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Abstract  This paper deals with the construction of exact and analytical-numerical solutions with a
priori error bounds for systems of the type us = Auge, A1u(0,t)+B1uz(0,t) =0, Au(l,t)+Bouz(1,t) =
0,0<z<1,t>0, u(x,0) = f(x), where A1, Az, B; and B are matrices for which no simultaneous
diagonalizable hypothesis is assumed, and A is a positive stable matrix. Given an admissible error & and
a bounded subdomain D, an approximate solution whose error with respect to an exact series solution
is less than £ uniformly in D is constructed.
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1. Introduction and preliminaries

Coupled partial differential systems with coupled boundary-value conditions are frequent
in quantum mechanical scattering problems [1,19,27], chemical physics {16,17,22], ther-
moelastoplastic modelling [13], coupled diffusion problems (8,20,29], and other fields.
In this paper we consider systems of the type

w(z,t) — Aug(z,t) =0, 0<z <1, ¢>0, (1.1)

Aru(0,4) + Brug(0,8) =0, >0, (1.2)

Asu(l,8) + Baug(1,8) =0, ¢ >0, (1.3)

u(z,0) = f(z), 0<z<1, (1.4)

where the unknown u = (u1,u2,...,un)" and f = (f1, f2,..., fm)" are m-dimensional

vectors, A;, B;, i = 1,2 are m x m complex matrices, elements of C™*™, and A is a
positive stable matrix

Re(z) > 0 for all eigenvalues z of A. (1.5)
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We assume that

The block matrix <A B

A; Bg) is invertible and

(1.6)
not all its blocks A,, Ay, By, By are singular.

Conditions on the function f(x) and on the matrix coefficients will be determined in order
to guarantee the existence of a series solution of the problem, as well as the construction
of analytic-numerical finite-sum approximations with a prefixed accuracy in a bounded
subdomain. Mixed problems of the above type, but with Dirichlet conditions «(0,¢) = 0,
u(1,t) = 0 instead of equations (1.2) and (1.3), have been treated in [15,23].

The organization of the paper is as follows. In §2, the vector eigenvalue differential
problem

X"(z)+ XX (z) =0, 0<z<1l, A>0,
ATX(0) + BLAVX'(0) =0,
A AV X (1) 4+ B AP X'(1) =0,
0<j<p-1, p21,

(1.7)

is studied. Sufficient conditions for the existence of eigenvalues are given. Using a separa-
tion-of-variables technique, an exact series solution of problems (1.1)-(1.4) is constructed
in §3. In §4, a procedure for the construction of a finite-sum approximation with a pre-
fixed accuracy is given, by truncation of the exact infinite-series solution and appropriate
approximations of the eigenvalues.

Throughout this paper, the set of all the eigenvalues of a matrix C in C™*™ is denoted
by (C) and its 2-norm denoted by ||C| is defined by [11, p. 56]

IC2lla
CJ| = sup ,
b

where, for a vector y in C™, |ly||2 denotes the usual Euclidean norm of y. By [11, p. 556],
it follows that

m—1 kaik
tc ta(C) lvVmC|"t
€]l < et kz;o e £20, (1.8)

where a(C) = max{Re(w); w € o(C)}. The conjugate transpose of C is denoted by C*.
If B is a matrix in C**™, we denote by B' its Moore—Penrose pseudoinverse. An account
of examples, properties and applications of this concept may be found in [6] and [26], and
B! can be efficiently computed with the MATLAB package. The kernel of B, denoted by
ker B, coincides with the image of the matrix I — B! B, denoted by Im(I — B B), see [6).
We say that a subspace E of C™ is invariant by the matrix A € C™*™ if A(F) C E.
Hence, property A(ker G) C ker G is equivalent to the condition GA(I — GTG) = 0. We
conclude this section with an algebraic result that will play an important role in the
following.
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Lemma 1.1. Let M and N be matrices in C™*™, then
ker M Nker N = Im{(I - M'M){I — [N(I - M'M))f[N(I — MTM)]}}.

Proof. If v € ker M Nker N, then Mv = 0, and, by Theorem 2.3.2 of [26, p. 24],
v =Im(I ~ MTM)d, where d is an arbitrary vector in C™. Hence

veIm(I — MIM) > Im{(I - MTM){I — [N(I — MIM)'[N(I — MTM)]}}.

Conversely, let v € Im{(I — MTM){I — [N(I — Mt M)]f[N(I — MTM)]}. Then, for some
z € C™, one gets

v=UI~-MM{I-[NI-MMINI-MM)}=.
Hence, and using that M = MMM, it follows that
My=(M-MMM){I-[NU-MM]NI-MM))}z=0
and
Nv={N{I-MM)-[NUI-MM]NI-MM]INI-MM)}z=0.
Thus v € ker M Nker N, and the result is established. O

The set of all the real numbers will be denoted by R, and the set of all non-negative
integers will be denoted by N. If A is a matrix in C™*™, we denote 3(A) = min{Re(w);
w € o(A)}, and if B(A) > 0 and ¢t > 0, from (1.8) one gets

kik
” tA" <e —tB(A) Z ”\/—A” t t>0.

