A FEW INFINITE INTEGRALS INVOLVING E-FUNCTIONS
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1. The object of this paper is to evaluate a few infinite integrals involving £-functions
by applying the Parseval-Goldstein [1] theorem of Operational Calculus ; that, if

$(p)=h(x)
and P(p)=g(z),
then fm Plx)g(x)x—tdx = f N P)(@)xrde, coveveiniiiniiiiii (L)
0 0

when the integrals are convergent.
The notation ¢(p)=h(x) or k(z) =¢(p) means that

#0)=p [ ehia) da.
We shall require the following results [2, 98], [4, 134).
J.m ey~ Y] tg)ath~0,F (a, B; 8; -z)dx
0

I'@®)

“Te-arep’ Fl-ad-By:3:2, Ey>0,B@)>0. oo (2)

f T MLy, 81 N E(p; @ q; pe:z/Am)dA
o

=2ePA"mb ALY TB) E(p +2m ; o, i q+m; pyizfm™), cvniiiiiinnnn, (3)
where oy, =y +k+v)/m, opimip=0@+k+v)m, pe=@F+3+k+v)m, v=0,1,2,...,

m-1; R(k+v)>0, B(k+8)>0.

) r
2. (i) Take d(p)= I_"E)(—?(B) Pp+2)VE(e, B,y : 8 :p+2)

=e 2z 1, F (¢, B; 3; -%)
=h(z), R(y)>0,

x&—a—ﬁ—v—l
g($)=1.,(8———';—__ﬁ_v) IFI(S—a—B; S—a—ﬂ—v; —IE)

Sp (1 +p)+h-C=i(p), R -a-B-v)>0.

" and

Using these relations in (1) and evaluating the integral on the right with the help of (2),
we get

jmxd—a—ﬁ—v—l(x+z)—YE(a,B,y:5:x+z)1F1(8—a—ﬁ; S—a—ﬁ—y; _x)dx
0

M) BB -a-B-v) TS _ s

= T-a)I(5-P) 2V E@ -, 3-8,y +v:i8:2), rvririnnnnnin, (4)
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valid, by analytic continuation, for R(y +v)>0, B8 —a - B -v)>0, | arg z | <=, 2#0.
In particular, when v =0, we have

fm e~gb-a—B-Yg +2) Y (e, B,y : 8 : w +2) dx
0

P I'B) L@ -a-B) _,p .5
T e Tg) BB =2 8=By8:2) i (5)

where B(d -« —8)>0, | arg z |<m, 2 #0.
(ii) Now take

B(p) =p?H1,F (5 -, 5-B; 8; -p)

I y_,_m); (F(a sﬁ)ﬁ P, <s_a,1—a; L+B-a; —2—1,>}

= F(8)$”+6_V_1

) | N
g \ () I'(8 - B)F8+V—‘y a) e, Fo—a, 1 —a; 148~ d4+v-y~a; x)}

=g(x), R@+v-y-a)>0, R@E+v-y-B)>0,

and
h(x) =e~2zr=1(1 +x)6-2—B

. p@+2) ..
—:mE(V,a—FB S: .])+Z)

=¢(p), R(v)>0.
Applying (1) and using (2) we get

J.m ab =yl g 42 E(v, a +B -8 1z +2)
0

I(a-B) I'(B)z 1 e
x{,_Z;T(S—B)P(8+v—y—a)ze(S_a’l—a’ 1+B-a,8+v—-y-a; x)}dx

=Ia+B-8)27"E(a, B,y :8:2), ceeveriiriiinircrinieriinnnnes (6)

valid, by analytic continuation, for
R +v-y-a)>0, RG+v-y-B)>0, R(y)>0, R(y-8)>-1,|argz|<m, z+0.
When §—« +8, this gives

fm xa+ﬁ+v—v—1 (x +'z)—"
0

X a,z;r(—a)—Fz‘BT.'C—lez(B,l—d; 1+ﬁ—a,v—y+ﬁ; —x)}dx

={IW} 2V E(a, B, y i ¢ +B:12), wvvirernniirnnnnnns (7
R(a+v-y)>0, R(B+v-y)>0, R(y)>0, Ry -« -B)> -1, | arg z | <m, 2 #0.
When v =1y, (6) ylelds a result obtained by me previously [5, 174].
(ili) From the integral [4, 131]

fw eMLE(L; a, i n; pei2fA™) dA=2a)imimmetE(l+m; a,in; pytzfm™), . (8)
0
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R{a)>0, oy ppy =(a+k))m, k=0,1,2, ..., m -1, we find that

VBl o in; py: ljzm) =@a-trmetple BE{le+m; a,:n; p,:(p/m)™},
R(a)>0, oy gy =(a+k)m, k=0,1,2,..., m-1.

We take

h(z)=e2*x=1E(l; o, :n+m; pg: Lllam)
= @mt-immetp(p +2) B[l ; ay:n; p,: {(p+2)m}"]
=¢(p), R(=)>0, ppiry=(x+k)m, k=0,1,2, ..., m-1,

and

g(x) =21 F (A, ps v; —af2)
R A O I
S pIVE(A, pn 2

o) Ie) P (A, p: i p2)

=y(p), R(»)>0.

............

Applying (1) to the above relations and using (3) we get after a little simplification,

r Yz +2) (A, p; v —xfz) B[l i ;;s {{x +2z)/m}m)dx
0

=Lz m~E{l+2m; o«,:n+2m; pg:(z/m)™},........

where R(v)>0, R(a+A-v)>0, Rle+p-v)>0, |argz|<m, 20, aypyy=(c+A-v+k)/m,
°‘l+m+k+l=(°‘+l""”+k)/m: Pn+k+1=(°‘+k)/ms Pn+m+k+1=(°‘+'\+l"—"+k)/m» k=0,1,2,..,

m-—1.
When p =v, we have

f’” ez +2)" B[l a,:in; py: {(x+2)/m}m]de
0

=Lz m—~E{l+m; a,:n+m; ps:{2/fm)™},..ccoennnns

R(v)>0, R(a+A-v)>0, |argz|<-n-, 2#0, appp=(a+A-v+k)m, pyiey={(x+A+k)/m,

k=0,1,2,...,m~1,
This result is equivalent to one given by MacRobert [3, 190].
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