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Abstract  We consider the existence and multiplicity of standing-wave solutions

1Bt
vlet) =exp (7 Juta)
of nonlinear Schrodinger equations with electromagnetic fields and critical nonlinearity
0 h? .
in 2 = — (V1AW + W)y — K@ 20— h(e [P0, (o) €RxRY, N >3,

Under suitable assumptions, we prove that it has at least one solution and that, for any m € N, it has
at least m pairs of solutions.
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1. Introduction

The linear Schrodinger equation is a basic tool of quantum mechanics, and it provides
a description of the dynamics of a particle in a non-relativistic setting. The nonlinear
Schrédinger equation arises in different physical theories, e.g. the description of Bose—
Einstein condensates and nonlinear optics (see [6] and the references therein). Both
the linear and the nonlinear Schrodinger equations have been widely considered in the
literature. The main purpose of this paper is to study the existence and multiplicity of
semiclassical solutions of the perturbed Schrodinger equations with electromagnetic fields
and critical nonlinearity of the form

0 h? «
ihaif = —%(V—i-iA(l‘))Qw—l-W(m)l/)—K(.T)W)P 2 —h(z, [P for z € RY, (1.1)
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where i is the imaginary unit, & is Planck’s constant,
A(z) = (A1 (), As(2), ..., An(2)): RN — RY

is a real vector (magnetic) potential with magnetic field B = curl A and W (z): RY — RN
is a scalar electric potential.
We are interested in standing-wave solutions, i.e. solutions to (1.1) of the type

(1) = exp (?)um

when £ is sufficiently small, when E is a real number and w(z) is a complex-valued
function which satisfies

—(V +iA(z)%u(z) + AW () — B)u(z) = AK (z)|u|* ~2u+ Ah(z, [ul*)u  in RN, (1.2)

where A™! = h2?/2m. The transition from quantum mechanics to classical mechanics can
be formally performed by letting & — 0. Thus, the existence of solutions for % small,
semi-classical solutions has important physical interest.

In recent years, a lot of work has been devoted to investigating standing-wave solutions
in the case A(z) = 0. In this case one is led to look for positive solutions u: RY — R of
the semilinear equation with more general nonlinearity:

—Au(z) + A\(W(z) — E)u(z) = Ag(z,u). (1.3)

Different approaches have been taken to attack this problem under various hypotheses
on the potential and the nonlinearity (see, for example, [16,17,21,24,27] and references
therein). Observe that in all the aforementioned papers, the nonlinearities are assumed
to be subcritical:

lg(z,u)| <c(1+|ulP~h) with p € (2,2%), (1.4)

together with some other technical conditions, of course. Under the condition

nf (W(a)~ ) >0,
there have been extensive investigations on problem (1.3). In [21], using a Lyapunov—
Schmidt reduction, Floer and Weinstein established the existence of standing-wave solu-
tions of (1.3); W(x) — F is a bounded function having a non-degenerate critical point
for sufficiently small 4 > 0. Moreover, they showed that u concentrates near the given
non-degenerate critical point of W (z) — E when A — 0. Their method and results were
later generalized by Oh [24] to the higher-dimensional case, and the existence of multi-
bump solutions concentrating near several non-degenerate critical points of W (z) — E as
h — 0 was obtained. For more results, we refer the reader to [1,2,11,12,16,17]. Clapp
and Ding [15] studied problem (1.3) in the case when the nonlinearities are assumed
to be critical, with g(z,u) = pu + u* ~'; here W(z) — E > 0 has a potential well
and is invariant under an orthogonal involution of RY. They established the existence
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and multiplicity of solutions which change sign exactly once and these solutions localize
near the potential well for p small and A large. Ding and Lin [18] showed the existence
and multiplicity of semiclassical solutions of perturbed nonlinear Schrodinger equations
with critical nonlinearity. Ding and Wei [19] established the existence and multiplicity of
semiclassical bound states of the nonlinear Schrédinger equations under the assumption
that W(z) — E changes sign and g is superlinear with critical or supercritical growth as
|u| — oo.

