normal distribution with

E[ln X7, | In Xp] = In X + f (r(‘r) —q(t) - 50'2(‘1')) dr, i=1,2;
0
min(7;.T;) (1.4)
Cov[In X7,,InXr, | In Xo] = f oA(Ddr, i,j=12
‘ 0

According to the standard option valuation methodology, the Black—Scholes
framework generalized by Harrison and Pliska [3], a fair price of the holder-extendible
option at ¢ = 0 is a conditional expectation (with respect to the risk-neutral probability
measure Q)

Ty
Q(XO’ 0’ Kl 3 KZ’ Tl s TZ) = exp(_ f r(T) dT)EQ[Q(XTl ) Tl 5 K] s K29 Tl s T2)|X0]’ (15)
0

where Q(X7,, T1; Ky, K2, Ty, Ty) is given by (1.1) and (1.2) for the holder-extendible
call and put options, respectively. The above expectation can be calculated using (1.4)
and integral identities (see the Appendix) in closed-form as demonstrated in the
following sections. We derive option price formulas for both the holder-extendible
call and the holder-extendible put options, and the formulae are derived for the cases
of nonnegative and negative dividend.

2. Notation and definitions

Hereafter, the following notation and identities are used.

e Model parameters are
1 T 1 T
qij = T,-T, fTi gy dr, 1= T,-T, fTi r(mydr, i = rij = qijs

1 T T
o-l.zj = f o?(t)dr and p= M
T;,-T; Jr, o2 VT2
forT; <Tjandi, j=0,1,2.
e Transformation functions are

In(y/Xo) — po1 Ty + 05, T /2

= s g = - Ta
g1(y) o NT g210) =g10») 0’01\/—
In(y/Xo) — pooTa + 02, T2/2
0y = O ZpT2 + T2 - o ) - o T,
o VT2

with their inverses

' =X eXP(,uo1T1 - %U'élTl + o1 \/T_ly),
.1)
%' =X CXP(,U()sz - %Uész +0n sz)-
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e Critical values of the underlying asset defining exercise regions on a decision
time are denoted as {/,, >, Is} for the holder-extendible call option, and
{Jo, J1, J2} for the holder-extendible put option.

e We use N(-) and N,(:,-;p) to denote the standard normal distribution and
the standard bivariate normal distribution with correlation p, respectively;
their densities are denoted as n(x) and ny(x,y;p), respectively. We use
M>(a, b, c,d; p) to denote the probability of the standard bivariate normal density
with correlation p for the region [a, b] X [c,d], and M(a, b) to denote the
probability of the standard normal density in the interval [a, b] that can be
expressed through N(-) and N,(:, -; p) as given in Section 5.

e The standard European call and put prices at time 7; with maturity 7; > T; are

C(x, Ti; K, T)) = xe = ION(dy) — Ke 1T TON(dy),
P(x, Ti; K, T)) = Ke " TON(=dy) — xeW = 1ON(—d),

hl(X/K) + ()uij + 0'12]/2)(T] - Tl)
d, = - S dzzdl—a'ij Tj—Ti.

VT,

e To compare the calculus with Longstaff [6], one has to set

001 =00 =012=0, Mol =Ho2 =Hi2=To1 =T =T12=T. (2.2)
Some notations are chosen for the purpose of easier comparison with existing results
in the literature.
3. Holder-extendible call

The decision at r = 77 to extend or exercise the call option is determined by
comparing two risky payoffs

C(X7,,T1;K3,T;) —A and max(Xy, — K1,0),

and choosing the largest payoff. If the first payoff is larger then the option is extended,
otherwise it is exercised when Xy, > K| or expires worthless when X7, < Kj; for
an illustrative example, see Figure 1. Note that the standard European call option
C(x,Ty; Ky, T,) is calculated at time 7' for maturity at 75.

Denote the region of X7, = x where the option is extended as

Qec={x>0|C(x,T1; K2, T,) — A > max(x — K;,0)},
and the region where it is exercised as
Qc={x> K| | x—K; >C(x,T; K, T5) — A}.

