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1. Introduction

In recent years, a great deal of work has been done in the study of the existence of
solutions for impulsive boundary-value problems, by which a number of chemotherapy,
population dynamics, optimal control, ecology, industrial robotics and physics phenom-
ena are described. For relevant and recent references on impulsive differential equa-
tions, we refer the reader to [12,19-21,25,26]. For the background and applications
of the theory of impulsive differential equations to different areas, we refer the reader
to [5,7,10,13,17,18,28,31,32, 34,35].

Some classical tools have been used to study impulsive differential equations in the
literature. These classical tools include fixed-point theorems in cones [1,9,11,14] and
the method of lower and upper solutions with monotone iterative technique (see [15]).

On the other hand, in the last few years, many researchers have used variational
methods to study the existence of solutions for boundary-value problems [4,23,24,29,30].
Variational methods have become a powerful tool. For related basic information, we refer
the reader to [16,22].
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However, to the best of our knowledge, few authors have studied the existence of
positive solutions for impulsive boundary-value problems by using variational methods.
As a result, the goal of this paper is to fill the gap in this area.

Motivated by the above facts, in this paper, we study the existence of multiple positive
solutions to the Sturm—Liouville boundary-value problem for the second-order impulsive
differential equations

—(p()Pp (' (1)) + s()Pp(2(1) = f(L,2(1), t#1L;; ae t€al],
—A(p(t:) @y (' () = Li(w(t:), i=1,2,...,1, (1.1)
ax'(a) — Bz(a) = A, ~vx'(b) + ox(b) = B,

where p > 1, & (x) := |z, p, s € L™[a, b] with ess inf, yjp > 0 and ess infj, 4 s > 0,
0 < pla),p(b) <00, AL 0,B=0,a,08,7,0>0,a=t) <t < <t <ty1 =D,
A(p()B 0 (1))) = plt3 By (1) — plty )y /(15 ), where (1) and /(1) denote
the right and left limits, respectively, of 2/(t) at t = t;, I; € C([0,400), [0,+oo)), i =

2,....,1, f € C(a,b] x[0,+00),[0,4+00)), f(£,0) £ 0 for t € [a, b].

Our aim is to apply critical-point theory to problem (1.1) and prove the existence
of at least two positive solutions. With the impulse effects and the Sturm—Liouville
boundary conditions taken into consideration, difficulties such as how to construct suit-
able functional ¢ and how to prove that the critical points of ¢ are just the solu-
tions of problem (1.1) must be overcome. In addition, this paper is a generalization
of [2,83,6,8,30], in which impulse effects are not involved. Moreover, the conditions on
fand I;,i=1,2,...,1, are easily verified.

The following lemmas will be needed in our argument, which can be found in [9,16,33].

Lemma 1.1 (Zeidler [33, Theorem 38.A]). For the functional F : M C X —
[—o0, +00] with M # @), min,ep F(u) = a has a solution for which the following hold:

(i) X is a real reflexive Banach space;
(ii) M is bounded and weak sequentially closed;

(iii) F is weakly sequentially lower semi-continuous on M, i.e. by definition, for each
sequence (un) in M such that u, — u as n — oo, we have F(u) < lim F(uy)
holds.

—n—00

Lemma 1.2 (Mawhin and Willem [16, Theorem 4.10]). Let E be a Banach
space and let ¢ € C'(E, R). Assume that there exist xo € E, 1 € E and a bounded
open neighbourhood {2 of xq such that z; € E \ 2 and

max{p(zo), p(x1)} < inf o(z).
Let
I'={h € C([0,1], E) : h(0) = 20, h(1) = z1}
and

= inf h(s)).
°T My )
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If ¢ satisfies the Palais—Smale (PS).-condition, i.e. the existence of a sequence (zy) in E
such that p(xr) — ¢ and ¢'(xg) — 0 as k — oo implies that ¢ is a critical value of ¢,
then c is a critical value of ¢ and ¢ > max{y(x0), ¢(x1)}.