There are also many works dealing with the magnetic case when A(z) #Z 0 and g(x, u)
is subcritical growth. The first one would appear to be [20], in which the existence of
standing waves was obtained for 7 > 0 fixed and for special classes of magnetic fields.
If A and W are periodic functions, the existence of various types of solutions for fixed
h > 0 has been proved in [3] by applying minimax arguments. Concerning semiclassical
bound states, it is proved in [23] that & > 0 small admits a least-energy solution which
concentrates near the global minimum of W. A multiplicity result for solutions had
been obtained in [10] by using a topological argument. It is also proved therein that
the magnetic potential A only contributes to the phase factor of the solitary solutions
for h > 0 sufficiently small. In [13], single-bump bound states were obtained by using
perturbation methods. These concentrate near a non-degenerate critical point of W as
h — 0. If g(z, u) is of critical growth, in this case, Wang [27] studied the electromagnetic
Schrédinger equations

—(V +iA(z)u(z) + AV (z)u(z) = K(z)[u|* "2u  for z ¢ RV, (1.5)

By using the linking theorem twice with the corresponding functional, Wang established
the existence results. Chabrowski and Szulkin [9] considered (1.5) under the assumption
that V(x) changes sign, by using a min-max type argument based on a topological
linking. They obtained a solution in the Sobolev space which is defined in their paper.
Assuming K (z) = 1, Han [22] studied problem (1.5) and established the existence of
non-trivial solutions in the critical case by means of the variational method. For other
results, we refer the reader to [4,8,14,25,26, 28].

In the present paper, we consider the standing waves of problem (1.1) under the condi-
tion inf,cgn (W (z) — E) = 0 and critical nonlinearity. It seems that Byeon and Wang [6]
were the first to study the energy level and the asymptotic behaviour of positive solutions
to Schrédinger equations under the condition inf,cpny (W(z) — E) = 0. In [7], Cao and
Noussair extended the results of [6]. However, it seems there is almost no work on the
existence of semi-classical solutions to problems on RY involving critical nonlinearities
and electromagnetic fields. We mainly follow the idea of [18,19]. Note that although the
idea was used before for other problems, the adaptation of the procedure to our problem
is not trivial at all: because of the appearance of electromagnetic potential A(x), we
must consider our problem for complex-valued functions and so we need more delicate
estimates.

The paper is organized as follows: in §2, we describe our main results (Theorem 2.3).
Section 3 is devoted to behaviour of Palais—-Smale (PS) sequences. Section 4 contains the
proofs of the main results.

https://doi.org/10.1017/50013091509000492 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091509000492

134 S. Liang and J. Zhang

2. Main results

We set V(z) = W(x) — E and rewrite (1.2) in the following form:
—(V +iA(z)%u(x) + AV (2)u(z) = AK (2)|u)® 20+ Mn(z, [ul>)u  for z e RN, (2.1)
We make the following assumptions on A(x) and V' (z) throughout this paper:

(V) V(z) € CRN,R), V(20) = minV = 0, and there exists b > 0 such that the set
Vb = {z € RY: V(z) < b} has finite Lebesgue measure;

(A) Aj(z) e C(RY,R), j=1,2,...,N, and A(zo) = 0;
KeCRN xR R),0<m:=inf K < M :=supK < o0;

)
)
hi) h € C(RN x [0,4+00), R) and h(z,t) = o(1) uniformly in x as t — 0;
) there are Cy > 0 and ¢ € (2,2*) such that |h(z,t)| < Co(1 + ta4=2)/2);
)

there are ag > 0, p > 2 and 2 < p < 2* such that H(z,t) > aot?/? and JpuH (z,t) <
h(z,t)t for all (x,t), where

H(m,t):/o h(z,s)ds.

A typical nonlinearity considered in physical problems is h(z, |u|?)u = |u[P~%u. Here
we allow h to be more general as specified in assumptions (hi)—(hs).