2. Vector eigenvalue differential systems
Vector Sturm-Liouville differential systems of the form
—(P(z)y") + Qz)y = AW (z)y, a
1y(a) + A3P(a)y'(a) =0,
Biy(b) + B; P(b)y'(b) = 0

Lz <£b,

b

where P, @ and W are symmetric m X m matrix functions of z with P and W positive
definite for all z € [a,b], y is an m-vector function of z, A is a scalar parameter, and
Ay, Ay, B, and B, are matrices in C™*™, such that A1A, = A3A,, Bf B, = B} B, and
(A1, A2), (B1, By) are full-rank C™*2™ matrices which have been treated in (3,4,12,18).
In this section, we consider vector eigenvalue differential problems of the type (1.7).
Suppose that
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Under this hypothesis, the general solution of the vector equation X" + A2X = 0 is given
by

sin(Az)Dy +cos(Az)E, Dy, E\xe€C™, A>0,
XA(x)={ in(Az) Dy + cos(Az) By, D, B (2.2)

Dy + zEy, Dy, Ey E(Cm, A=0.
Condition X(O) -+ BlX/(O) =0 implies D)\ = —/\BlE)\, if A > 0 and DO = _BlEO.
Hence, (2.2) takes the form

(cos(Az) — ABysin(Az))Ey, Exe€C™, A>0,

2.3
(I.Z‘—Bl)Eo, EqeC™ A=0. ( )

Xa(z) = {
By imposing the remaining boundary-value conditions 47 X(0) + B; A7 X’(0) = 0 for
1<j<p-1and A2A7X(1) + BoA’X'(1) =0, 0 < j < p— 1, one gets the following
conditions on the vector Ey, for A > 0:

(A’B; — BiANE, =0, 1<j<p-1, A>0, (2.4)
[—A(cos(A)As — Asin(\)B2) A7 By + (sin(A\) A + Acos(A)By)ATEy = 0,
for0<j<p—1, A>0. (2.5)

Taking into account {2.4), conditions (2.5) can be written in the form
[sin(A)(A2 + A%2B2B;) + Acos(A\) (B — Ay B))|A’Ey = 0,
for0<j<p-1, A>0. (2.6)
Since we seek non-zero vectors E, by (2.6) one gets that
L()\) = (A2 + A2B2B1)sin()\) + (B — Ay By)Acos()) is singular, X > 0. (2.7
Assume that the block matrix

I B

4 B (2.8)

is invertible. By (2.8) and the properties of the Schur complement of a matrix [5, p. 93],
one gets that By — AyB; is invertible, and condition (2.7) implies sin(A) # 0. Hence,
condition (2.7) is equivalent to

A + A2ByB; + Acot(\)(By — AaBy) singular, X > 0,
or
(B — A9B1) YAy + N23(By — AyBy) ' ByBy + AT cot(A)] singular, A > 0.
Hence,

Acot(A) € o((A2By — Ba) 4y + A2(A9B; — B2)"1BaBy), A > 0. (2.9)

https://doi.org/10.1017/50013091500020927 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020927

Strongly coupled mized diffusion problems 273
Let us introduce the matrices
Ay = (A2B) — By) 7 As, By = (A3By1 — B3) !By, (2.10)
and note that
By, =A;B, - I. (2.11)
Hence condition (2.9) can be written in the form
Acot(A) € o(Ag + A2(A2B? — By)), A>0. (2.12)

Assume that matrices Ay and B; have real eigenvalues o € o(A;) and B € o(B,) and a
common eigenvector v € C™ associated to them:

(B —flw=(Ay —al)y=0, veC™, v#0, (of)cR% (2.13)

Then
[A2 + X2 (A2B? — B1)Jv = [a + A\ (af® - B)],

and, for A > 0, one gets

o+ A2(af? — B) is a real eigenvalue of Ay + A2(A;B2 — B;) (2.14)
and v is an eigenvector associated with a + A?(af? — f3), '
and
Acot(N) = a+ A% (af? - B), A>0, (2.15)

has a sequence of positive roots. Note that by (2.4) and (2.7), eigenfunctions X (z) are
given by (see (2.3))

Xa(z) = {cos(Az) — ABysin(Az)}E\, E,€C™, A>0, (2.16)
where vectors F) satisfy
H\Ex=0, X>0, (2.17)
where H) is the matrix in C(2P~1)™mx™ defined by
[ BiA- AB, i
B A% — A%B,

BlAp—l — Ap—lBl
Az + N (A4, B - B)) - (a + X (af® - B))]
[A2 + A2(A3B2 — By) — (a + A2(af? - B))I]A

(2.18)

[Ay + X2(A,B2 — By) — (o + X2(af? — B))1] 47
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If for A = 0, by imposing to Xo(z) = (Iz — B1)Ep given by (2.3), the boundary-value

conditions A7X(0)+ B;A7X’(0) =0 for 1 <j < p—1and A2A7X(1)+ B ATX'(1) =0,

0< 7 < p-1,it follows that Ey € C™ must verify
(B1A7 — A’B))Ey =0, 1

i <p-1, (2.19)
Ay AV(I — B1)Ey + BoA’Ey =0, 0<j<

<
<j<p-L (2.20)

J
J
Note that condition (2.19) is also verified for 7 = 0. Substituting condition (2.19) into
(2.20) one gets

Ay ATEy — AsB1A’Eg + BoATEy = 0,
(Ay — AyBy + B)A’Eg =0, 0<j<p-1. (2.21)

By the definition of Ay given by (2.10), it follows that As = (A2B; — BQ)AQ, and, thus,
condition (2.21) can be written in the form

(A2By — B3)(As —NA’Ey =0, 0<j<p-1. (2.22)
Since A2 B; — B, is invertible, condition (2.22) is equivalent to
(Ap —I)A’E; =0, 0<j<p-1

Thus, conditions {2.19) and (2.20) are equivalent to the condition

HyEy =0, (2.23)
where
T B1A—-AB; ]

B A% - A’B;

131Ap_1 - AP‘IBl

Hy = A1 (2.24)
(A — DA
(Ay — T)AP~!

