SPECIAL ABELIAN GROUP DIFFERENCE SETS

E. C. JOHNSEN

1. Introduction. A v, k, \ abelian group difference set (abbreviated AGDS)
(G, D) is a k-subset D = {d;},* taken from an abelian group G of order v
such that each element different from the identity e in G appears exactly A
times in the set of differences {d.d;'}, where 0 < A < k < v — 1. Combina-
torially, a v, k, A AGDS is equivalent to a v, k, \ design having an abelian
collineation group which is transitive and regular on the elements and on the
blocks of the design (1). Thus, v, k, and X satisfy the following relation (cf. 5)
1.1) (v — 1N =k(k —1).

Two AGDSs (G, D) and (G, E) are called equivalent if there exists an auto-
morphsim w of G under which

(1.2) E* = Da

for some ¢ € G. If E = D in (1.2), then w is called a multiplier of (G, D),
and if w is the identity automorphism in (1.2), then (G, E) is called a translate
of (G, D).

Two special classes of AGDSs have been investigated recently in (2) and
(3). One is the class of AGDSs (G, D) with the inverse multiplier (abbreviated
IMAGDSs)

vg—glh,  gEeQG,
and the other is the class of skew-Hadamard AGDSs (G, D) (abbreviated
SHAGDSs), where e ¢ Dandforallg € G, g # e¢,g € Difandonlyifg=! ¢ D.
In this paper we shall obtain a classification of AGDSs in which these two
classes together with the AGDSs complementary to the SHAGDSs (abbre-
viated co-SHAGDSs) become the simplest and the most prominent classes.

2. Preliminaries. Let (G, D) be a v, k, A AGDS and let
I ={xJ]0=i<v— 1
be the abelian character group of G, where x, denotes the principal character.
For the positive integer 7 let ¢, denote exp(2xi/r), the principal primitive rth

root of unity, and let R(¢,) denote the field of the rth roots of unity over the
rational field R. We define on G the function

1, D,
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and set

(2.2) Ep(s) = ;GAD(g>xs<g>, 0<s<v-—1,
g

and

(2.3) 8'(s) = %Au(g)xs(g‘l) = %Au(g”)xs(g), 0ss=v—-1

Note that £,/ (s) = E5(s) (complex conjugate) and that if x, is of order 7 in T,
then £5(s) and &5/ (s) are algebraic integers in R(¢,), 1 £ s < v — 1. Finally,
for any set .S we define the ‘““Kronecker 6’ in the obvious way, i.e., forx, v € .S

X =12
X #Zy.

) = |
Now, as previously derived in (3), we have that
(2.4) Ep(8)En(s) =k — X\ + Mé (s, 0), 0=s=0o—-1
From this we see that
(2.5) [Ep(s)| = V(B —=2) >0, 1=s=v—1

3. A classification. Consider the possibility of solving the system of v — 1
linear equations

(3.1) & (5) = a1+ astp(s) + ...+ aaEn"2(s), 1<s<wv-—1,
for the values of ay, as, ..., a,—; in R({,), where f = lem,cg{order (g)}. Let
E=[57160)], i=1,...,0—1j=1,...,0— 1.
Suppose that there are exactly pp distinct values among
{ep(s)|[1 = s v — 11,

Let them be £p(41), &p(42), . . ., £p(7,,). Now, clearly, rank (E) = pp. How-
ever, the pp X pp submatrix

EPD = [EDj_l(iT)]! v = 17- «+y PDy ] = ly' -+ PDy

is a non-singular Vandermonde matrix; hence, rank(Z) = pp. Thus,

rank (E) = pp. Since the rank of = is attained by the non-singular submatrix
Z,p» the system of pp, linear equations

(3.2) £/ (1) = by + bafp (i) + ... + 0, £0°71(F), 1 =7 = pp,
has a unique solution for by, b, . . ., pr in R(¢;). Now, by (2.4), (3.2) becomes
(3.3) k=N =0bip(ir) + b2bp?(r) + ...+ by Ep (i), 1 =7 = oo
Applying Cramer’s rule to (3.3) to find b,,D we obtain

9))

(3.4) by = (=17 (k — \) EII £p(ir) # 0.
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We have thus shown the following result.