Let
Vau=(V+id)u

and
HYRY) = {ue L>(RY): Vu e L2(RM)}.

Hence, H} (R") is the Hilbert space under the scalar product
(u,v) = Re/ ((Vu+iA(z)u) (Vo +iA(x)v) + ud),
RN

the norm induced by the product (-,-) is

1/2
lullnggeoy = ([ (700 + 1))
1/2
= (/}RN(|VU—&-iA(:J:)u|2 + |u|2)>

_ (/RN(WuF+(|1A(x>|2+1)|u|2) —2Re/RN iA(m)uVu)l/Q.

Let

E = {u € HY(RN): /RN V(x)|u* < oo},
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which is a Hilbert space equipped with the norm

= [ (9aul® + Vi)luP)
RN
Remark 2.1. We have the following diamagnetic inequality (see, for example, [20]):
|V qu(z)] > |V|u(x)|| for u e HLRN).

Indeed, since A is real-valued,

|V|u|(z)| = ‘Re <Vu >' = ’Re(Vu+iAu)u < |Vu +iAu|

Jul Jul

(the bar denotes complex conjugation); this fact means that if u € H(RY), then |u| €
H(RY) and therefore u € LP(RY) for any p € [2,2*].

Remark 2.2. The spaces H}(RY) and the spaces H!(R") are not comparable; more
precisely, in general H}(RY) ¢ HY(RY) and H*(RY) ¢ H}(RY). However, it was proved
by Arioli and Szulkin [3] that if K is a bounded domain with regular boundary, then
HY(K) and H'(K) are equivalent, where H}(K) = {u € L*(K): Vu € L*(K)} with the

norm
1/2
o, i = ( P2 |u|2>) .

E) := {u € Hy(RN): /RN V(x)|ul* < oo}

Let

with the norms

Jully = [ (V. + AV

Thus, it is easy to see that the norm || - ||g is equivalent to || - || for each A > 0. From
Remark 2.1, for each s € [2,2*], there is ¢; > 0 (independent of A\) such that, if A > 1,

1/s 1/2 1/2
([ow) <el [ wup) <e( [ vau?) <alu @2
R R R

Consider the functional
1 A
-5 | HG )
RN

Ia(u) :ZQ/R (V aul® + AV (@)|ul?) / Kz

=l - 5y [ K@l -5 / He uf?)

Under the assumptions, standard arguments [29] show that J, € C(FE, R) and its critical
points are solutions of (2.1).
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Our main result is as follows.

Theorem 2.3. Let (V), (4), (K) and (h1)—(hs) be satisfied. Thus, we have the fol-
lowing.

(i) For any o > 0 there is A, > 0 such that problem (2.1) has at least one solution
for each A\ > A, satisfying 0 < Jy(uy) < oA =N/2,

(ii) Assume additionally that h(z,t) is odd in t; for any m € N and o > 0 there
is Ao > 0 such that problem (2.1) has at least m pairs of solutions uy with
0 < Jx(uy) < oA "N/2 whenever X\ > A,,,.

3. Behaviour of (PS) sequences

The main result of this section is the following compactness result.

Proposition 3.1. Assume that (V'), (A), (K) and (h1)—(hs) are satisfied. Then there
is a constant ag > 0 independent of A such that, for any (PS). sequence (u,,) for Jy(u),

Ix(ug) — ¢ (3.1)
J3\(u,) — 0 strongly in E*, (3.2)
and either u, — u or ¢ — Jy(u) > ap\1—N/2,
As a consequence, we obtain the following result.

Corollary 3.2. Under the assumptions of Proposition 3.1, Jy(u) satisfies the (PS).
condition for all ¢ < agph\t~V/2.

The proof of Proposition 3.1 consists of a series of lemmas which occupy this section.