Note that taking A = 0 and a = 1 in (2.18), one gets Hy defined by (2.24). By (2.17)
and (2.23), the existence of eigenfunctions associated with A > 0 is granted if the matrix
H), defined by (2.18) for A > 0 and by (2.24) for A = 0, satisfies

rank Hy <m, A2>=0. (2.25)

Furthermore, under condition (2.25) and Theorem 2.3.2 in [26, p. 24], if equation Hy F =
0 is compatible, its solution set is given by

E, = (I — H;H,\)S)\, S, e C™.
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Assume that apart from condition (2.13), vector v satisfies
{Alv; 1< j <p-1} CKer(4y - al), (2.26)

then v satisfies Hyv = 0 for all the positive solutions A of equation (2.15). Note that
condition (2.26) is granted if apart from (2.13), we assume that

Ker(B, — I) N Ker(Ay — al) is an invariant subspace of A.

Summarizing, the following result has been established.

Theorem 2.1. Let A € C™*™, p an integer, p 2> 1, and suppose that the matrix

I B

Ar By
is invertible in C2™%2™  Let Ay, B, be defined by (2.10) and assume condition (2.13) for
some vector v € C™. Let H) be defined by (2.18) for A > 0 and by (2.24) if A = 0.

(i) A positive solution, A, of equation (2.15) is an eigenvalue of problem (1.7) if
rank Hy < m, and Ag = 0 is an eigenvalue if rank Hy < m.

(ii) Ifapart from condition (2.13) the vector v satisfies (2.26), then problem (1.7) admits
a countable set F(a, ) = {\,; n € N} of real eigenvalues with lim,,,.c Ar, = +00.

(iif) If A, > 0 is an eigenvalue of problem (1.7), then eigenfunctions associated to A,
are given by

{cos(Anz) — Ap By sin{A,z)}Ex,, Ap >0,

X =
2(2) {(I:c — B))E,, Ao =0,

where E,,, = (I — Hl" H),)S>,, where Sy is an arbitrary vector in C™.

Remark 2.2. With respect to the localization of the eigenvalues of problem (1.7),
it is easy to show that the sequence {Ag}r>1 of non-negative roots of equation (2.15)
verifies the following cases.

Case 1. (1 —a)>0.1If

a>1, km < A < 32k + L)m, k21,
0<a<l, (k—Dmr<A<i@k-1m, k21,
a<0, (k—17m< A <Ekm, k>1.
Thus, in all the subcases, one gets
(k-Dr<X<k+3m, k>1, (2.27)
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Case 2. f(1-a)=0.1If

a>1, km < A < é(2k+1)7r, k>1,
a=1, A=0and kr <A < 5(2k+1)m, k21,
0<a<l, (k—1)m < A < 3(2k— D, k=1,
a=0, e = 3(2k—Dm, k>1,
a <0, 3(2k = L)w < A <k, k>1

So in all the subcases for k > 1 one gets (2.27).
Case 3. B(1—a)<0.1If

a>1, (E-—1m< M <k+Dm, k21
0<ax<l, (k—1Dm < M < km, k>1,
a<0, 3(2k—1)w< X\ <km, E>1

Thus, in all the cases the positive solutions Mg of (2.15) verify (2.27).
Remark 2.3. The study of the problem with By = I,

X"(z)+XX(z)=0, 0<z<],
A AV X(0) + A7X(0) = 0,

A o (2.28)
A2 A7X (1) + B, AV X'(1) =0,
0<j<p-1, p21
is analogous to problem (1.7). It is easy to check that the problems
X"(z)+ MX(z)=0, O0O<z<]l,
A1 ATX(0) + B1 A7 X'(0) =0,
1A7X(0) + By (0) (2.29)

A ATX (1) + By A7 X'(1) = 0,
0<j<p-1, p21,

where A; = I or Bs = I, can be reduced to the previous cases considering the change of
variables defined by

y=ylz)=1-2, 0<z<L (2.30)
Thus, the approach developed is applicable to any problem of the type
X"(z)+MX(z) =0, O0<z<l,
A1 ATX(0) + B AT X'(0) = 0,
A AT X (1) + By A7 X'(1) = 0,

(2.31)
)
0<ji<g<p—-1, p21,
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where some of the block entries are the identity matrix. Finally, it is important to point
out that the hypothesis A; = I fori =1ori=2,0or B, =1 fori=1or i = 2, does
not involve a lack of generality. In fact, if in problem (2.31) one verifies that some A;
(respectively, B;) is invertible, premultiplying the corresponding boundary condition of
(2.31) by A;" (respectively, B;"!), one achieves a previously considered problem.

3. Construction of an exact series solution

Let us seek solutions of the boundary-value problems (1.1)—(1.3) under hypotheses (2.1)
and (2.8). A separation-of-variables technique suggests

'u,\(:c,t) = T)\(t)X)\(:L‘), T)\(t) € (mem, X)‘(:L‘) eC™, A=0, (31)
where
Ti() + A2AT\(t) =0, t>0, A>0, (3.2)
X{(x)+XNXy(z) =0, O0<z<l1l, A0,
X (0) + B1 X5(0) =0, (3.3)

AQX)‘(l) + BQX:\(l) =0.

The solution of (3.2) satisfying T)(0) = I is Tx(t) = exp(—A?At), but, although vy(z,t)
defined by (3.1) satisfies (1.1)

0 02 ’ "
= (Ua(z, 1)) — A5 (va(z, 1)) = Ty (£) Xa(z) — ATA (1) X (z)

ot Ox?
= —A2AT\(t) X (z) + ATA()N X\ (z) = O,

condition (1.2) is not granted because

0
vA(0,t) + B‘%“’A(O’ t)) = Ta(t) X2 (0) + B1Tx(t) X (0)
= exp(—A2At) X (0) + B, exp(—A2At) X}(0), (3.4)
and the last equation does not vanish because matrix B; does not commute with A.
However, if X, satisfies (1.7) instead of (3.3), where p is the degree of the minimal

polynomial of A, then T)(t) = exp(—A%At) can be expressed as a matrix polynomial of
A ]9, p. 557],

