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e-FAMILIES OF OPERATORS 
IN TRIEBEL-LIZORKIN AND TENT SPACES 

GRANT WELLAND AND SHIYING ZHAO 

ABSTRACT. In this paper, we study the boundedness of e-families of operators on 
Triebel-Lizorkin with wide range of parameters. We also prove that e-families of op­
erators are bounded from Triebel-Lizorkin spaces into (generalized) tent spaces, and 
obtain a characterization of certain Triebel-Lizorkin spaces in terms of tent spaces. In 
particular, the boundedness of fractional operators in Triebel-Lizorkin, and a sharp ver­
sion of T\ theorem for generalized Calderôn-Zygmund operators on Triebel-Lizorkin 
spaces can be considered as applications of (proofs of) these results. 

1. Introduction. In this paper, we study the boundedness of e-families of opera­
tors in Triebel-Lizorkin and (generalized) tent spaces. Christ and Journé introduced e-
families of operators in [CJ], where a 71 theorem for Carleson measures was proved. A 
discrete version of e-families of operators has been studied in [HJTW] for certain Triebel-
Lizorkin and Besov spaces under the framework of the Frazier-Jawerth theory of smooth 
atoms and molecules. In this paper, we discuss a different approach, which relies on the 
method introduced in [CDMS] and the main result of the paper on the relation between 
Triebel-Lizorkin spaces and tent spaces. 

Tent spaces were systematically treated in [CMS], where boundedness of convolu­
tion operators were discussed. We give a slightly more general definition of tent spaces, 
which is similar in nature to the definition of Triebel-Lizorkin spaces. We then obtain the 
boundedness of e-families of operators from Triebel-Lizorkin spaces into corresponding 
(generalized) tent spaces (Theorem 1.3). In the case of 1 < p < oo, the proof is based on 
an extrapolation theorem for vector-valued singular operators (Theorem A, see [GR]). 
For the cases of/? < 1 or oo, we make a use of the technique developed by Fefferman 
and Stein in their fundamental work on W spaces [FS], and take an advantage of the 
atomic decomposition for tent spaces. As a consequence, we obtain a characterization of 
Triebel-Lizorkin spaces in terms of tent spaces. 

Finally, we briefly discuss two applications of our results: the boundedness of frac­
tional operators, and a sharp version of 7T theorem for generalized Calderôn-Zygmund 
operators (see [T] and [HS]) in Triebel-Lizorkin spaces. 

Let e > 0, and denote [e] the largest integer strictly less than e. A family S = {St}t>o 
of operators is called an e-family of operators on W1 if, for each t > 0, the kernel Kt(x,y) 
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1096 G. WELLAND AND S. ZHAO 

of St satisfies the following conditions: 

forx,y G W, and 

(1.2) \Kt{x,y)-P^M^)\ < ij^]\t+^lylr^V 

for 2\y — z\ <t+ \x — y\, where 

(1.3) Pf_zKt{^)= E ^T-DlKt(x9z) 
|7|<[£] 7 -

is the Taylor polynomial of degree [e] of Kt(x,y) with respect to the second variable 
in terms of y — z at point z. Here the common multi-index notation is used, i.e., 7 = 
(7i,72, • • • ,7/i) is an «-tuple of nonnegative integer, |7| = 7i + li + • • • + 7«, x7 = 
x]lxl2 • • -Jt7" for x = (xux2, • • • ,*„) G Rw, £>7 - a£Sg • • • c£;, and D2 stands for the 
derivative with respect to the second variable. It is easy to observe that by replacing e by 
any number less that e but bigger that [e] we can always assume that e is not an integer. 

If S is a family of operators, we shall denote the adjoint of S by S* = {iS7}/>o- Since we 
only consider homogeneous function spaces, we shall say that an e-family of operators 
S has the reproducing property if Six1) = 0 for all |7| < [e] and there is an e-family of 
operators R with the same property as S such that 

TOO dt 

(i.4) I R ; S 1 7 = I 

holds in the distribution sense, where I denotes the identity operator. We call that such a 
pair (S,R) is a reproducing couple. 

A well-known example of reproducing couples is given by the Calderon reproducing 
formula, that is, for any given e > 0, there exists a Schwartz function <j> G S so that 
(/> is radial, spt(</>) C {x e R : |x| < 1}, JR„ x1cf)(x)dx = 0 for all |7| < [c], and 
Jo° l<K'0|27 = 1 for £ ̂  0, where </> is the Fourier transform of <j>. If we define Qff = 
<t>t *f, where 4>t(x) — rn(f)(x/t), then Çft is clearly an e-family of operators, and (Q^9 Çft) 
is a reproducing couple. 