Lemma 3.3. Suppose that a sequence {u,} C E satisfies (3.1) and (3.2). Then there
exists a constant M (c) which is independent of A > 0 such that ¢ > 0 and

limsup ||lul|3 < M(c).
n—oo
Proof. On the one hand, by (3.1) and (3.2) one has
1
Ix(un) — ;Jé\(un)un =c+o(1) +éenllunllr, (3.3)

where ¢,, — 0 as n — oo.
On the other hand,

1
Ia(up) — ;Jﬁ\(un)un

_ (; _ ;) /RN(WAUHP AV (@) un]?) + (i - 21*>>\/RN K(2)]u,

A A
+2 [ bl -5 [P (3.4)
RN 2 Jp~

o
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Assumption (hs3) implies that

1

;h(% [un|*)unl* = H(z, [unl?) > 0.
Thus, it follows from (K), (3.3) and (3.4) that

11
(2 — u) [unll3 < ¢+ 0(1) + en[unl|x.

Hence, for n large enough, we have

2p

2

< ——c

o} < <25

Thus, |lus|a is bounded as n — oco. Taking the limit in (3.4) shows that ¢ > 0. Then
{un} is bounded and ¢ > 0. O

From Lemma 3.3 we may assume without loss of generality u, — u in E(H4(RY)),
up, — win L (RY) for 1 < s < 2* and u,(7) — u(z) ae., for x € RY. Clearly, u is a

loc
critical point of Jy.

Lemma 3.4. Ift € [2,2*), there is a subsequence {unm,} of {u,} such that, for each
€ > 0, there exists s > 0 such that

lim sup / [t
1—>00 B;\B

i s

t

<k,

for s > s., where B = {x € RV : |u| < R}.

Proof. From u, — u in L{ (RY) we have

/ |um|t%/ lu|"  as m — oo,
B; B;

i

and for each i € N there exists m; € N such that
t t 1 - .
(|t | = Jul") < H forall mj =m; +j, j=1,2,....
Let m;1 = m;. In particular, for m; = m;4+1 + ¢, we have

| (e

i

1
Pty < = forallmy =my; +i, i=1,2,....
i

Observe that there exists an s. such that

/ lul' < ze (3.5)
RN\ B,
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for all s > s, since

F R R e O R T A (Tt
B;\Bs B; B\B Bs

i s

1
<f+/ mﬁy/uwfwmm
? RN\ B, B

s

<e asn— +oo.
O

Remark 3.5. From the proof of Lemma 3.4 we can find a subsequence (uy;) such
that the result of the lemma holds for both s =2 and s = q.

Let n: [0,00) — [0,1] be a smooth function satisfying n = 1if ¢t < , n =0if ¢t > 1.

Define
wmﬁzn(?ﬁ)um»

Obviously,
|u— g —0 asj— +oo. (3.6)

We have the following lemma.

Lemma 3.6. Let {u,,} and {{,,} be as defined above. Then

hm Re/ (h(iL‘, |umj |2)umj - h(xv |umj - f”jP)(umj - ﬁ‘j) - h(ﬁ, |’IA1,]‘|2)7:L]')’[Z) —0
RN

j—o0
uniformly in w € E with |w| < 1.

Proof. Remark 2.2, (3.6) and the local compactness of Sobolev embedding imply that,
for any r > 0,

hmfm/‘wuﬁ%m%mwfhmﬁw”f@fx%wfa»fhuJ@Fm»w:o
B,

Jj—o0
uniformly in w € E with ||w|| < 1. For any € > 0 it follows from (3.5) that

limsup/ la;]" < / lul* < e
j—oo JB;\Bs RN\ B

for all s > s.. By Remark 3.5 and (hy), (hs) we have

lim sup Re/ (h(z, [um, |2)umj — h(z, [tum,; — dj|2)(umj — ;) — h(z, \aj|2)7lj)u?
RN

j—o0

= hmsup Re/ (h(.’t, |umj|2)umj - h({E, ‘umj - ﬁj|2)(umj - ﬁj) - h(.’b, |ﬁj|2)aj)w
Jj—ro0 B]‘\BS

< climsup/ (|un]| + | @) |w] + C’limsup/ (|unj|qfl + mj|qfl)|w|
B;\B. i— Bj\ B,

J—ro0 00 B
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< climsup(|un, |L2(8,\B,) + 45]L2(5,\B.)) w2

. 1 . 1
+ Cll;ri)sup(|unj|%q(3j\38) + |uj|%q BJ\BS)”wlq
j—o00
< deV? 4 olelaN/a,

where ¢, C, ¢’ and C’ are positive constants. This completes the proof of Lemma 3.6. [

Lemma 3.7. Let {u,,} and {u,,} be as defined above. Then the following conclusions
hold:

(1) Ia(up —Gy) = ¢ — Ix(u);
(it) J§(up — Gy) — 0.