For all other values of X7, , the option expires worthless. Then, using transformation of
X7, and X7, to the random variables, Z; = g;(Xr,) and Z; = g;(Xr,), from the standard
normal distribution, today’s price (1.5) of the holder-extendible call option
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Ficure 1. Some possible holder-extendible call option payoffs on a decision time 7. The payoft is
determined by choosing the largest value between the solid line C(x, T'y; K», T>) — A and the dashed line
max(x — K7, 0). The case of positive dividend ¢g;» > 0 may lead to cases in (a) and (e), ¢;» = 0 may lead
to cases in (a), (b) and (e); and g1, < 0 may lead to cases in (b—d).

0c(X0,0; K1, K>, T, T)
=e 0T f max(C(x;,T1; Ky, To) — A, x1 — Ky,0)n(z1) dzy

=e¢0h2 f dz; f (x2 = K2)na(z1,2250) dzn
X1€Qc 82(K2)

—e’O‘TlAf n(z1)dz +€'°‘T‘f _ iz —Kdz.  (3.1)
X]EQ.C

x1€Qc

Here x; = g;'(z1) and x; = g;'(22) are functions of z; and z,, respectively, as in (2.1).
The regions Q¢ and Q¢ are determined using solutions (critical asset values) of
nonlinear equations

fEx) =C(x, T1; K2, T2) —A=0, x>0, (3.2)
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and
L) =C(x, T1i; K2, T)) —x+ K —A=0, x>Kj. (3.3)

These can be solved numerically using, for instance, the Newton—Raphson algorithm
combined with the standard bisection algorithm.
The equation (3.2) has one solution denoted by x = I;, which is bounded as

Aeqlz(Tz—Tl) <L < Ae‘/12(T2_T1) + Kze_,ulz(TZ_Tl)'

The second equation f2C (x) =0 may have two, one or no solution depending on
the option characteristics (strikes, maturities, model parameters) that will determine
today’s option price. If they exist, the solutions will be denoted as I, I5. Figure 1
illustrates some of the possible cases. Below, we consider two distinct cases of
nonnegative and negative dividend, that is, the cases g, > 0 and g, < 0, respectively.
This is so, because if gj» > 0 then f2C (x) = 0 may have one or no solution, and if
q12 < 0 then f2C (x) = 0 may have two solutions. Note that the extendible call formula
in Longstaff [6, equation 7] corresponds to the case of zero dividend, that is, gj» = 0.
All conditions listed in Sections 3.1 and 3.2 on option characteristics to determine
the solution type can be proved using the facts that the European call option price
C(x,Ty; Ky, T,) is a continuous and increasing function of x, and its first derivative is

0C(x,T1; K, T)
ox

= e*le(Tszl)N(

Ac(x) =

In(x/Kz) + (u12 + 03,/2)(T> — Tl)) 3.4)

opNT, =T,

It is important to note that 0 < Ac(x) < 1 when ¢, > 0, however, if g < 0 then
Ac(x) > 1 is possible.

3.1. Nonnegative dividend Consider the case of a nonnegative dividend, ¢g;» > 0.

e If I} > K, then the call option is never extended (that is, fZC (x) =0 has no
solutions for x > K), and thus,

0c(Xo,0; K1, K>, Ty, T>) = C(Xo,0; Ky, Ty),

which is a standard European call option. This is the case illustrated by
Figure 1(e).

e If I} < Kj, then the nonlinear equation fzc(x) =0 (for x > K;) has either
one solution denoted as I, or none as illustrated by Figure 1(a) and 1(b),
respectively. In the case of one solution I, the call option is extended when
I) < Xr, < I, exercised when X, > I, and it expires worthless when X7, <1;.
If there is no solution, then the call option is extended when I; < X7r,, and it
expires worthless when /; > Xr,. In particular,

(D if g2 > 0, then there is a finite /5,
(D) if g2 = 0, then I, is finite when K — A — Kye 27270 < 0; and ff (x) =0
has no finite solution when K; — A — Kye 22T > ),
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Then, today’s price of the holder-extendible call option can be calculated by
integrating (3.1) with Q¢ = [, I;] and Q¢ = [I,, o) to obtain

Oc(Xo,0; K1, Kz, T1, T2) = C(Xo,0; Ky, T1)
+ Xoe " My (<31 (I), —g1(1h), —00, —82(K>); p)
— K¢ My(—=g1 (1), —g1(I1), =0, —g2(K2): p)
~Ae" N M(=g1(1), ~g1(I1)
- Xoe T M(=g1(1), —g1(K1))
+ K™ M(—gi (1), —g1(K))). (3.5)

Note that the case when f2C (x) = 0 has no solution can be treated by setting I, = co.
This expression (3.5) reduces to the original Longstaff [6, equation 7] formula for
the holder-extendible call option after setting parameters as in (2.2), and using the
Longstaff [6] notation

Yi=-81h), v2=-gil), vy3=-8(K2), vs=-g1(K).