Lemma 1.3 (Guo [9]). Let E be a Banach space and let p € C'(E, R) satisfy the
Palais—Smale condition, i.e. every sequence {x,} in E satistying ¢(z,) is bounded and
¢’ (x,) — 0 has a convergent subsequence. Assume there exist xg,x1 € E and a bounded
open neighbourhood (2 of zy such that 1 € E \ 2 and

max{p(ao). (1)} < inf ().
Let
I'={h|h:[0,1] = E is continuous and h(0) = g, h(1) =21}
and
°T ik Ay el

Then c is a critical value of ¢, that is, there exists ©* € E such that ¢'(z*) = © and
o(x*) = ¢, where ¢ > max{y(zo), p(x1)}.

Proof. By Lemma 1.2, we need only to show that the (PS)-condition implies the
(PS).-condition for each ¢ € R. By the (PS)-condition, every sequence {z,} in E sat-
isfying ¢(x,,) is bounded and ¢'(x,) — 0 has a convergent subsequence; without loss
of generality, we assume (x,,) — %o as k — o0o. Since ¢ is a continuous functional,
o(z(nk)) = (o). Let ¢ = ¢(z0). Clearly, ¢'(x,, ) — 0 = ¢/(z0) since ¢ € C*(E, R). So
¢ is a critical value of ¢, and ¢ satisfies the (PS).-condition. The proof is complete. O

In this paper, we will need the following conditions.

(C1) There exist p > p, h € C([a,b] x [0,+0),[0,+0)), g € C([0,+00), [0, +00)),
r € C([a,b],]0,+00)),n > 0 and

/br(s)ds+77 > 0,
such that
ftx) =r®)@u(x) + ht,x),  Li(z) =nPu(x) + g(x).
(C2) There exist ¢ € L([a, b], [0, +0)), d € C([a,b],[0,+0)), £ > 0, such that
h(t, x) < c(t) + d(t)p(z),  g(x) < EPp().
The remainder of the paper is organized as follows. In §2, some preliminary results

will be given. In §3, we will state and prove the main results of the paper, as well as
some applications to (1.1).
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2. Related lemmas

To begin with, we introduce some notation. Henceforth, we assume that [a, b] is a compact
real interval. Define the space X = W'?([a,b]) equipped with the norm

b 1/p
lelx = ( / p<t>|x'<t>|p+s<t>x(tﬂpdt) ,

the norm in W1 ([a,b]) is equivalent to the usual norm. Hence, X is reflexive. F is the

real function ¢
F(t.6) = [ fitz)da
0

We define the norm in C([a, b]) as ||7|cc = maxgepq s |2(2)].
Definition 2.1. A function
reZ={xecX:pb,(2)(-) € W-([a,b] \ {t1,t2,...,t:})}

is said to be a classical solution of problem (1.1) if x satisfies the equation in (1.1)
for a.e. ¢t € [a,b] \ {t1,%2,...,t;} and the impulsive condition and boundary condition
of (1.1) hold. Moreover, x is said to be a positive classical solution of problem (1.1) if

x(t) 2 0,2(t) £0, t € [a,b].
Lemma 2.2. For z € X, let & = max{4x,0}. Then the following six properties
hold:

() zreX=zT,2" € X;
(i

iy z=at—a2;
(i) (o™ [lx < flollx;
)

(iv) if (zy,) uniformly converges to z in C([a,b]), then (z;7) uniformly converges to ™

in C([a,b]);
(v) 2T @)z~ (t) =0, (z7)'(t)(xz7)'(t) = 0 for a.e. t € [a,b];
(Vi) @p(z)at =27, Bp(z)a™ = —|a™|P.