Proof. Since

Ia(un =) = 3 [ (Valm = ) + AV ()~ )
2 RN
A A
o [ K@l = =5 [ G )
2* RN 2 RN
= J)\(un) - J)\(an)
A . . .
+ K@) (Jun)® = |un — > — |@n]*)
2% Jp~
)\ 2 ~ 12 ~ 12
+5 [ (H@, |unl”) = H(z, [up = @n[7) = H(z, [@n]7)).
2 RN
On the one hand, using (3.6) and along the lines of proving the Brézis—Lieb Lemma [29],
we have
[ E@ = = =) 0
RN
and

[ (G un?) = H o = ) = Hz, i) -0
RN
On the other hand, together with Jy(un) — ¢, Jx(4,) — Jx(u) as n — oo. This completes
the proof of Lemma 3.7 (i).
In order to prove (ii), observe that, for any w € E,
I (U, — U)W

= Re { Va(un — 0n)Vaw + AV (2)(upn, — )@
RN

—A K (@) |ty — i |* 72 (un — tin)w

RN

- )\/RN h(z, [ty — G |?) (p — ﬁn)w}
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= Jy(un)w — J}(in)w
+ ARe / K@) ([un]? ~2un @ — [n]2 20 — [fin|2 200 )
]RN
+ )\Re/ (W@, [t 21t — B2, |t — i [2) (i — i) — B, [ [2) 1) .
]RN
It follows by a standard argument that
lim sup Re/ K (@) ([un]? "2un@ — |n)? ~2ipw — |n)* ~2i,@) = 0
n—00 RN

uniformly in ||w|| < 1. By Lemma 3.6 we have

imsupRe | (0, o) — s 02) ) — A 02} = 0
n—00 RN
uniformly in ||w|| < 1. This completes the proof of Lemma 3.7 (ii). |

Let

Up = Up — Up.

Then u, —u = v, + (4, — u), and by (3.6), u,, — w if and only if v,, — 0. By Lemma 3.7
we have Jy(v,) = ¢ — Jx(u) and J{(v,) — 0. Note that

A

X Am "
—-17 > = K r>- 2
B =3B > 5 [ K@ >5[ e
Hence,
« _ N(c—Jx(u))
nl3e < 1). 3.7
|vnl2 p +o(1) (3.7)
Let
vp := max{V(x), b}, (3.8)

where b is the positive constant from assumption (V). Since V* has finite measure and
v, € L2 (RY), we see that

loc
[ V@l = [ wloa + o)
RN RN
It follows from assumptions (h1)—(hs) that there exists a constant ¢, > 0 such that

K@l + [ o)l <l + ol (39)

RN
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Proof of Proposition 3.1. Assume that u,, 4 u. Then liminf, . ||v,] > 0 and
¢ — Jx(u) > 0. By (2.2), (3.8) and (3.9) we have

1

S

*g/ \VAvn|2+/\V(m)|vn|2—)\/ V(@)|on?

= [ K@l +/\/ Wz, [ul?)[uf? — /\/ Vlon?

<A K<x>|u|2 o [ a3 [ o+ o1
RN RN RN

< Aep|vp|3- + o(1).
By (3.7) we have

5 2+ o(1)

< Acb<N(C_M“))>2/N +0(1)

m

2/N
= )\12/Ncb<Z) (e — Ja(w)?N +o(1).