ExampLE 3.1. Consider the holder-extendible call option with initial maturity of 7'} = 1
year that can be extended to 7, = 2 years. The model parameters are: spot value
Xy = 0.9, strike on decision K; = 0.9, strike at final maturity K, = 0.95, interest
rate » = 0.02, dividend g = 0, volatility o = 0.3 and extra premium A = 0.03. The
payofts and critical values are shown in Figure 1(a). Solving nonlinear equations (3.2)
and (3.3) via the bisection algorithm gives critical values I; ~ 0.734 and I, =~ 1.074.
Finally, using formula (3.5), it is found that today’s price of the holder-extendible call
option is Q¢(Xo,0; Ky, K>, T, T5) =~ 0.129.

3.2. Negative dividend The case of a negative dividend, ¢» <0, is slightly
complicated. This is because the first derivative of the European call option Ac(x)
(see (3.4)) can become greater than one.

e If I} > K then nonlinear equation (3.3) has one finite solution /5, and the call
option is extended when Xy, > I, as shown in Figure 1(d). The price is calculated
by integrating (3.1) with Q¢ = [I,, o0) and Q= (K1, 1]

0c(X0,0; K1, K>, T1,T) = C(Xo,0; Ky, T1)
+ Xoe 12 Ny(~g1 (1), —g2(K2); )
— Kye 2Ny (—g1 (1), —g2(K2); p)
—Ae"T'N(~gi(I)) — Xoe ™ T N(~g1(I))
+Kie TN (=g (Iy)).

e If I} < K then nonlinear equation (3.3) has either two solutions I, and /53 (with
I3 > I, > I, as illustrated in Figure 1(c), and the call option is extended if I} < X7, < I,
or Xr, > I3) or none, as illustrated in Figure 1(b). For the latter, the call option is
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extended if X7, > I,. Specifically, f2C (x) has a minimum at x = x where d f2c (x)/dx =
0. Using (3.4), it is found that

re=Ka eXp(O-lz VT2 = T1Fy (e 7) = (uip + 50)(T2 = T1)),
fzc(x:) = I{1 — A _ Kze—FIZ(TZ—Tl)N(F;,l(eqlz(Tz—Tl)))’

where F;,l(-) is the inverse of the standard normal distribution function. Thus, if
fzc (x7) < 0 then there are two finite solutions, otherwise there is no solution. In the
case of no solution, the price is given by (3.5) with I, set to co. In the case of two
solutions, I, and /3 can be found, for example, via the bisection algorithm for [K;, x)
and [x], o0), respectively, and integration in (3.1) with Q¢ = {(I;, ) U (I3, o)} and
Qc = [I; I3] gives
Qc(Xo,0; K1, K>, T1, T2) = C(Xo,0; K1, T1)

+Xoe 2 [Ma(=21(h), —g1(I1), =00, —22(K2); p) + Na(—81(13), —22(K>); p)]

— K2e [ My(—g1(D), —g1(I1), =00, —g2(K2); p) + Na(—g1(13), —g2(K2); p)]

- Ae N M (g1 (1h), g1(1)) + N(=g1(I3))]

+Xoe T [M(g1(1), 81(13)) — N(=g1(K1))]

—Kie ™ [M(g1(1), g1(13)) — N(=g1(K1))]. (3.6)

ExampLE 3.2. Consider the holder-extendible call option with initial maturity 7 =
1 year, which can be extended to 7, = 2 years. The model parameters are: spot
value Xy = 0.9, strike on decision K; = 0.9, strike at final maturity K, = 1.4, interest
rate r = 0.02, dividend g = —0.28, volatility o = 0.3 and extra premium A = 0.03.
The payoffs and critical values are shown in Figure 1(c). Solving the nonlinear
equation (3.2) via the bisection algorithm gives critical value I; = 0.771. Using
conditions listed in this section, it is easy to find that the nonlinear equation (3.3)
has two solutions I, ~ 1.024 and I3 =~ 1.459, obtained via the bisection algorithm for
[K1, x}) and [x], o), respectively. Finally, using formula (3.6), one may find that
today’s price of the holder-extendible call is Q¢ (Xy, 0; K1, K>, Ty, T2) = 0.357.