Ti(t) = exp(—=A?At) = bo(t, )T + by (¢, \)A + - - + by—1(t, \) AP L, (3.5)
where b;(t,A), 0 < 7 < p—1 are scalars. Under the boundary-value conditions of (1.7) it
follows that

p—1
va(0,1) + Bla%(”*(o’ t)) = Z b (t, M) {A7 X5(0) + By A7 X} (0)} = 0, t

=0

A\,
L
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and
) p-! . .
Asuyn(1,8) + Bga(v,\(l,t)) = ij(t, A{A2 A X,(1) + B1A’ X (1)} =0, t>0.
=0

Assume the notation and hypotheses of Theorem 2.1 and let {A,}52; be the sequence
of positive eigenvalues of problem (1.7). The candidate series solution of problems (1.1)-
(1.4) is given by

Xo(2)Eo + ) exp(=A, A X), (x), 0€ F(a,f),

nzl

Z exp(——/\iAt)X,\n (), 0 ¢ F(o, B),

nzl

Uz, t) = (3.6)

where X is defined by Theorem 2.1, for appropriate vectors E), to be determined.
Consider the case where 0 ¢ F(a, ). Associated to problem (1.7) we introduce the
scalar Sturm—Liouville problem
X"(z) +XNX(z) =0, 0<z<1,
X(0) + BX'(0) =0, (3.7)
aX(1)+ (af-1)X'(1)=0.

For the sake of well-posedness, assume that function f(z) appearing in (1.4) satisfies the
property

f(z) is twice continuously differentiable in |0, 1] (3.8)

and f(0) + Bf'(0) =0, af (1) + (@B - 1)f'(1) = 0. '

By the convergence theorem in series of Sturm-Liouville functions (see [14, ch. 11],
(10, p. 90] and [7]), each component f;(x) of f, for 1 < ¢ < m admits a series represen-
tation, absolute and uniformly convergent in [0, 1], of the form

filz) =Y {sin(Anz) + AnBeos(Anz)ter, (i), 0<z <1,

nzl

where

/1 fi(z){sin(Anz) + BAn cos(A,z)} dz
0

vV
R
—
N
N
3
w
2

ex, (i) = , n

1

/ {sin(Anx) + BAn cos(Anz)}2 dx
0

Note that if we define vectors E5_ € C™ by

ex, (1)

ex. (2
B, — An.()

n

, (3.10)

ex, (m)
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then U(z,t), defined by

U(z,t) = Z exp(—A2 At){sin(A,z) — BAn cos(Anx)}Ey,, (3.11)

nz1

satisfies U(z,0) = f(z),0< =z < 1.
For the case where 0 € F(«,5) and A\g = 0 is an eigenvalue, we consider the scalar
Sturm-Liouville problem (3.7) with a = 1:

X"(x)+ MX(x)=0, 0<z<1,
X(0) + BX'(0) =0, (3.12)
aX(1)+ (8- DX'(1) =0.

If function f(z) appearing in (1.4) satisfies condition (3.8) with a = 1, and if apart from
ex, (i), defined by (3.10), one considers

1 60(1)
[ #)e-p)de eo(2)
eo(i) = 22— , 1<ism, E=| . |, (313)
/ (z — B)*da .
0 eo(m)
then U(z,t), defined by
U(z,t) = (z ~ B)Ep + Z exp(—A2 At){sin(\,x) — BAn cos(A,x)} En,,, (3.14)

nzl

satisfies the initial condition (1.4). Note that in order to satisfy conditions (1.1)-(1.3),
vectors E must verify the conditions of Theorem 2.1. By definition of vector E , these
conditions are satisfied if

Hof(z)=0, H, f(z)=0, (Bi-pD)f(z)=0, 0<z<1. (3.15)
Note that by definition of Hj, , condition (3.15) holds if
(Ay —al)Af(z) =0= (B, - DA f(z), 0<z<1, 0<j<p—1.  (316)
Conversely, if the conditions in (3.15) hold true, then
(B1A7 - A'B)f(z) = (Bi - BI), 0<z<1, 0<j<p—1,
and

{A2 + N2 (AB} - By) — [ + X*(af® - B} A f(z)
= {4z + N2 (A28} - BI) ~ [a + X2 (af® — B)I}A? f(z)
=1+ M%) (A —al)Af(z) =0, 0<z<1, 0<j<p-1
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Thus, conditions (3.15) and (3.16) are equivalent, and it is clear that (3.16) is equivalent
to the condition

(Ay —al)f(z) =0=(By — BI)f(z),0 <z <1, and }

R 3.17
ker(A; — al)Nker(B; — B1) is an invariant subspace of A. (3.17)

By Lemma 1.1, taking M = Ay — al, N = B, — 81, condition (3.17) can be written in
the compact form

f(z) emH(a,8), 0<z<1, and [I- H(a,B)(H(a,B)|AH(a,B) =0, (3.18)

where

Hi(a,B) = (I = MLMa){T — [Np(I ~ MIM)] INp (I = MIM.)]), } (319)

M, = Ay —al, Ng=B;-pI

Note that condition (3.18) means that f(z) lies in Im H(e, §) and that Im H(a, 8) is an
invariant subspace of the matrix A. With respect to the convergence of the series (3.11)
or (3.14)—as well as their partial differentiability with respect to the variable ¢ once,
and z twice, for 0 < z < 1, t > 0—note that if £, > 0 and D(tg) = {(z,?); 0 < z < 1,
t = to > 0} by inequality (1.8) and condition (1.5), the series appearing by twice termwise
partial differentiation with respect to z and once with respect to ¢, in (3.11), takes the
form

Y N exp(—A2AY)X,, (), Y _(—A2)Aexp(—A2At)X,, (z),

nzl nz1
and is uniformly convergent in D(%p). By the differentiation theorem of functional series
[2, p. 403], the series (3.11) or (3.14) define rigorous solutions of problems (1.1)—(1.4),
and the following result has been established.