Proof. It is easy to show that properties (i)—(iv) and (vi) hold.
Now we will show that (v) holds. Since z € WP ([a, b]), there exists a subset S C [a, b]
with meas S = 0 (i.e. the measure of S is equal to 0), such that a’(¢) exists on [a,b] \ S.
Let K = [a,b] \ S,
K, ={te K :z(t) > 0}, K_={te K:z(t) <0},
Ky ={te K:xz(t)=0, 2/(t) =0}, Ky={te K:xz(t)=0, z'(t) # 0}.
Clearly, (z1)(t)(z7)(t) = 0if t € Ky UK_UK;. Now we prove meas K5 = 0. Otherwise,
there is a closed interval J C Ky such that z(t) = 0, 2/(t) # 0 for each t € J with

meas J > 0. Then we have
2'(t) =0 fortelIntJ,

which is a contradiction. So (v) holds. O
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Lemma 2.3. If x € C([a,b]) is a classical solution of problem

)
—(p()Pp(2"(1))) + s()Dp(x(t)) = f(t, 27 (1), t#ti, ae t€ a,b],
—Ap(ti)Pp(a’ (1)) = Li(z™ (t:)), i=1,2,....1, (2.1)
az'(a) — fz(a) = A, vz'(b) + ox(b) = B,

then z(t) > 0, z(t) # 0, t € [a,b], and hence it is a positive classical solution of prob-
lem (1.1).

Proof. If € C([a,b]) is a classical solution of problem (2.1), by Lemma 2.2 we have

0= / [(p(t)Pp (' (1)) = s(t)@p(x(t)) + f(t, 2 (1))] x &~ (1) dt

b b
—/ [p(O) Py (2" (1)) (27)' (t) + s(£)Pp(2(t)) 2™ (1)] dt+/ F(t,at )z () dt

) plaje, (21D )o@+ pivye, (22 )

b b
+/ P(t)l(x_)'(t)\p+S(t)|$_(t)|pdt+/ Ft 2™ (1)) (t) dt

l p—2 _ —
ZL (t) + p(b)‘ B — ox(b) Bx~(b) + o(z~(b))?
P Y v
+p(a)‘A+gm(a) - —Ax_(a) —;ﬂ(.ﬁﬂ_(a)) + Hx_HI))(
> [lz7 [, (2.2)

so z~(t) = 0 for t € [a, b], that is (t) > 0 for ¢ € [a,b]. If z(t) = 0 for ¢ € [a, b], the fact
that f(¢,0) £ 0 for t € [a, b] gives a contradiction. O

Remark 2.4. By Lemma 2.3, in order to find the positive classical solutions of prob-
lem (1.1) it suffices to obtain classical solutions of (2.1).

For each x € X, set

o(z) = =% + w(b)'B —oz(b) p+ ap(a)| A+ pz(a) |”
p op o Bp a
b l m+(ti)
—/ [F(t, 2™ (t)) — f(t,0)x™ (t)] dt — Z {/O Ii(s)ds — L;(0)z™ (t;)|. (2.3)

https://doi.org/10.1017/50013091506001532 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506001532

514 Y. Tian and W. Ge

Clearly, ¢ is a Gateaux differentiable functional whose Géteaux derivative at the point
z € X is the functional ¢'(z) € X* given by

b
@ @00) = [ o8 OO + s, (2 O)ol)
B — ox(b) A+ Ba(a)
s (V)va)) n p<a>¢p( >v<a>

«

/ F(t,at( dt—ZI (2.4)

for every v € X. Obviously, ¢’ : X — X* is continuous.

Lemma 2.5. If the function x € X is a critical point of the functional ¢, then x is a
solution of problem (2.1).

Proof. Let z € X be a critical point of the functional . Then (¢'(z),v) = 0. By
integrating (2.4), one has

b — oXx
/ [p(t)%(x’(t))v’(t)+s(t)szﬁp(x(t))v(t)]dt—p(b)@p(B 2 “”)v(b)

l
+p(a)q5,,(‘4+ﬂx > /ftz dthI(oﬁ(ti))v(ti)
l
:Z o(t)
l

—p(b)d, (B_,;m(b))v(b) + p(a)d, <A+ﬂx(a)>v(a) — Z Li(z™ (t)v(ts)

o :
=1

tit1

*/ [(p(1)2p (2" (1)) — s(t)p((t)) + f(t, 27 ())]o(t) dt

t=t] a

= —Z (t:)) + Li(@™ (t:))]v(t:) + p(b)Pp (' (b)) v(b) = p(a)Pp(a’ (a))v(a)

b
- / [(P(0)By (1)) — s()By a(6) + (6 (0)u(t)
— (), (B = ”(b))vw) + pla), ("”ﬁm(“))v(a)