4. Holder-extendible put

The decision at T} to extend or exercise the put option is determined by comparing
two risky payoffs

P()(T1 . T] N Kz, Tz) —A and max(Kl - XTI . 0)

and choosing the largest payoff. If the first payoff is larger then the option is extended,
otherwise it is exercised when X7, < K, or expires worthless when X, > K;; for
an illustrative example, see Figure 2. Note that the standard European put option
P(x,Ty; K,,T,) is calculated at time 7 for maturity at 7.

Denote the region of X7, values where the put option is extended as

Qp={x>0:Px,T;K,,T,) — A >max(K; — x,0)},
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FiGure 2. Possible holder-extendible put payoffs on a decision time 7. The payoff is determined by
choosing the largest value between solid line P(x, T; K>, T») — A and dashed line max(K; — x,0). The
case of positive dividend ¢j» > 0 may lead to cases shown in (a), (b) and (e), and g;» < 0 may lead to
cases in (a—e).
and the region where it is exercised as

Qp={0<x<K;:K —x2=Px,T1;K,T) — A

For all other values of Xr,, the option expires worthless. Then the holder-extendible
put option price can be written as

0p(X0,0; K1, K>, Ty, T>)
= el f max(P(x;, T1; Kz, T2) — A, Ky — x1,0)n(z1) dz

, 22(K2)
= ¢ 02 f dz; f (K2 = x2)na(z1, 225 p) dz2
Xx1€Qp —co

—e_r(”T'Af n(z1) dz, +€_r0'T'f _ n(z)(Ky = x)dzy, (4.1)
XIEQP

XIEQP

where x| = g]l(zl) and x; = gEI(ZZ) are functions of z; and z,, as given by (2.1).
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The regions Qp and Qp can be determined using critical asset values which are
solutions of nonlinear equations

ff(x)=Px,Ti;K2, Tr) - Ki +x-A=0, 0<x<K, 4.2)

and
() =P(x,T1;K2, T))—A=0, x>0. (4.3)

As in the case of the holder-extendible call option, these can be solved numerically
using the Newton—Raphson algorithm combined with the standard bisection algorithm.

If A> PO, Ty; Ky, To) = Kpe 272710 then fF(x) < 0 for all x >0, and thus the
put option is never extended, that is, Qp(Xy,0; Ky, K3, T1, T2) = P(Xp, 0; K1, T).
Otherwise, f2P (x) = 0 has one solution denoted as x = J,, and this case is considered
hereafter.

The first equation flp (x) = 0 may have no solution, one solution (denoted as J;) or
two solutions (denoted as Jy and J;) depending on the option characteristics (strikes,
maturities, model parameters) that will determine today’s option price. Figure 2
illustrates all such possibilities. Below, we consider the cases of nonnegative and
negative dividend, that is, the cases gj» > 0 and ¢, < 0, respectively. Similar to the
holder-extendible call option, fIP (x) = 0 may have one or no solution if g, > 0, and
two solutions if g5 < 0. Note that the extendible put formula in Longstaff [6, equation
12] corresponds to the case of zero dividend ¢, = 0.

All conditions listed in Sections 4.1 and 4.2 on option characteristics to determine
solution type can easily be proved using the facts that the European put price
P(x,Ty; K, T,) is continuous and a decreasing function of x, and its first derivative

0P(x,T; K>, T»)
ox

- e—fhz(Tz—Tl)[N(

Ap(x)

In(x/Ky) + (12 + 073,/ 2)(T2 = T‘)) - 1] (4.4)

o VNI, - T,

is negative. It is important to note that —1 < Ap(x) < 0 when g, > 0, however, if
q12 < 0 then Ap(x) < —1 is possible.