TureoreM 3.1. Let (G, D) be an AGDS, where f = lcmyeg{order(g)} and pp
is the number of distinct values among {§p(s)| 1 £ s S v — 1}. Then there exists

a wunique polynomial qp(x) = by + bax 4+ ... + b,,DxPu—l, b,,D # 0, with
coefficients tn R({;) and of lowest degree for which

(3.5) £0'(s) = gn(n(s)), l=ss=v—1
Now consider the representation of G as a direct product of cyclic groups,
(3.6) G=Cler) @...0 Clen),

where C(e;) is cyclic of order e;, 1 <7 < #n, e;|eq1forl <7 =<n — 1, and
v = II}_se;, where ¢, = f. Let g(, be a generator of C(e;), 1 <4 < n. Corres-
ponding to (3.6) we have a representation of T as a direct product of cyclic
groups,

(3.7) I'=K(e1) ®... 80 K(ew),

where K (e;) is cyclic of order ¢;, 1 £ ¢ < #n, and where we may take x(; as a
generator of K(e;), 1 £ j £ n, where

Cepy T=17, . .
(3.8) x» @) = {li i ;éj-, l=1s=n1=j=n
Now if g € G has the representation g = gmy"'. .. gum", then we will set
Ap(vy, - .., va) = Ap(g), and if x; € T has the representation

Xs = X s X n,

then we will set £p(oy, . .., 0n) = £p(s), where we always take the exponents
of gy and x(» as non-negative integers modulo e¢;, 1 = ¢ £ n. Thus, with
this new notation, (2.2) becomes

e1—1 en—1 n
(39) ED(G'ly D (fn) = Z M Z AD(Yly ey ’Yn)H g-ej”f'yj’
Y1=0 Yn=0 j=1
020, fe;—1,1=17=mn.
Now e;e, = f, hence, let eu; = f whence {,; = {4, 1 <4 < n. Then (3.9)
becomes
e1—1 en—1 »
3.10) £p(o1, ..., 00) = Zo . ZO Ap(Y1, . -, Yn) €XP <27riz:1 o'j'YﬂLj/f)r
T1= Y= p

0=Z5;Z¢e;—1,1Z71=Z n.
Lemma 3.2. Let (G,D) be an ADGS, where f = lcmyeg{order(g)} and
tp(t1), ..., ED(i,,D) are the distinct values among {¢p(s)| 1 £ s £ v — 1}. Then
the polynomial
Pp

Qo) =] @ — £G.)

r=1

has rational integral coefficients.
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Proof. Now ¢p(a1, ..., 0,) € R(¢s). The automorphisms of R({;) fixing R
elementwise are all of the form
(8.11) bt 187, lSwsf, gedw,f) = 1.

Under such an automorphism we have

o ‘3Xp<27rig1 0771”j/f> - exp(21ri?_::1 (waj)’)’j”f/f>,
whence by (3.10),
(3.12) bu: En(o, ...y 00) = Ep(woy, . .., way,),
ged(w,e;)) =1, 1 ¢ = n,
which means that ¢, induces a permutation on the set of values
En(i). - £l ).

But then the coefficients of the polynomial

0ote) = I (= — £6)

are invariant under all automorphisms of R({,) fixing R elementwise; hence
these coefficients must be in R. Since these coefficients are also algebraic
integers, they are, in fact, rational integers. This proves the lemma.

We can now obtain some additional information about the polynomial
gp(x) in Theorem 3.1.

THEOREM 3.3. The coefficients of qp(x) = by + box + ... + b,,Dx"D—l are
rational and of the form

by = ci(B — \)~Hop—d),
where ¢, 1s a rational integer, 1 <1 = pp, and ¢,;, = ¢ = £1.