Yy «

+ p(b) [45 (22'(b)) — ( )]

+p(0)| - @10/ @) + (A*ﬂx(“ )]vt@

—/ [(6p(t)2p (72 (1)) — 5()@p (82 (1)) + F(9t, 2 (£))]u(t) dt. (2.5)
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Thus,

+00) |2,/ 0) - 2, (F=2) o)
+00)| = 2@ + 2, () o)

b
- / [(p(t) @y (2" (1)) — s(t)y((t)) + f(t, 27 (1))]o(t) dt = 0 (2.6)

holds for all v € X. Without loss of generality, we assume that v € C§°(t;,t;+1), v(t) = 0,
t € [a,t;] U [tit1,b]. Then, substituting it into (2.6), we get

(OB, (&' (1)) — (B (x(6) + F(E,27(1) =0 ae. t € (tirtis1).
Thus, x satisfies the equation in (2.1). So, by (2.6),

l

Z[A(p(ti)%(x’(h))) + (2T (t:)]v(t:)

A+ fz(a)

[0

+00)| - By(a' @)+ 2, )e@=0. @

holds for all v € X. Next we shall show that = satisfies the impulsive condition in (2.1).

If not, without loss of generality, we assume that there exists ¢ € {1,2,...,1} such that
A(p(t:)Dp(' (1)) + Li(z™ (t:)) # 0. (2.8)
Let
+1
oty = T t—t)).
=0, j#i
Then

-

[Ap(tr) Py (@ (tk))) + T (2™ (t))]v(te)
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l I+1
=Y [Ap(t)®y(2' (t) + et ()] [ e —t9)
k=1 =0, j#i
don o (B=or®\] TT o,
- 0)| (0 0)) — 2, (27 )L_g#um )
1+1
ot = 2o + 2, (F2ED) | T 101
Jj=0, j#i
+1
—AGEB ) + L @) ] G-t A0, (29)
Jj=0, j#i

which contradicts (2.7). So x satisfies the impulsive condition in (2.1). Similarly, « satisfies
the boundary condition. Therefore, x is a solution of problem (2.1). (I

Lemma 2.6. For x € X, we then have ||z||s < 7| z|x, where

B 1 (b—a)l/d 11
=2l/a —4-=1
7 X max { (b—a)l/P(ess inf(, 4 s)1/P (ess infl, 4 p)V/P )7 p v q

Proof. For x € X, it follows from the mean-value theorem that

1 b
= 0)de
o) = 5= | =)
for some 7 € [a, b]. Hence, for ¢ € [a, b], using Holder’s inequality,

0] = fotr) + [ "0 da‘

1 bT b
<5 [ le@lao+ [ w@)las

<o-a ([ la()p de)l/p +o-ae( | o) de)l/p
<G (1 T ( / SO0 d0>1/p

b P ([ oo de)l/p

(ess inf(, 4] p)

1 (b—a)l/d
< 21/a
e { (b—a)l/P(ess inf, g 5)1/P7 (ess inf, p)/P =l x,

which completes the proof. O

Lemma 2.7. Suppose that (C1) and (C2) hold. Furthermore, we assume the following.
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(C3) We have
il

. + publy?,
ess inf(, ) s

where 7 is defined in Lemma 2.6.
Then the functional ¢ satisfies the Palais—Smale condition.

Proof. First we prove that (z,,) is a bounded sequence in X. By Lemma 2.2 (vi) and
(2.4) we have
b

(' (xn), 2y =/ (&)@ (2, (1)) (2,) (£) + 5(O)Pp (wn (t)) 2y, (£) = f(t, 2y (£)) 2, ()]t

S e R e EAC

b
= / [=p®)[(,) O = s@®)|z, (O = f(t, 25 (), (1)] dt

S e O e Y EAC

l
- Zli(wi(ti))x; (t:)

= ol [ S0

B p(b)‘ - ?n(b) (Bﬂf o (b) +70’(3?;(b)) )
oy At )" (A (6) — Bl )
l
- Zfz‘(fﬂi(fi))wﬁ (t:)
<~z I (210)

Set w,, =z, /||z,, || x- Dividing by ||z, ||x on both sides of the above inequality, we have
||mn ||P ! < _<<p/($n);w;> — 0 asn— oo.