Therefore,
a2 < e — Ty (u) + o(1),
where
m
)= ——5—-
cév/ 2ch
This completes the proof of Proposition 3.1. g

4. Proof of Theorem 2.3
In the following we always consider A > 1. By the assumptions (V'), (4), (K) and (h1)-
(h3), one can see that Jy(u) have mountain pass geometry.

Lemma 4.1. Assume that (V), (A), (K) and (h1)—(hs) hold. There exist ax, px > 0
such that Jy(u) > 0 ifu € B,, \ {0} and J\(u) > oy ifu € 0B,,, where B,, = {u € E:

Jull < pa}-
Proof. By (K) and (hy)—(h3), for § < (4Acs)~! there is Cs > 0 such that
1 * .
5 | K@l +3H(z, [ul?) < dluf® + Cslul* .
N

So, from (A) and (V) it follows that
Ia(u) = 3llul} = Adlul3 — ACs|ul3.

> gl -

By (2.2) and 2* > 2 we know that the conclusion of Lemma 4.1 holds. This completes
the proof of Lemma 4.1. O
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Lemma 4.2. Under the assumptions of Lemma 4.1, for any finite-dimensional sub-
space F' C E,
Jxa(u) = —o0o asu € F, |ul]| = oo.

Proof. Using conditions (A4), (V), (K) and (hy)—(hs), we deduce
Ia(u) < gllullX — Aaolul}

for all u € E since all norms in a finite-dimensional space are equivalent and p > 2. This
completes the proof of Lemma 4.2. O

Since Jy(u) does not satisfy the (PS). condition for all ¢ > 0, in the following we
will find special finite-dimensional subspaces by which we construct sufficiently small
minimax levels.

Recall that the assumption (V') implies that there exists xo € RY such that

V(xg) = min V(z) =0.

TERN

Without loss of generality we assume from now on that zy = 0.
Observe that, by (hs),

A X A
2 / K@) +2 / H, [uf?) > ap / uf?.
2% Jrv 2 JrN RN

Define the function Iy € C(E, R) by

1
In(u) = 5/RN(\vAuF+w(gc)|u|2)—aOA/RN ul?.

Then Jy(u) < Ix(u) for all u € E and it suffices to construct small minimax levels for I.
Note that

we{ [ 196P: 0 e @), fol, =1} ~0.

For any § > 0 one can choose ¢5 € C5°(RY) with |¢5], = 1 and supp ¢5 C B, (0) so that
|Vgs|3 < §. Let
fr = ¢5(N/?2). (4.1)
Then
supp fx C By-1/2,,(0).
Thus, for ¢t > 0,

2

DR =5 [ (VahE+V@IAE = ras [ 147

2
_ Al—m(’; /}RN(WAmP+V<A—1/2x)l¢5l2) — 7ag /RN |¢a|”>
= \N2, (tgs),
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where ¥y € C'(E, R) defined by

1 _
0 () = 5/RN(|vAu|2+V(A V20 [uf?) — ag /RN uf?.

Obviously,
p—2 , s ) p/(p—2)
Igg(%(w(s) = QP(WO)Q/(,,_Q)</RN IV ags|” + V(A "z)|ps] > :

On the one hand, since V(0) = 0 and support ¢s C By, (0), there exists A5 > 0 such
that

VINTY22) < for all |z| < rs and A > As,.

0
|13
On the other hand, by Holder’s inequality, we have

/ Vadsl? < / AV % + 2 AN 22) gy 2. (4.2)
RN RN

Since A(z) is continuous on RY and A(0) = 0, there exists A5, > 0 such that

JAAY22)| < |¢§|2 for all |z| < rs and A > As,. (4.3)
\ 2

Without loss of generality we can take As := {As,, As, }. So, by (4.2) and (4.3) we deduce

p—2 _
< 2 (55P/(P2) )
I?;S(LDA(HW) = 2p(pag)?/ (P—2) (59) (4.4)

Therefore, for all A > As,

p—2 “2)y1-
< p/(p=2) \1-N/2 )
max Ia(tos) < 2p(pag) /) (50) A (4.5)

Thus, we have the following lemma.

