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Abstract

We study the propagation of electromagnetic waves (EMWs) in both isotropic and
anisotropic ferromagnetic material media. As the EMW propagates through linear charge-
free isotropic and anisotropic ferromagnetic media, it is found that the magnetic field and
the magnetic induction components of the EMW and the magnetization excitations of the
medium are in the form of solitons. However, the electrpmagnetic soliton gets damped
and decelerates in the case of a charged medium. In the case of a charge-free nonlinear
ferromagnetic medium we obtain results similar to those for the linear case.

1. Introduction

Electromagnetic wave (EMW) propagation through ordered magnetic material media
has assumed lot of importance in recent times in the field of magneto optics [11]. In
this direction, some time ago Nakata [7] and Leblond [6] separately studied the EMW
propagation in a ferromagnetic medium without taking into account the exchange
interaction in ferromagnets and found soliton excitations of magnetization of the
medium. In this paper, we present the results of EMW propagation in an isotropic
charge-free (both linear and nonlinear) as well as charged ferromagnetic material
media by taking into account the basic spin-spin exchange interaction. Our study
is based on the interaction of the magnetic field component of the EMW with the
magnetization of the ferromagnetic medium. The dynamics of magnetization M(r, 0
in a ferromagnet in the classical continuum limit are in general governed by the
Landau-Lifshitz (LL) equation with Gilbert damping [5]

M, = M A Meff + aM A M A Meff, M2 = l, (1)

'Centre for Nonlinear Dynamics, Department of Physics, Bharathidasan University, Tiruchirapalli 62p
024, India; e-mail: veera@kaveri.bdii.ernet.in.
© Australian Mathematical Society 2002, Serial-fee code 1446-1811/02

103

https://doi.org/10.1017/S1446181100007951 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181100007951


104 V. Veerakumar and M. Daniel [2]

where Meff represents the effective field due to various magnetic interactions including
interaction with the external magnetic field. Here the suffix t represents partial
differentiation with respect to time. To study the propagation of EMWs in any
material media we have to consider Maxwell's equations describing the dynamics of
the electromagnetic field [4].

V-E=-p, VB = 0, (2a)

VAE = ~ VAH = j + i (2b)
ot at

Here E = (Ex, Ey, Ez) is the electric field, B = (Bx, B\ Bz) is the magnetic in-
duction, H = (Hx, Hy, Hz) is the magnetic field, e0 is the dielectric constant of the
medium, p is the charge density and J is the current density. For slowly-moving
charges the current density given above takes the form J = <rE, where a is the con-
ductivity of the medium. Using this and (2a) in the continuity equation for the free
current given by V • J = —dp/dt, we obtain p(t) = p(0) exp (—ot/€0). This shows
that any initial free charge density p (0) dissipates and therefore the first equation of
(2a) takes the form V • E = 0. Now, taking curl on both sides of the second equation
of (2b) and using the second relation of (2a) and the first of (2b) and after a little
algebra, Maxwell's equations can be put in the form

V(V • H) - V2H + oB, = B,,. (3)

Thus the set of coupled equations (1) and (3) completely describe the propagation of
an EMW in a ferromagnetic medium and by solving them, we will obtain the nature
of propagation of the EMW in the ferromagnetic medium and the magnetization
dynamics of the medium. Therefore in the next section we solve them in the case of
one spatial dimension for specific magnetic interactions.

2. An electromagnetic soliton in an isotropic ferromagnetic medium

A. Charge-free medium The effective field due to spin-spin exchange interaction
and interaction with an external field in the case of an isotropic ferromagnet can be
written as Meff = [V2M + 2AH]. When there are no free charges present in the
medium the term proportional to Gilbert damping in (1) is irrelevant and hence the
LL equation in this particular case ((1) when a — 0) can be written as

M, = M A [ 7 V 2 M + 2/*H], M2 = l, (4)

where A = gfj,b, g is the gyromagnetic ratio, iib the Bohr magneton and J represents
the exchange integral. Here H represents the external magnetic field which in our
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case is taken as the magnetic field component of the propagating EM field. In the case
of untreated ferromagnetic materials, the magnetization M, the magnetic induction B
and the magnetic field H are connected by the linear relation H = B/(JL0 — M, where
fio is the permeability of the ferromagnetic material [4]. After using the above relation
and dropping the term proportional to a, (3) can be written as

c2V2B-B,, = - [ V 2 M - V ( V - M ) ] . (5)
*o

Here c = 1/0/0*0 is the velocity of propagation of the EMW in the medium.
Equations (4) and (5) govern the propagation of EMWs in a charge-free isotropic
ferromagnetic medium. We solve the above equations in the one-dimensional case
after making a multiple scaling and perturbation analysis [2,12]. For this we introduce
the wave variable f = x — vt and stretch the wave and time variables by introducing
£ = e | , T = e3f, where e is a very small parameter. We then expand B and M [2, 12]
uniformly as M = Mo + sM, + £2M2 H , B = Bo -|- eB, + e2B2 -I , substitute
them in the one-dimensional version of (4) and (5), collect the coefficients of different
powers of £ and solve the resultant equations. The results at O(e°) show that the
magnetization Mo is restricted to the (y-z) plane (</> = 7r/2) and hence we choose
Mo = (0, sin0(§,r),cos0(£,r)). At O{sl) we obtain B* = 0, Ba

y = JfcMJ* and
M* = (nov/2AB*)(dMl/d$), where k = [^(c2 - u2)]"1 and a = y, z. At O(e2)
after using the results of O(e°) and O(e') (after lengthy calculations), we finally
obtain (for details see [2])