So x;, — 0 in X. Now we shall show that (z;}) is bounded.

Let
J(xn) = NVS.S)) ‘ B — ?’y&?n(b) n Ma;;a) A+ iajn(a)
B—Jl’n(b) A-l—ﬂxn(a)
+ p(b)Pp (,Y)xz(b) — pla)®, (a)x:;(a)'
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By (2.3) and (2.4) we have

+

a5 = we(an) — (&' (@n), 23) — I (wn)

%nxnn& — |l
b b
+p / [F(t, 28 (£) — £t 0)ay (1)) dt — / F(t e ()a (1) dt

! ot ()
+ MZ; {/0 I;(s)ds — I;(0)x,, (tz)} - le(x:(tl))mjl(tl)

By (C1), (C2) and Lemma 2.6, one obtains

b b
p [Pt ©) - £ 0, @)dt~ [ ftal©)l0)dr
a . a
<u [ Ha)d
b

<o [ et + Sz a

lldll o

< V|l pless inf, 51 5)
< pllellp Al llx + p(ess inf, 4 5)

Jo e where H(t.2) = [ n(t.7)ar,
(2.12)

zF (t:) ¢ !
i s - nom ] - S neree) < S o
<ty @)

We compute

P72 Bt (b) — oy (b)) (b)
vy
P72 Az (a) + Baa(a)z) (a)

A+ Bx,(a)
o

B — oz, (b)
Y

+ p(a) ' 2t ﬂaxn(a)

~ pyp(b) ‘ B — ox,(b)
ap Y

p(b) B2 — p) ‘ B — ga,(b)
P Y

pla)A(p — 2p) ‘ A+ Ban(a)

(o) = =)

p p

_ pap(a)
Bp

)

n

<

p—2

z}(a). (2.14)

+
ap o
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Substituting (2.12)—(2.14) into (2.11), in view of Lemma 2.2 (ii) one has

(;j - 1) ol < o) = (i (an). ) + LT ‘ EormO )
| ) ’A @)

— —+ /’LHd”OO + 1P Lflfp —+ 1P 215
el + o Sl I+ A e (219)

Suppose that (z;}) is unbounded. Passing to a subsequence, we may assume, if nec-
essary, that [|z;}||x — oo as n — oco. Dividing both sides of (2.15) by ||z;f||%, with
wi = a7 /o ||x, we have

By @) (@ () wr)

p Tl Xyl
b)B(2u — p) | B — oxn(b) |72
p(b) (fpp)‘ M()‘ 2+ (0)
ypllan % ¥
p(a)Alp — 211) ‘ At Bea(@) " 4
apllz:t 1% a "
pyllell 2 plldllso psl
. + B25p, 2.16

||m$||§{_1 pless infl ) p K (2.16)

Since p(zy,) is bounded and ¢'(z,) — 0, z,, — 0in X, let n — oo in the above inequality.
We have
d| oo l
Py Ml pel,
p pless inflp8)  p

which contradicts (C3). Therefore, (z,) is bounded in X.

From the reflexivity of X, we may extract a weakly convergent subsequence that,
for simplicity, we call (z,), z, — z. In the following we will show that (x,) strongly
converges to . By (2.4) we have

(@' (xn) = @' (2), 20 — )
b
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o) [q)(Bf;(b)) - gbp(B jx<b>)] % (@a(b) - 2(b))

+ pla) {%(W> - qsp<f”ﬁx(“))} % (zn(a) — z(a)). (2.17)

(07

By x, — z in X, we see that (z,,) uniformly converges to z in C([a,b]). So

b
/ (62 (1)) — (b2 ()] (at) — 2(2)) dt — 0,

l

Do) = e ()] ant) = () =0 (2.18)
x:(b) S 2(b), wn(a) = z(a) asn — oco.
By ¢'(z,) — 0 and z,, — z, we have
(¢ (xn) — ¢ (2),2p — ) = 0 asn — oo. (2.19)