Theorem 3.1. Let A be a positive stable matrix in C™*™ assume that

I B

Ay By

is invertible and that there exist real numbers o and 3 satisfying (2.13). If Ay and B
are defined by (2.10), H{a, 8) by (3.19), and f(x) is twice continuously differentiable in
[0, 1], satisfying (3.8) and (3.18), then problems (1.1)—(1.4) admit a well-posed solution

given by (3.11) or (3.14), where vectors E,, are defined by (3.10) forn > 1 and by (3.13)
forn=20.

Remark 3.2. Condition (3.8) together with (3.18) are equivalent to

F(0) + B1f'(0) = 0,}

(3.8
Asf(1) + B2f'(1) = 0,

and (3.18). In fact, premultiplying the second condition of (3.8') by (A2B; — By)~! and
taking into account (2.11), one gets (3.8).

https://doi.org/10.1017/50013091500020927 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020927

Strongly coupled mized diffusion problems 281

Now we are interested in the construction of an exact series solution of problems (1.1)-
(1.4) for more general functions f(z) than those considered in Theorem 3.1. Assume that

(3.20)

A={a(l), -+ ,a(k)} are the distinct real eigenvalues of As,
2 ={B(1),---,B(k)} are the distinct real eigenvalues of By,

and let H(a(7), 8(j)) be the matrix defined by (3.19) for 1 < ¢ < k, 1 < j < 5. Recall
that by Lemma 1.1, condition ker(As — a(4)I) Nker(B; — B(3)I) # 0 is equivalent to the
condition H(a(7), 3(j)) # 0. Consider the subset of A x {2 defined by

S = {(ali),B(1)) € A x £2; H(a(u),BG)) #0, 1 <1< g}, (3.21)
and the block matrix in C™*™4 defined by
H = [H(a(i1), B(41)), H(a(iz), B(j2)), - - » H(e(iq), B(Jg))]- (3.22)
Assume that f(z) is twice continuously differentiable in [0, 1] such that
(I-HH)Yf(z)=0, 0<z<]1, (3.23)
HY(£(0) + B(0) f'(0) =0, } L<i<a
[0---0 H(a(i), 8(72)) 0- - - O]H [a(ir) £(1) + (a(82)B(ir) — 1) f'(1)] = 0,
(3.24)
Since, by Lemma 1.1, one gets
Im H(a(ir), B(j1)) = ker(Az — a(i)I) Nker(B1 — B(H)I), (3.25)

then Im H is the direct sum of the subspaces S; = Im H(a(%;), 8(ji)), 1 £ ! < ¢, and the
projection g;(z) of the f(z) on the subspace S; is given by

a(z) =[0---0H(ali),B(1))0---0]H f(z), 1<I<gq 0<z<], (3.26)
because

g[(.’l?) € ImH(a(Zl)7ﬂ(.7l)) = Sl: (327)

and, by (3.23), one gets
g
Y az)=HH'f(z), 0<z<L (3.28)
=1

By the hypothesis on f(z), it follows that g;(z) is twice continuously differentiable in
[0,1], and, by (3.24), one gets

91(0) + B(51)g:(0) = 0, } (3.29)
q,

a(igi(1) + (e(@)B() ~ 1)gi(1) =0, 1<1<
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If the subspace Im H(e(%), B(4:)) is invariant by the matrix A, or

I — [H(a(@), BG))H (a(ir), BENAH (alir), B(1)) =0, 1<1<g, (3.30)
by (3.26), (3.27) and (3.29) together with Theorem 3.1, one gets a series U(z, t,1) defined
by :

(3 A4 in A, (D) - B A (1) cos A (DT} oy + (= — B()) Bo (D),

" 0 € Flalir), B(h)),
U(JJ, t, l) = <

37 RO fsin Ay (D ~ B(51)An (1) cos An (D)2} En, )

" 0 ¢ F(alin), B,

(3.31)

where F(a(i1), B(j1)), M () and E} ) are given by Theorem 3.1, is a solution of problems
(1.1)—(1.3) together with the initial condition

U(z,0,l) =gi(z), 0<z<1. (3.32)

By (3.28) and (3.32), one gets that

u(z,t) =Y U(z,t,1), (3.33)

=1

is a solution of problems (1.1)-(1.4). Summarizing, the following result has been estab-
lished.

Theorem 3.3. Let A be a matrix in C™*™ satisfying (1.5), and assume hypothe-
sis (1.6), where A} = I. Let S and H be defined by (3.21) and (3.22), respectively. Let
Aj be defined by (2.10), and f(z) is a twice continuously differentiable function in [0, 1]
satisfying (3.23) and (3.24). Under hypothesis (3.30), u(x,t)—defined by (3.33), where
U(z,t,l) is defined by (3.31), 1 < |l £ gq—is a solution of problems (1.1)—(1.4), with
A =1

Remark 3.4. Taking into account Remark 2.3, a solution of problems (1.1)-(1.4) can
be constructed in an analogous way under the hypotheses (1.6) and (1.5) and certain
conditions on f(z).

The following example illustrates that the hypotheses of Theorem 3.3 are easy to check.
Example 3.5. Consider problems (1.1)-(1.4), where A; = I in C4*4,

000 0 1 00 -2
2.0 2 0 020 0
A=l 1 00 210 BTl 101 3
000 0 0 0 0 -1
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0 00 -1 2. 000
0 01 -2 0 2 0 0
Ba=11 210 -1 4 (o0 1 1|
-1 00 0 1 0 01
Here, the block matrix i
I B
Ay By
is invertible, with
[0 0 0 o
n _ _ -1 _ 1 0 O "1
Ay =(AsB) — Bp) Ay = 2 0 2 ,
0 00 0

o(A) ={1,2}, o(By)=1{2,-1, 1_} and o(A4y) ={0,2}.