(6)
z

where
= — and a =

Equation (6) is the well-known completely integrable modified Korteweg-de-Vries
(mKdV) equation possessing iV-soliton solutions [14]. For instance, the one-soliton
solution of (6) can be written as / —2a sechaf, where £ = £ — r)t, a2 = r]/fx and
t] = constant. Knowing/, 6 can be calculated and hence we obtain the y and z compo-
nents of magnetization at the lowest existing order as Ml = 1 — 2 sech2 at, and M£ =
2tanha£ secha£. Using the solution of Ml in the relation for M\ we obtain the x-
component of magnetization at the lowest existing order as M\ = (fioavk/A) sech at,.
From the values of M and B, H can be calculated. The results show that the excitation
of magnetization, the magnetic induction and the magnetic field are highly localized
and appear in the form of solitons. To elucidate this we have plotted the components
of the magnetization M\, Ml and M^ in Figures 1 (a)-(c).
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(a)

FIGURE 1. Soliton excitation of the magnetization (a) Mf, (b) A/Q and (c) A/Q in the isotropic charge-free
ferromagnetic medium for r) = 0.001, a = 1 and A = —novk.

B. Medium with free charges When there are free charges present in the medium,
one expects damping and the LL equation in this case should be the complete version
of (1) with Gilbert damping.

M, = M A [JV2M + 2AH] + a{M A [M A (V2M + 2AH)]J, M2 = 1. (7)

Now the set of coupled equations (3) and (7) describe the EMW propagation in
the ferromagnetic medium with free charges. Following the same procedure as in
the case of charge-free medium [12], by choosing the conductivity o as a = e3cr
and the damping parameter as a = ea, after lengthy calculations we end up with a
perturbed mKdV equation with a dissipation term aJ(d2f/d%2), which upon making
the transformations/' ->• f/2 and r ' ->• ixx/2 becomes

n I
- (8)

where J = 4(nA/[i0vk). The term proportional to a in (8) leads to slow variation
of solitori parameters and distortion of the soliton shape [1]. The one-soliton solution
of this perturbed mKdV is of the form/ ' = 2go(r')[sech(z) - W{z, r')], where
z = 2go(*')[£ ~ </>o(f')] and the parameters go(x') and </>o(r') are found from the
relations

dgo dz d<p0 zdz
coshz

https://doi.org/10.1017/S1446181100007951 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181100007951


[5] EMW propagation in a ferromagnetic medium 107

FIGURE 2. (a) Deceleration of the electromagnetic soliton for a = 1.0, J/n = -1 /4 and u(0) = 1;
(b) damping of the magnetization soliton (M\); and (c) distortion of the magnetization soliton (M£) in a
charged ferromagnetic medium.

The correction to the soliton W(z, r') is determined from a cumbersome expression
which has the asymptotic form W = (z2e~z/32go) /^(R/coshz) dz, z -*• oo, and
W = Qxj'z/yigbJ^Rdz, z -+ -oo, where I/a' = 8 / ^ r f r ' . Here R stands
for the right-hand side of the perturbed mKdV equation. The above results give the
variation of soliton shape and we observe that the effect of Gilbert damping leads to
(i) the deceleration of the electromagnetic soliton, which is illustrated in Figure 2 (a),
(ii) damping of the magnetization soliton which is shown in Figure 2 (b) and (iii) the
distortion of the magnetization soliton at one end which is illustrated in Figure 2 (c).

3. An electromagnetic soliton in an anisotropic ferromagnetic medium

A. Linear medium In nature, not all ferromagnetic materials are isotropic. The spin-
orbit coupling of the ferromagnetic ion in the medium may interact with the crystal
field of diamagnetic ions thus creating an easy axis or easy-plane-type anisotropy. The
anisotropy of the medium due to the crystal field effect can be introduced by inducting
a term of the form —2fiMxn to the effective field where fi is the anisotropy parameter
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and n = (1,0,0). The undamped LL equation ((1) when a = 0) in this case takes the
form

M, = M A [yV2M + 2AH - 2fiM*n\, M2 = 1. (9)