4.1. Nonnegative dividend Here we consider the case of a nonnegative dividend
q12 0.

e If J, < K then the put option is never extended, and thus,
QP(XOs Oa Kla K27 Tl’ T2) = P(XO’ Oa Kl, T1)$

which is a standard European put option, as shown in Figure 2(e).

e If J, > K| the nonlinear equation (4.2) may have one solution J; (that is, the
option is extended if J; < Xy, < J) or none as shown in Figure 2(a) and 2(b),
respectively. The latter case corresponds to the put option, which is extended
for Xz, < Jo. In particular, if K; < Kye™"1272=T1) — A then there are no solutions,
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otherwise, there is one finite solution J;. Then, today’s price can be calculated
by integrating (4.1) with Qp = [J1, J>] and Qp = [0, J1] (the case when flp (x) has
no solution can be treated by setting J; = 0) to obtain
Op(Xo,0; Ky, K2, T1, T2) = P(X0,0; K1, T1)

- Xoe" > M, (g1(J1), 81(J2), —00, 82(K2): p)

+ Kye T M (g1(J1), 81(J2), =00, g2(K2): p)

- A M(~g(J2), —g1(J1))

+ Xoe 0T M(=g, (K1), =21(J1))

- Kie T M(=g1 (K1), —g1(J1). 4.5)

This formula appeared in the literature with typographical errors. To make a
comparison easier, rewrite the formula using Longstaff’s [6] notation

yi=-g1(2), rv2=-q1(J1), v3=8(K2), vs=-gi(Ky).
Then the holder-extendible put option can be written as

0p(X0,0; K1, K>, T1,T2) = P(Xo,0; K1, T1)
— Xoe#2 ™2 My (—y5, —y1, —00, —y3; p)

+ Kye 2 My(001 VT1 = Y2, 002 VT2 = ¥1, =00, 702 VT2 — Y33 0)

—Ae T M(y, = o1 \T1, y2 = 001 VT)
+ Xoe T M(yy, y,)

—Kie " M(ys — 001 VT1, 72 — 001 V).

After setting parameters as in (2.2), the difference between this formula (see
underlined terms) and Longstaff’s formula [6, equation 12] is clear. For the
latter, y3, y3 — o VT, and p should be changed to —y3, —y3 + o VT, and —p,
respectively, and the factor in the third term, exp(—r(7T, — T1)), should be
replaced with exp(—rT,). Also, note that the formula for the holder-extendible
put option in Haug [4, equation 2.15, p. 48] has a typographical error where p
should be changed to —p. When comparing the formulas the following symmetry
property is useful:

My(a, b, c,d,p) = My(—b, —a,c,d,—p).

ExamprE 4.1. Consider the holder-extendible put option with initial maturity 77 =
1 year that can be extended to 7, = 2 years. The model parameters are: spot value
Xy = 0.9, strike on decision K; = 0.9, strike at final maturity K, = 0.9, interest rate
r =0.02, dividend g = 0, volatility o = 0.3, extra premium A = 0.03. The payoffs and
critical values are shown in Figure 2(a). Solving nonlinear equations (4.2) and (4.3)
via the bisection algorithm gives critical values J; ~ 0.758 and J, ~ 1.157. Finally,
using formula (4.5), it is found that today’s price of the holder-extendible put is
QP(X(), 0; Kl, K2, Tl, Tg) ~0.113.
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4.2. Negative dividend The case of a negative dividend, g < 0, is slightly more
complicated due to the fact that the first derivative of the European put option Ap may
become less than —1 (see (4.4)).

e If J, < K; then nonlinear equation (4.2) has either one finite solution Jj, and
the put option is extended if Xy, < J;, or none, as shown in Figure 2(d) and
Figure 2(e), respectively. Specifically, if K; < Kye 2721 — A then there is
one solution, otherwise there is no solution. If there is no solution then the
put option is never extended, that is, Qp(Xo,0; K1, K>, T, T2) = P(Xp, 0; K1, T1).
Otherwise, the price is calculated by integrating (4.1) with Qp = [0, J;] and
ﬁp = [Jy, K1] to obtain

0p(X0,0; K1, K2, Ty, T2) = P(Xo,0; K1, T1) — Xoe 2"2N,(g1(J1), 82(K2); p)
+ KzefroszNz(gl(Jl), gz(Kz);p) - A€7r01T1 N(g1(J1))
+ Xoe ™ TIN(g 1 (J)) = K17 T N (g1 (J1)).

e If J; > K, then nonlinear equation (4.2) has either two solutions Jy and J;
(the put option is extended if 0 < Xy, < Jy or J; < X, < J), one solution (the
put option is extended if J; < X7, < J2) or none (the put option is extended
if X7, > J;). These three cases are shown in Figures 2(c), 2(a) and 2(b),
respectively. Specifically, f"(x) has a minimum at x = x;, where d ] (x)/dx = 0.
Using (4.4), it is easy to find that