With the above notation we have

-2 00 0
A A 1 -2 0 -1
My = As, M;=A;-2= —9 0 0 ol’
0 00 -2
-1 0 0 -2 200 -2
00 0 030 0
Ne=Bi-2I=| o | ., Na=sB+I=|' .,
00 0 -3 000 0
000 -2 0 2 -10
B o010 0 f_ 10 0 00
M=B=I=1 g0 3" MZ5lo 2 2 of
000 -2 0 -4 -10
-2 0 -2 0 -1 0 -1 —1]
i 1]-1 -4 -1 2 ot | 00 0 0
M=5lo o o of MUI=MM)=1_,, ; |
0 0 0 -4 -1 0 -1 -1}
00 00 00 0 0
00 00 0300
No(I — MIM,) = -1 = MyMp) =
2( 22) 00 -1 ol Nl( MO 0) 0 0 0 oOf’
00 00 0 0 0 O
0000 -1 o0 -1 -l
4 oo oo Mmtmy<2] 03 0 0
N_I(I MQMQ)— 00 2 ol Nl(I MOMO)_' -1 0 -1 -1}’
0000 -1 0 -1 -1
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Ni(I - MIM;) = 0.

Hence,
-1 0 -1 -1 00
1100 0 0 00
— M{Mo)' = = — MiMy))t =
[N2(I MOMO)] 9 -1 O -1 _1) [N2(I M2M2)] O O
-1 0 -1 =1 00
00 00 00 0
0 200 00 0
N_y(I-M{M)t=| 3 N_i(I — M{My))t =
[ 1( 0 0)] 0 0 O O’ [ 1( 2 2)] 0 0%
0 0 00 0 0 0
-1 0 -1 -1
1101 0 o0
~ MM = - ~ MMyt =
[N (I — Mg My)) 6l-1 0 -1 —1l° [Ni1(I = My M,)])" = O
-1 0 -1 -1
Matrices H(a, () defined by (3.19) take the values
00 00 101 1
01 00 10 0 00
H(0,2) = 0 0 0 0|’ H(O’_l)"§ 101 1|’
00 00 1 011
0000
0000
H(2,1) 00 1 ol H(2,2) = H(2,-1) (0,1)=0
0 00O
Matrix H defined by (3.22) is
0000301310000
F_]010000000000
10000303+ 0010
0000302 Looo0oO
and
00 00
0100
H(0,2 H' =
[H0.2) 0 0 00 0 o
00 0O
000 O
11000 O
R
[O 0 H(Q’l)]H 2|1-1 0 2 -1’
000 O
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0

[o H(0,-1) O]Hfzé

oo =

1
-— f = —

= O
o O O O
o= O =
o O O O
O O O O
o O O -

0
0
0 -1
If we impose on f = (f1, f2, f3, f4)* the condition (3.23), it follows that
(I-HHY)f(z) =0, then fi(z) = fa(z), 0<z<1
Projections g;(z) defined by (3.26) are
o= = [H©,2) 0 0| H'f)=(0 fale) 0 0)
o@=[0 B#O-) |H@)=(hE 0 L) AE)
s@=[0 0 HED]|H =0 0 KEAE ) .

Since

[H(0,2))t = H©,-1)]' = 5

o O O O
SO~ O
o o O O
[ R ew B oo Y e ]

(==
o= O
o O O O
e i N
—o= O

(H2,1)" =

o O O O
o= O O
o O OO

OO OO

and
[I — H(0,2)[H(0,2)]'|4H(0,2) = 0,
[I — H(0,-1)[H(0,-1)]']AH(0,-1) = 0,
I - H2,1D[H?2,1)NAH(2,1) =0,

Thus, condition (3.30) holds true and the subspaces Im H(0, 2), Im H(0, —1), and also
Im H(2,1), are invariant by the stable matrix A. Well-posedness conditions (3.24) take

the form
0 00O
0100
0 0 o ol FO+2rE)=0 o £0)+2750) =0,
0 00O
0 00O
0100
0 00O
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1 0 0 1
515 o o N U@-r)=0 o 70)-A©O) =0,
1 0 0 1
1 0 0 1
510 0 o lrm=0 o fy=o
1 0 0 1
0 00 0
511 o 0 GO+ =0 or f5(0) - £1(0) + £0) - Fi(0) =0,
0O 0 0 0
0 0 O 0
IO 00 sy @) =0 or 26(1) —2A(1) + £(1) - £i(1) =0
21-1 0 2 -1 - 3 ! 3 ==
0 0 0 0

Summarizing the corresponding problems (1.1)—(1.4) is well-posed and satisfies hypothe-
ses of Theorem 3.3 if f(z) is twice continuously differentiable in [0,1] and verifies the
conditions

filz) = falz), 0<z<1,
f1(0) = f1(0) =0, f2(0) +2£3(0) =0, f3(0) + f5(0) =
fi@) =0, (1) =0,  2f5(1) + f3(1) =

4. Analytic-numerical solutions with prefixed accuracy

The series solution of problems (1.1)-(1.4) provided by Theorem 3.3 presents some com-
putational difficulties. Firstly, the infiniteness of the series. Secondly, eigenvalues are not
exactly computable because equation (2.15) is not solvable in a closed form. It is impor-
tant to point out here that eigenvalues of the coupled problems (1.1)—(1.4) and eigenfunc-
tions are built up in terms of scalar Sturm-Liouville problems of the type (3.7) or (3.29).
In spite of well-known efficient numerical algorithms for the computations of eigenval-
ues {18, 24, 25], it is interesting to study the admissible tolerance in the approximate
eigenvalues according with a prefixed accuracy. Finally, as the computation of matrix
exponentials appearing in the exact solution of problems (1.1}-(1.4) is not an easy task
(see [21]), we also approximate matrix exponentials by appropriate matrix polynomials
of certain degree. In this section we address the following question. Given an admissible
error € > 0 and a bounded subdomain D(tg,21) = {(z,t); 0 <z <1, 0< ¢ <t € 41},
how do we construct an approximation that avoids the above-quoted difficulties and
whose error with respect to the exact solution is less than £ uniformly in D(¢g,t1). By
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Theorem 3.3 it is sufficient to develop the approach when the exact series solution is the
given by Theorem 3.1.