By [27, Equation (2.2)], there exist ¢p, d, > 0 such that

b
/ {p()[@p (' () — @, ("(1))] x (u'(t) = v'())
+5(O)[Pp(u(t)) = Pp(v(t))] x (u(t) — v(t))} dt
b
Cp/ [p()]u' (t) = ' (O + s(B)]u(t) — v()[P]dt ifp>2,

"Wl —VOF | sO)lu(t) —u(b)?
dp/ [(U’(t)l TR @D T QO]+ )27

>
dt fl<p<2.

(2.20)

If p > 2, then (2.17)—(2.20) yield that ||z, — z||x — 0 in X.
If 1 < p < 2, by Holder’s inequality, for u,v € X, we obtain

b
/ p(0)u (£) — o (P

g(/ uf R
ot

A (2-p)/2
Sg' b dt) (/ ) ([ ()] + [/ (B)]) dt)
@®)] p/2 (o2 b S (2—p)/2
) ([ oo+ ra)
(t

U 2 p/2
()|)| Er) 10 )()y_p dt) (l[ullx + llo]lx)@=#P72. (2.21)

)
O]+ [0 (0)
o (£) — o/
g(/ (B + [ ()

<2<p1>(2p>/2< / (|P

https://doi.org/10.1017/50013091506001532 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091506001532

Variational methods for impulsive differential equation BVPs 521
Similarly,

b

s()]u(t) — v(®)P dt

b 2 p/2
(p—1)(2-p)/2 s(t)|u(t) — v(t)] . e
. (/a ([u(®)] + ()2 pdt) (lullx + llvllx) L (222)

a

So (2.20)—(2.22) yield

b
/ p(0)[@p (2, (1) — Pp (' (1)) (], () — 2'(2))
+8(0)[@p(2n (1)) — Py (2 (1)) (wn(t) — x(t)) dt

)
b (1) — 2 ()2 2alt) — 2(0)
>a, | {p(%x RO AR T |x<t>>2-p] at

> dp
Z ZDE D[ + el

(/ o0l - x/<t>|pdt)2/p (/ s enl) — (0 dt)wp}

dp lzn — %
2—DE=P)/P max{2@/P—1, 1} ([[anllx + [lz][x)2 P

(2.23)

>

Then (2.17)—(2.19) and (2.23) yield that ||z, —z||x — 0in X, i.e. (z,) strongly converges
to x in X. |
3. Main results

Theorem 3.1. Suppose that (C1)—-(C3) hold. Furthermore, we assume the following.
(C4) There exists an My > 0 such that

1, e
P ess inf[, ) s

|| (b — a) + nl b)|B|P a)|AlP
(|7l (b — @) + nl]3* +HCII VMo-i-p( ) 7\1 o( )|,|1-
7 apyP Bpa?

— &3P | MY

>

Then problem (1.1) has at least two positive classical solutions, xg, x*, with
lzollx < Mo.

Proof. We complete the proof in three steps.
Step 1. By Lemma 2.7, the functional ¢ satisfies the Palais—Smale condition.

Step 2. We shall show that there exists M > 0 such that the functional ¢ has a local
minimum zg € By :={z € X : ||z]|x < M}.
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Let M > 0, which will be determined later. First we claim that Bj; is bounded and
weak sequentially closed. In fact, let (u,,) C By and (u,) — u as n — co. By the Mazur
theorem [16], there exists a sequence of convex combinations

n n
Uy = Za"juj’ Zanj =1 an, 20,j¢€ N,
Jj=1 Jj=1
such that v, — u in X. Since By is a closed convex set, (v,) C By and u € Bys. Now
we claim that ¢ has a minimum x¢ € Bj;. We will show that ¢ is weak sequentially
lower semi-continuous on Bj,. For this, let

b
¢'(z) = 1/ ()] (D)7 + s(t)(t)7] dt

and

-y [ /0 o Ii(s) ds — Ii(O)x‘(m]