Here the anisotropic axis (easy axis) is chosen to be along the direction of propagation
of the EMW (x -direction). The set of coupled equations (9) and (5) explain the
EMW propagation in an anisotropic ferromagnetic medium. Now we solve them
after stretching the wave variable to the same extent as in the previous cases and the
time variable by T = e2t. Also, we rescale J and /} as J -*• eJ and 2)3 ->• £"'£.
Due to the anisotropic nature of the medium here we nonuniformly perturb [13] the
magnetization as Mx = Mo + sMx + £2MX + •••, My = eI/2[Mf + eM\ H ] ,
Mz = e1/2[Mf + sMl + • • • ] , and also the magnetic induction in the same way.
Now we solve the coupled equations (9) and (5) in one dimension using the same
perturbation analysis. At O(e°), we obtain the relation B" = kM", where it =
(Bo/Mo) = [eoic2 - v2)]-1. At ^(e1). after using the results of O(e°), we finally
obtain Bx = 0 and

H v = 0 , (10)

where V = (Mf — iM\), \\}r\2 = Mx, y = —2Ak/JMOfio and T is rescaled as
(4A€0vk2/JfM0)x. While writing (10) we have used the transformation X = £ + P/J
and considered v/M0 <£ J. The Af-soliton solution of (10) can be obtained using
Hirota's bilinearisation procedure [3]. Using the same procedure it is found that the
one-soli ton solution [9] of (10) takes the form

ty = Gpsech[G(X+ G2z) + S], (11)
where

f -2exp(2r?0) ] 1 / 2 1 f-yexp(??o + V ) ]
= and d = - In .

[yexpbio + Tjo*)] 2 L 8G2 J

Here rf0 is a complex constant and G is a real parameter used in Hirota's bilinearisation
technique. Further, the N-soliton solution can also be constructed as done in [9]. Using
(11) in the relation for xjr and \i{r\2 and also in the relation connecting the magnetic
induction and the magnetization, we obtain the components of magnetic induction
and the magnetic field. The above results show that the excitation of magnetization,
the magnetic induction and hence the magnetic field of the EMW are highly localized
and appear in the form of solitons.

B. Nonlinear medium Ferromagnetic materials when treated show a nonlinear re-
lationship between magnetic induction and the magnetic field which is represented
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by H = [B 4- BNL]/fx0 — M, where BNL is the nonlinear component of the magnetic
induction. For our analysis we choose the nonlinear part of the magnetic induc-
tion BNL in terms of the magnetization of the ferromagnetic medium by writing
Byvi = —ufJ-o / M • [V • M] dx. Using this the LL equation can be written as

-2pMxn\, M2 = l. (12)
J

Similarly, using the nonlinear relation in (3) and solving it with the LL equation (12)
as done in the linear anisotropic case [13] at O(e') by making the transformation
rlr(t), t) = q(r), t)e'(-n+i/m/6 w n e r e 77 = £ + T/18 and i = x and after rescaling r as
as — (4Ae0k

2v/Jix0)r, we finally obtain

iQi + 2*11 + l^!29 + ' bnni + 6\q\2qn + H\q\2)nq] = 0. (13)

While writing (13) we have chosen Ak = 3JIA0M0, fi = 7/36, u = —l/2M0 and
assumed v/M0 <S J- Equation (13) is the well-known integrable nonlinear evolution
equation proposed by Sasa and Satsuma [10] while studying the integrability aspects
of generalised nonlinear Schrodinger equations and the iV -soliton solutions were
obtained by them using the inverse scattering transform method after finding the Lax
pair. Equation (13) also describes the propagation of optical pulses through dielectric
fibre medium when the higher order effect of the medium, namely the Raman process,
is taken into account [8]. For example, the one-soliton solution of (13) can be written
as [10]

0 |L| + cosh[2G-log|L|]

where

F = K2 [n + {(< - K\)/2K2 + (<\ - 3/c,2)}/ - JJ(1)] ,

L = l~ (6K2 - l) •

Here K2 = K0 + 1/6, r)w = KOi)m/K and K0 and «•] are real parameters and rj(0) and
?7(1) are real phase constants used in the inverse scattering technique. As before using
the above one-soliton solution and successive transformations we obtain the one-
soliton solution for r(r and finally the components of magnetic induction and hence
the components of the magnetic field. This clearly shows that the nonlinearity of the
medium has modulated the magnetic field component of the EMW in the form of a
soliton.

https://doi.org/10.1017/S1446181100007951 Published online by Cambridge University Press

https://doi.org/10.1017/S1446181100007951


110 V. Veerakumar and M. Daniel [8]

4. Conclusions

We have found that the propagation of EMWs in a charge-free isotropic ferro-
magnetic medium is governed by soliton modes. While soliton excitations of the
magnetic induction are restricted to the plane normal to the direction of propagation,
the magnetic field is restricted to the normal plane at the leading order of perturbation
and comes out at higher orders during propagation. However, when free charges are
added to the isotropic medium the electromagnetic soliton decelerates, the amplitude
of the soliton decreases and the shape of the soliton is distorted. Also when the EMW
propagates in a charge-free anisotropic (linear and nonlinear) ferromagnetic medium,
the magnetic field component of the electromagnetic field and the magnetization of
the medium are identified in the form of solitons.
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