Proof. The polynomial b,,D”l(ng (x) — (B — \)) is monic of degree pp and
has £p(41), ..., ED(ipD) as roots, hence by Lemma 3.2,

pr_l(xQD(x) — (k=) = Op(x)
or
DN <_bL> (pr—1> e
(3.13) by T \o 0T TG TER S
c feix+... .+ z;pD—l'xpD—l + "D,
where ¢/, . . ., c,,D_l’ are rational integers. Now, by (3.4),

1By, | = (k — N)~Hop

whence
(3.14) by = e(k — AN Eepd e = 1.
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By (3.13), pr = —(k — \)/co’ which is rational. Again, by (3.13) and (3.14),
b, = prC/ = ec/(k — \) 20y = ¢, (B — \)"F0p=2
is rational, where ¢; = ec,’ is a rational integer, 1 £ 7 < pp — 1.
CoROLLARY 3.4. If an AGDS (G, D) exists, then either pp is even or k — \ is
the square of a rational integer.

Proof. By Theorem 3.3, b”u = ¢(k — \)~*¢p=2 is rational. Thus, if pp is
odd, then £ — X\ must be the square of a rational integer.

Lemma 3.5. If an AGDS (G, D) exists, then pp = 2.

Proof. Now pp = 1. Suppose that pp = 1. Then, by Corollary 3.4, & — \ is
a rational integral square, m? where m > 0 is an integer. By Theorem 3.3,
by = e/ (k —\) = em, e = &1, whence by Theorem 3.1

¢n(s) = em, 1<s=<v—1,
or
(3.15) > Ap(g)xs(g) = em, 1=s=v—1.
gEeG
Now, multiplying both sides of (3.15) by x;(g«"), g« € G, and summing on s,
we obtain:
(3.16) Ap(ge) = v (k — em) + emd(g«, e).

By (3.16) we must have v |k + m. Since 0 < & — m < v we cannot have
v|k — m. Hence v| k2 + m and thus » < & + m. Now

B+ m)(k —m) =k —k 4+ X\ =0\

whence N\ =k —m or /(k—\) =m = k — \, which is impossible for
k — X > 1. Hence pp = 1 is impossible, whence pp = 2.
We now consider the special case where pp = 2.

THEOREM 3.6. Let (G, D) be an AGDS for which pp = 2. Then qp(x) s

either x, —1 — x, or 1 — x. Furthermore,
(1) gp(x) = x if and only if Ap(g™') = Ap(g) for all g € G (i.e., if and

only if (G, D) is an IMAGDS, where D* = D);

(ii) gp(x) = —1 — x if and only if Ap(e) = 0 and Ap(g™) + Ap(g) =1
for all g € G, g # e (i.e., if and only if (G, D) is an SHAGDS);

(iii) gp(x) = 1 — x if and only if Ap(e) = 1 and Ap(g™') + Ap(g) = 1 for
all g € G, g # e (i.e., if and only if (G, D) is a co-SHAGDS).

Remark. By a theorem of McFarland and Mann (4), every multiplier of
an AGDS fixes some translate of the AGDS. Hence, every IMAGDS is a
translate of an IMAGDS (G, D), where D* = D.

Proof. For pp = 2 we have, by Theorem 3.3, that gp(x) = ¢; + ex, where
¢1 is a rational integer and € = 1.
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Case 1. ¢ = +1. Here £/(s) = ¢1+ £p(s), 1 =5 =9 — 1. However,
£/ (s) = Ep(s); hence, Re(£)/ (s)) = Re(£p(s)), whence ¢; = 0 and ¢p(x) = «.
Thus, £&/(s) = &p(s) or

(3.17) };_;;Ao(g_l)xs(g) = % Ap(@)xs(g), 1=<s=v-—1

Multiplying both sides of (3.17) by x,(g«71), g« € G, and summing on s, we
obtain Ap(g«1) = Ap(gs) for all g« € G. Hence, (G, D) is an IMAGDS,
where Dt = D. The converse is trivial.