70 ‘ B-ox®)|"  apla)
op 0 Bp

Then ¢(z) = ¢! (x)+¢?(x). By ¥, — 2 on X we see that (z,,) uniformly converges to x in
C([a, b]). So ? is weak sequentially continuous. Clearly, ¢ is continuous, which, together
with the convexity of ¢!, implies that ¢! is weak sequentially lower semi-continuous.
Therefore, ¢ is weak sequentially lower semi-continuous on Bj;. Besides, X is a reflexive
Banach space and B is a bounded and weak sequentially closed set, so our claim follows
from Lemma 1.1. Without loss of generality, we assume that ¢(z0) = min,¢ 5, ©(z). Now
we will show that

p p

A+ Bz(a)
a

plao) < Inf p(x). (3.1)

If this is true, the result of Step 2 holds.
In fact, for any « € 9By, by (2.3), (C1) and Lemma 2.6, we have

MP b ! zt(t:)
o) > > _/a F(t,f(t))dt_;/o I;(s)ds

M? ()|t ()] Azt ()P
2——/ [M+c(t)x+(t)+()|m()| dt
p a M p
: n §
B [w(mw n |w+<ti>|p]
=1 14 p
MP r]|oo(b—a)
> — — ————lzll% = llellzr 2] oo
p
T S
—— T - —||® — —||lT
ey 1~ T It = S
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MP |rfloo(b—a) _ .
>— — "zl — llell Az x

p
Hd”oo P 77[’7“ T ElyP +p
e o~ e - S
MP T||loo(b—a) _ _
= W0 D suage — pepannn
e e Y e €T (3.2)
p(ess infy, 3 5) i P
So
MP _
i oy s M=)
r€OB M p
5P
— el M — M¢MP _ ilﬁuMu _ 5177Mp.
p(ess inff, 3 5) I D

Noting that

pOIBI” | pla)lAl”
opy=t  Pparl’

by (C4) there exists My > 0 such that ¢(z) > ¢(0) > @(x) for any = € dBpy,. So (3.1)
holds and g € By, .

p(z0) < ¢(0) =

Step 3. We shall show that there exists x; with ||z1||x > My such that p(z1) <

infa:EBBMO @(x) _
Let é(t) =1€ X, A > 0. Then

©(\é) = i‘j/abs(t) dt — /ab[F(t,S\) — f(t,0)\] dt

l

B—o)\l|? A AP
_Z{/ dS_I(M}JF%O(b)’ oAl ap(a)| A+ BA
op Y Bp a
AP ()N < P
é? s(t)dt— T+H(t,)\) dt+X [ f(¢,0)de
lnj\“ vp(b) ‘ B—o\|P N ap(a) | A+ B[P
op gl Bp @
/ dt——/ dt+)\/ft0dt
! AH b —o)|? A AP
A" e )‘ oAl"  ap(a) A+ S (3.3)
1 op gl Bp @
Since > p and (C1), we have limy_, . ¢(Aé) = —oo. Therefore, there exists a suffi-

ciently large Ag > 0 with IAo€|| > My such that p(Agé) < infream,,, ¢ (). Therefore, let
r1 = A€ and p(z1) < infrean,,, @(z).
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Lemma 1.3 now gives the critical value

= inf h(t
c A‘gw‘g}s‘?ﬁw( ()

where
v={h|h:[0,1] = E is continuous and h(0) = zg, h(1) = 21},
that is, there exists #* € X such that ¢/(z*) = 0. Therefore, z9 and z* are two critical

points of ¢, ||zollx < My, and hence they are classical solutions of (2.1). Lemma 2.3
means that xo and «* are positive classical solutions of problem (1.1). 0

Example 3.2. Consider the following problem:

(im0 + ) = ). 146 0

1 / . (3.4)
— . — 7. . =1
A( (o)) = Iale)). 0= 12,
2'(0) —22(0) = —%,  2'(1)+3z(1) = 1,
where
fo)= Lo B L
06 48 1 442t

and I;(z) = 2™ + gy2?, i =1,2.
Compared to (1.1), p(t) = 1/(1+¢), s(t) =1/(1+t),p=3,1=2,a=0,b=1, a =1,
B=2v=1,0=3A=-% B=1
Let
t i 1 i 1
=14 t)=—, h(t,z)=—+ ——2a> )= —
/‘L ) T() (7x) 48 4+2tw7 C() 487
1 z? 1
192 g(z) = 64’ §= 64
Clearly, (C1)—(C3) are satisfied. Setting My = % satisfies condition (C4). Applying
Theorem 3.1, the boundary-value problem (3.4) has at least two positive solutions, xg
and 2*, with |20 x < 3.