To fix ideas we seek to approximate the series U(z,t) defined by (3.11), where vector
E\), is given by (3.9)-(3.10). By applying Parseval’s inequality (see {3, p. 223] and [7])
to the scalar Sturm-Liouville problem (3.7), one gets

1
lex, D < / fi@Pde, n>1, 1<i<m, (4.1)
m 1 1
IEx |17 < Z/o |fi(z)|* dz = /0 If(x)|3dz = F?, n>1. (4.2)
Jj=1

By Theorem 3.1 we have § € g(B1), and, by (3.17), one gets B1(E),) = BE),, and
X, (z) = {sin(Apz) — A\pBcos(Anz)}Ex,, n21, 0<z<1. (4.3)
By (3.32)—(4.3), it follows that
X2, @I < F(L+ Al|Ba]l), 0<2z<1, n>L (4.4)

By (1.8) for t; = t > ty, one gets

m—1 ]
Alltivm) 5.
”e_’\iAt“ < e—ﬁ(A)tO/\i E (” ” ;' ) Aij (45)

3=0
Let ¢ and ¢y be the scalar functions defined for s > 0 by
oi(s) = (k+2)In(s) — $2B(A)to, r(s) = e~ BMgE o<k <2m—1. (4.6)

Since (k+2)
Pi(s) = s - 2sB(A)to,
it follows that

k+2
B(A)to

1/2
©r(s) <0, ifs>sk=< ) , 0<k<2m-1.

Take s}, > si such that
(k+2)In(s) — s?B(A)to <0, s>s,>s,, 0<k<2m—1, (4.7)
then, by (4.7), it follows that
or(s) = e~ BA)o gk QA+ |B1])7's72, s=sk, 0<k<2m-1 (4.8)
Since limy, 00 An = 400 and A, < Aqq41, let ng be the first positive integer so that

Ang > s* =max{sy; 0 < k< 2m— 1} (4.9)
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By (4.3)-(4.9), it follows that

||e_’\iA‘X,\ @) < sz_:l (¢2i(An) + ”1.31”¢2j+1()\”))(||A||t1\/'r_n)j

!
7=0 7
m—1 :
Alt J
SA;Q(ZM>a 0<.’E<1, 0<t0<t<t17 n>n0-
Jj=0 )
Since A, > (n— 1)m, n > 1 (see Remark 2.2), if we denote by L the constant
m—1 ;
_ (1At v/m)
L_F<§:BT : (4.10)
]:

then

Z e AtX)‘ (z)

n>ng

LY AE< -L—2 > n2 (4.11)
n>ng

n>ng

=2 = 1n?, taking ny > ng so that

Sa?s wQ(é - 3%) (4.12)

n=1

Since 3, 5,7

by (4.11) and (4.12), one gets

Ze"\’“X,\ () \—},;, 0<z<1l, 0<ty<t. (4.13)
n>niy
Thus, the finite sum
ny )
Viz,t,n) = Ze_’\"AtXAn (x), (4.14)
n=1
satisfies
|U(z,t) = V(z,t,n1)ll2 < 36, 0<z<1, 0<to<t (4.15)

The approximation V(z,t,n1) involves computation of the exact eigenvalues Aj, Ag,.. .,
An, , Which is not easy in practice. Now we study the admissible tolerance when one consid-
ers approximate eigenvalues A1, Aa, .. /\n1 , building up the approximation of V (z,t,n;)
defined by

ni .
Vie,t,m) =) e *AX5 (2),

n=1

e, (] ¢ (4.16)
X5 (a:)-{sm Anz) — AnfBcos(Anz B E5 . Ej, = : ,
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where, for 1 < i < m, e _(¢) is defined replacing A, by An in (3.9). Note that we can
write

e_’.\i’“X;\n (z), —e_’\i'“X,\n (z)
= e_;\?'At{sin(:\nx) -\ cos(:\n:c)}E;n - e"\?‘At{sin(/\n:r) — Anfcos(Ax)}E,
= (e7 At — e~ A (sin(N,z) — A8 cos(Anz)} B
+ e—’.\iAt{sin(j\na:) — AnBcos(Anz) — sin(Anz) + A, 0 cos(Anz) } E5
+e A sin(Anz) — AnBcos(Anz)}H(E;  — Ea,).

Let I(p) be defined by

1
= / {sin(pzx) — Bocos(pz)}°dz, p>0, (4.17)
0
and let v, A and A; be positive constants chosen so that

ll’lf{I(p), pP=An, p= :\n; 1< } 2z ; (4 18)
0 < Ay < min{A;, A}, ma.x{/\n, i1<n<m} <A '
It is easy to show that

|sin(5\nz) — AnBcos(Anz) — sin{A,z) + ApBcos(Anz)] < (1 + 8} + |B[An)|An — Aal,
[sin(Anz) — AnBcos(Anz)| <14 [An], 0<z< 1.