%, = Kaexp(or VT2 = T1Fy (@) - Gz + S (T2 = )
ff(x;) = Kze_r'Z(TZ_T')N(O'lz NI, =T, - d) -A-Kj,

where F;,l(-) is the inverse of the standard normal distribution function and
d = Fy'(1 = e?">7TV). Thus, if f(x}) > 0 then there is no solution, and the
price can be calculated using (4.5) with J; set to zero. If flp (x3) <0 and
K| > Kye™2>=T) then there is one finite solution J;, and the price can be
calculated using (4.5). If f{'(x}) <0 and K, < Kye ">~ then there are two
finite solutions Jy < J;. For the last case, Jy and J; can be found via the bisection
algorithm for [0, x;‘,] and [x;‘,, K], respectively, and the integration in (4.1) with
Q ={[0, Jo) U (J1, J2)} and Qp = [Jy, J1] gives
0p(Xo,0; K1, K>, Ty, T2) = P(Xo,0; K1, T1)

— Xoe ™2 [N1(31(Jo), 82(K2); p) + Ma(81(J1), 21(J2), =0, 22(K>); p)]

+ Kye "2 [Na(g1(Jo): 82(K2): p) + Ma(g1(J1), 81(J2), =0, 82(K2): p)]

—Ae ™ [N(g1(Jo)) + M(g1(J1), g1(J2)]

- Xoe ™ [M(g1(Jo), 81(J1)) — N(g1(K1)]

+K1e7™ 1 [M(g1(Jo), §1(J1)) = N(g1(K1))]- (4.6)

https://doi.org/10.1017/51446181115000097 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181115000097

[13] Holder-extendible European option: corrections and extensions 371

ExawmpLE 4.2. Consider the holder-extendible put with initial maturity 7; = 1 year that
can be extended to T, = 2 years. The model parameters are: spot value Xy = 0.9,
strike on decision K; = 0.9, strike at final maturity K, = 1.1, interest rate » = 0.02,
dividend g = —0.28, volatility o = 0.3 and extra premium A = 0.03. The payoffs and
critical values are shown in Figure 2(c). Solving the nonlinear equation (4.3) via the
bisection algorithm gives critical value J, = 1.107. Using conditions listed in this
section, it is easy to find that the nonlinear equation (4.2) has two solutions Jy = 0.468
and J; ~ 0.779 that we find via the bisection algorithm applied to regions [0, x,,] and
[x,, K1], respectively. Finally, using formula (4.6), we find that today’s price of the
holder-extendible put is Op(Xy, 0; K1, K3, T1, T>) = 0.034.

5. Conclusion

We have derived closed-form formulas for the holder-extendible call and put options
in the presence of a dividend yield that can be zero, positive or negative. A negative
dividend can correspond to a negative foreign interest rate for FX options or storage
costs for a commodity option. It may also appear in pricing options with transaction
costs or real options, where the drift is larger than the interest rate. Previously, the
zero dividend case was studied by Longstaff [6] and Chung and Johnson [2] and the
nonnegative dividend case was treated by Haug [4] and Chateau and Wu [1]. It is
important to note that a negative dividend may lead to solutions involving three critical
asset values defining decision regions, while the nonnegative dividend case leads to
solutions involving only two critical values. Finally, all formulas are derived for the
case of geometric Brownian motion with a time-dependent drift and volatility which
is important for practical applications.

Appendix. Integral formulas and identities

All integrals involved in calculation of today’s option price (3.1) and (4.1) can be
found using closed-form integrals

b BZ
f f no(x,y; p)e* dxdy = eXP(?)Nz(d - B.b - fp;p),
RN 5
f fb ma(,v; e dedy = expl 5 a8 — . ip b,
0o 2
f n(x)e’* dx = exp(’%)N(ﬂ -a),
a 2
f n(x)é* dx = exp(% )N(a - B).

Also, the following relationships for the probability functions are used throughout the
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paper to simplify the formulas:

My(a, b, c,d; p) = Na(b,d; p) — Na(a,d; p) — Na(b, c; p) + Na(a, c; p),
Mz(aa ba —00, d,p) = Nz(bs d’p) - NZ(a7 d,p),
M(a,b) = N(b) — N(a).
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