Case 2. e = —1. Here £,/(s) = ¢1 — £5(s) or
(3.18) 2 Ap(@ Dxs(®) =1 — 2 Ap(@)x(g), 1=s=<v-—1
9€G 9€G

Multiplying both sides of (3.18) by xs(g=71), g« € G, and summing on s, we

obtain

Ap(g) + Ap(gs) = v (2k — 1) + a16(gx, €),
or
(3.19) Ap(ge™) + Ap(ge) = v (2k — 1), g #e
and
(3.20) 2Ap(e) = v 1(2k — ¢1) + c1.

Now we cannot have Ap(g«t) + Ap(gx) =0 for all g« € G, g« # e, or
Ap(gs™1) 4+ Ap(gx) = 2 for all g« € G, g« # ¢, for otherwise, D would have
either 0, 1, v — 1, or v elements, contradicting 0 < A\ < & < v — 1. Hence,
Ap(g«t) + Ap(gs) = 1 forall g« € G, g« # ¢, whence by (3.19), ¢; = 2k — .
Then by (3.20) we have that 2A,(e) = 2k + 1 — ». Thus, v = 2k + 1,
whencec; = —landgp(x) = —1 — xfor Ap(e) = 0,andv = 2k — 1, whence
cp =1 and ¢p(x) =1 — x for Ap(e) = 1. In the first case, (G, D) is an
SHAGDS and in the latter case, (G, D) is a co-SHAGDS. The converse in
each case is easily verified.

4. A further result. If (G, D) is an AGDS of one of the types given in
Theorem 3.6 and E = D¢ under the automorphism w of G, then it is not
difficult to show that (G, E) is of the same type as (G, D). This is, in fact, a
special case of the following more general result.

TueoreM 4.1. Let (G, D) and (G, E) be two AGDSs and let E = D* under
the automorphism w of G. Then qg(x) = gp(x).

Proof. Now
(4.1) () =2 As@x(e),  1=s=v—1,

where

(4.2) ae) =Ny S Dl an(@a™.
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Hence, letting g = (g)w™! or g = (¥)w, we obtain, from (4.1) and (4.2),
(4.3) En(s) = 22 Ap@ xo(@w), 1=s=£v—1

9EG
Now, for all g € G, we define
0,(g) = x:((g)w), lss=sov—1

Then 6,(g) # 0 and 0,(g) € R(¢,) forall g € G, where f = lcmcq{order(g)}.
Furthermore, for all g;, g € Gandalls, 1 = s < v — 1,

0,(g122) = x;((g1g2)w) = xs((gow- (g2)w) =
xs((g1)w) " x5 ((g2)w) = 0,(g1) -0,(g2),

hence 6, is a character on G or 8, = x, forsome {,,0 < t, <v — 1. If t, =0

so that 6, = xo, then x; = xo, which is impossible since 1 £ s < v — 1;
hence, 1 £t;, <v —1foralls, 1 =s <o — 1. Thus by (4.3),

(44) &) =2 H@x.@ =), 1=s=v-1 154501,
gEG

which states that every value in {£z(s)|]1 <s <9 — 1} is a value in
{&p(s)] 1 < s < v — 1}. Writing D = E*~! and interchanging the roles of D
and E in the above argument, we see thatevery valuein {¢5(s)| 1 < s < v — 1}
is a value in {£x(s)] 1 = s < v — 1}. Hence, the distinct values in

(tx() 1 s S0 — 1
are the same as those in {£5(s)| 1 £ s £ v — 1}, whence pz = pp. Furthermore,
(45) EE/(S) = ED/(ts) = Qu(fl)(ts)) = gD(&'E(s))’ 1<s<v—1.

Now, by Theorem 3.1, the polynomial gz(x) of degree pz — 1 for which
£5(s) = qu(Eg(s)),1 = s = v — 1, is unique. Hence, by (4.5), ¢z(x) = gn(x).

It is not difficult to show that the conclusion of Theorem 4.1 does not
follow if we merely assume that (G, D) and (G, E) are equivalent. An example
is given forv =7, k=3, A =1, and G = {g¥ 0 = ¢ = 6} (the cyclic group
of order 7) by D = {g, g% g% and E = Dg7! = {e¢, g, g*}. Here, pp = 2,
while pz = 6.
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