Lemma 4.3. Under the assumptions of Lemma 4.1, for any o > 0 there exists A, > 0
such that for each A > A,, there is fx € E with || fx|| > px, Jx(fa) <0 and

max Jy(tfy) < oATV/2, (4.6)
te0,1]

Proof. Choose § > 0 so small that

p—2

—2
oy O <

and let f\ € E be the function defined by (4.1). We take A, = As. Let ty > 0 be such
that x[|fallx > pa and Jy(tfy) < O for all t > ). Let fy = £xfr. We know that the
conclusion of Lemma 4.3 holds. O
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For any m* € N, one can choose m* functions ¢% € C§° (R™) such that supp ®% N
supp ¢ = 0, i # k, |¢}|, = 1 and V5|3 < 6. Let 7" > 0 be such that supp ¢% C B:_(0)

fori=1,2,...,m*. Let
fi(z) = qbf;(/\l/zx) forj=1,2,...,m"
and
H;:’(% :Span{f§?f§"~~7f;:n }'
Observe that, for each
u=> cifi € H
=1

we have
\v4 2 — 42/ \v4 7|2
MAZEED Sy LAt
V() |u* = ciz/ V()| fil?,
Lovem =3k [ ves
L ot - 2 [ s
2* RN 2* i—1 RN
and
L w13 [ s
2 Jon N0 24 fon
Thus,
INOEDSPNCTE)
=1

and, as before,
Ia(eif) < MNP (el f).

Set
Bs := max{|p4|3: 5 =1,2,...,m"}
and choose A,,+s > 0 so that

5 *
VN2 < 5, foralllel <y and A> Anes.

6

As before, we can obtain the following inequality

m*(p—2) o)y 1
max Jy(u) < ————— 2 __(55)P/(P=2) \1-N/2
ueH;\’S* A( ) 2p(pa0)2/(p_2) ( )

for all A > A,-5.
Using this estimate we have the following.
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Lemma 4.4. Under the assumptions of Lemma 4.1, for any m* € N and o > 0 there
exists Ay,«o > 0 such that, for each A > A,,~,, there exists an m*-dimensional subspace
F\m» satisfying

max Jy(u) < oA TV/2,
u€F\s
Proof. Choose ¢ > 0 so small that
m*(p —2)
2p(pag)*/ =)
and take Fys = HY% . By (4.5) we know that the conclusion of Lemma 4.4 holds. O

(56)P/P=2) L &

We now establish the existence and multiplicity results.

Proof of Theorem 2.3. Using Lemma 4.3 we choose A, > 0 and define, for A > A,,
the minimax value

ey = inf max Jy(tf ,
AT JeDs te[01] AR

where R
Iy = {7 € C([0,1], E): 7(0) = 0 and (1) = fx}.

By Lemma 4.1 we have a, < ¢y < oA'"%/2. By virtue of Proposition 3.1, we know
that Jy satisfies the (PS)., condition; there exists uy € E such that J}(uy) = 0 and
Jx(uy) = cy; hence, the existence is proved.

Denote the set of all symmetric (in the sense that —Z = Z) and closed subsets of E
by X, for each Z € X. Let gen(Z) be the Krasnoselski genus and let

i(Z2) = hrenin* gen(h(Z) N 0B,, ),

where I+ is the set of all odd homeomorphisms h € C(E, E) and p), is the number from
Lemma 4.1. Then ¢ is a version of Benci’s pseudoindex [5]. Let

cxii= inf sup Jy(u), 1<i<m".
i(Z2)Z2iuez

Since Jy(u) > ay for all u € GB;\ and since i(Fiy,+) = dim Fyp,« = m*,

ay <enp <o < osup Jy(u) < oV
UEH y,,*
It follows from Proposition 3.1 that .Jy satisfies the (PS)., condition at all levels ¢;. By
the usual critical-point theory, all ¢; are critical levels and Jy has at least m* pairs of
non-trivial critical points. O
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