’[’I:

Corollary 3.3. Suppose that (C1) holds. Moreover, we assume the following.
(C2") There exist 0 < 0 < p, c € L([a,b],[0,+0c0)), d € C([a,b], [0, +00)) such that
hit, x) < ct) +d()Po(z),  g(z) < EPo().
(C4') There exists an My > 0 such that

_ A
1M5 o Urlle (b = @) +ni3* My
p I

b)|B|P AlP 150 d| oo
I 0 L S

opyp—1 BpaP—1 0 0 - ess infj, ) s

Then problem (1.1) has at least two positive classical solutions o, * with ||zo|| x <
M.
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Corollary 3.4. Suppose that (C1) and (C2') hold. Moreover, we assume the following.
(C5) There exists My > 0 such that

Ly o Irlsclb =) £l
p

) ) Ao, &
o u I M.
My + [lel| 1y Mo + (9-ess infiq ) s * 0 ’

Then problem (1.1) with A = B = 0 has at least two positive solutions xg,
Example 3.5. Consider the following problem:

—2" 4+ =rt)e" " +dt)2?T, t#t;, telo1],
— Az (t;) = nz(t;)* 7 + E(x(t ))9 Loi=1,2,....1, (3.5)
2'(0) — fz(0) =0,  ~a'(1) 4+ ox(1) =0,

where > 2 > 0, r € C([0,1], [0, +00)), n,£ = 0. On applying Corollary 3.4, problem (3.5)
has at least two positive solutions provided there exists an My > 0 such that

s+l _ dle . &l
MG > ||7"ﬂ n’y“Mé‘—&-(H‘g +—€; )MO7 where v = v/2.

According to the proof of Lemma 2.7 and Theorem 3.1, we have the following result.
Theorem 3.6. Suppose that the following conditions hold:
(D1) f(t,z) =o(Jz[P~1), [i(x) = o(|z[P~!) as |x| — O uniformly for t € [a, b];

(D2) there exist constants M > 0, 1 > p such that
T
0< uF(t,x) <zf(t,z), 0< ,u/ Ii(s)ds < zI;(x) for any x > M,t € [a,].
0

Then problem (1.1) with A = B = 0 has at least two positive solutions.

Proof. In the proof of (2.12), (2.13) in Lemma 2.7, we substitute conditions (D1)
and (D2) for (C1) and (C2). Then it is easy to show that (x;) is bounded. In the proof
of (3.2) in Theorem 3.1, we apply (D1) (not (C1), (C2)). In fact, (D1) means that, for
0<e<1/(p(b—a+1)7P), there exists an M > 0 such that

F(t,z) < el|z]?, / I;(s)ds < e|z|?
0

hold for ¢ € [a,b], |z| < M. Thus,
!

@ ()
/th dt—Z/ I;(s)ds
0

=1
7—5/ (b dt — €|a:( P

=— —¢e(b—a)yPMP — el3P MP
p

- Ll) —e(b—a)¥? —51’7’)}Mp > 0= ¢(0).
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Finally, we apply (D2) to (3.3). Then the result of Step 3 follows. In fact, (D2) means
that there exist a1, a9 € C([a,b], (0, +00)), az,as > 0 such that

F(t,2) > ar(®)|z" — ax(t), / Ii(s)ds > aslo]¥ — aa,
0

which yields the result. O

Example 3.7. For problem (3.5), if d(t) =0, t € [0, 1], £ = 0, then problem (3.5) has
at least two positive solutions by using Theorem 3.6.
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