(4.19)
By (3.9), for 1 < i € m, one gets
ex. (i) — 5 (i) = (I(n) = I(A)) fol fi(z){sin(;}n:c) — AnBcos(Anz)} dz
" I(An)I(An)
fol fi(@){sin(Anz) — AnBcos(Anz) — sin(Anz) + AnfBcos(Anz)} dz
+ I0w) !
(4.20)

by the Cauchy-Schwarz inequality for integrals it follows that

1 - . - 1 1/2 B
/ Ifi(x){sm(xnz)—Anﬁcosunxmdx<( I lfi(r)l"’dz) TGNV (421)
0 0

and by (4.19)
1
/ | fi(z){sin(Anz) = A cos(Anz) — sin(A,z) + ApBcos(Anz)}| dz
0

1 1/2 _
<(1+IIBlll(l+x\n))(/0 Ifi(z)Ide> An—Anl, 1<ig<m.  (4.22)
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By (4.20)—(4.22) it follows that

(M) — I(A)

(o (@) da)'/2.

e, (§) — e5. ()] < { T e = L+ 1B +An))}

(I(An))H/?

Note that
I — I(A) / (sin(Anz) — AnBcos(Anz) + sin(A,z) — AnBcos(Anz))
x (5in(Apz) — Anf cos(Anz) — sin(Anz) + AnBcos(hy,
and by (4.18) and (4.19) one gets
11(An) = IO < 1An = Aa] (1 + [ Bill(1 + An + An)),
lex, (8) = €5, ()] < X+ TOR)) VAT M) THA+ 1B+ An + An))?

)
x(/ fie Ide)mIf\ ~ Xl

lex, () — e5 ()] < 4(¥"% + 1)y(1 + | B1]))*(1 + A)
1 1/2 N
X (/ | fi(z)]? dr) A = Anl, 1< <y,
0

1Bx, — Bs_ll2 < 4(r2 + 1y(1 + |B[)*(1 + A)
1 1/2 )
< (/ ||fi(x)||3dz) Do —Jul, 1<n<ms.
0

By definition of E5_ we have

_ 1 1/2
1B ll2 < 21+ AnnBln)( / ||fi(x)||§dm)  l<n<n.
0
By (1.8) and (4.18) one gets

m—1 2 ;
Y —top(a)a2 N~ (Al Alvm)’
lle ,\nAt” < e~ t0BAAAY Z 7 ,

j=0
m—1
A%t ||A
” -2 at < e—toﬂ(A)Az Z ( 1” '”\/_) , 1<n<n, to<t<t.
j=0 7'
Let us write
e~ tAnA _ o—tAlA _ e—ziﬁA(e—t(Aﬁ—ii)A -I.
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By (1.8), (4.18) and the mean value theorem, under the hypothesis [A, — An| < 1 one gets
"e—t)\iA _ e-—tiiAn < ”e-—t:\,{A”(e—t()\?l—:\i)”A" _ 1)’ 1<n<n,

< m—1 43 j
"e—t,\iA _e—t/\iA“ < (e—toﬁ(A)Af [Z (A tl"fl,“vm)]]4Al|A||tle2"A"Atl)|)‘n _ ;\n|
¢ 7!
=0
(4.26)

By (4.16), (4.23), (4.24), (4.25) and (4.26), assuming that |A, — Al < 1,1 < 7 < ng,
to €<t < ty, it follows that

le*AX5 (2) —e X AX, (@)llo S KJAn — Anl, 1<n<ny, to<t<ti, (4.27)
where
m—1 2 ;
K = 4[ (A t1||A|”\/ﬁ)J:|(1 + A)Ze—toﬁ(A)/l%Kl,
=0 ' (4.28)
1 1/2
Ky = (2 + D71+ | Ba])? + Al A1 4 ( [ i@ dz) .

Given € > 0 and n,, consider approximations 5\n of A, for 1 < n < ny, so that
- . 6
[An = An| < min 1am , 1< n<n,

then by (4.14), (4.16), (4.27) and (4.28) it follows that
IV (z,t,n) — Vi, t,n)le < %5, to<t<t;, 0Lz (4.29)

By Theorem 11.2.4 of [11, p. 550], one gets

ey Z": A%A

(q+1)

ARl T IAL f <<ty (430)

and by (4.18) and (4.19),

1 1/2
1Xs. (@)ll2 < 201 + AnBln)?( / IIf(m)H%dw> , l<n<m, 0<z<L
0
Since
(A%, A])e+?
m —————— =0,
g0 (g+1)!
take the first positive integer go such that
(A2t ]| A))%o+! e
(g0 + 1)! 6nell Al A (1 4+ A By D2(J) | £ (2)]I3 dz)1/2

, (4.31)
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then, if we define

n1 490 3
—A2tA)k
'&(I’t,nl,%) = (+)X5‘n (fl:), (432)
n=1 k=0 '
by (4.16), (4.31) and (4.32) one gets
IV (2,t,n1) — @z, t,n1,q0) 2 < 36, to<t<t, 0<z <, (4.33)

and by (4.15), (4.29) and (4.33) one concludes that

|U(z,t) — a(z,t,n1,00)2 <&, to<t<t, 0<z<1L (4.34)

Summarizing, the following result has been established.

Theorem 4.1. With the hypotheses and the notation of Theorem 3.1, let ¢ > 0,
to > 0 and D(to,t1) = {(z,¢); 0 <z < 1, to <t < t1}. Let v, A and Ay be defined by
(4.18). Let ny be chosen by (4.12) and qg by (4.31). Let A1, s, ..., An, be approximations
of eigenvalues A1, A2, ..., Ay, satisfying

IAn-:\n|<mln(1vﬁ)a 1<n<nl,

where K is given by (4.28). Then u(z,t,n1, qo), defined by (4.32), is an approximation of
the exact solution U{x, t) of problems (1.1)-(1.4), given by Theorem 3.1, satisfying (4.34).
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