A variant of the last example is the following continuous version of the (^-transform 
formula [FJ]. There exist Schwartz functions 1/;, (p G S such that both (p, xj; G C°° with 
compact support and vanishing near the origin, and So° ^(jQ(p(tQ j = 1 for^ ^ 0. Thus, 
the reproducing property (1.4) is valid with S — Q^ and R = Q^. After the first version 
of this paper was submitted, we learned that Han [H1 ] was able to show the existence of 
nonconvolution reproducing couples. 

Let a; be a weight function on W1, then UJ is called a doubling weight if there is a 
constant C so that \2B\u < C\B\U < 00 for all balls B in W1, where IB is the ball with the 
same center as B but twice the radius, and \B\U = JB u(y) dy. We also recall that a weight 
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function UJ is said to satisfy the reverse Holder condition of order q(\ < q < oo), and 
write UJ G ^^Ç, if there exists a constant C such that 

(1-5) [ÏB\ L ^ " d x ) - C [ ^ \ L ^ x ) d 3 ] ' » < ? < « > . 
for all balls B in Rn, where \B\ denotes the Lebesgue measure of the ball B. We notice 
that condition (1.5) is trivial for q — 1, and it is a convention that condition (1.5) is void 
for q = oo. 

For 1 < p < oo, we denote y = p/(p — 1). We recall that a weight function a; is a 
Muckenhoupt's J\ weight if there is a constant C such that 

(L6) {w\L^){w\L^rp'dy)Pl-c> 1 <p < oo 

or 

(1.7) 
1 

W\ 
/ uj(y)dy < Cessinf^u;, p = 1, 

•AS 

for all balls B inW1. It is easy to see that UJ G J\ if and only if u;1_// G J^/. Also, it is 
clear, by Holder's inequality, that if UJ G J\ then UJ £ ty for all q >p.A non-trivial fact 
is that any j \ weight UJ has the strong doubling property: for each ball B and measurable 
subset £ of B, 

(1.8) 
1*1» - (g ) ' 

with a constant C independent of B and £ (see [Tor], for instance). 
Let <j> G S be the Schwartz function in Calderon's reproducing formula, which has I 

moment conditions (i.e., JR» x1</>(x)dx — 0 for all |7| < I). We denote Qt = QJ. Let UJ 
be a weight function. For a G R with |a| < £ + 1, and 0 < p, q < oo, the weighted 
Triebel-Lizorkin space F%,g(uj) is defined as the space of tempered distributions modulo 
polynomials,/ G S'/(P, with respect to the norm (or quasi-norm) 

(1.9) ii/yv) (fVicw? rf*y/* 
LP(UJ) 

0 </?, q <oo; 

and with the sup-norm sup{/ a |Q/(x)| : t > 0} instead ofLq(j) norm when # = oo, or 

(110) ll/ll*«w s(M/«r'('-i^)Di*) 
V* 

0 < g < oo, 
L°°(u) 

where the supremum is taking over all balls B C W such that x G B, and r(i?) is the radius 
of the ball B. We recall that, by definition, HgH/^) = esssup{g(x)/a;(jc) : x G W1}. It is 
well-known, and also will be implied by our results, that spaces F^,q(uj) are well defined 
in the sense that they do not depend on (up to equivalent norms) the choices of <f>. More 
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(1.14) Aa>°°f(x) = sup ra\f(y,t)\, q = oo, 
(y,/)er(x) 

and 

(1.15) ca*f(x) = Sap(±fJÊ{ry(y,t)\)q4f)ï,\ 1<<7<OO, 
B3x 

where the supremum is taking over all of balls B dW1 which contain x, and Ê is the tent 
over the ball B, that is, Ê = {(x, i) G R?1 : B(x, t) C B). 

The (generalized) tent space T^,q(uj) is the space of all measurable functions (including 
Borel measures, if q = \) f on Rf1 so that | | / 1 | ^ ( a ; ) = IM^/llz^) < oo if 1 < 
p, q < oo; or H/ll^^) = llC^/IU^a;) < oo, if p = oo and 1 < q < oo. When 
q = oo, the (generalized) tent space 7 '̂°°(u;) (with 1 < /? < oo) is defined as the 
space of all continuous functions/ on Wl+l so that ll/llr*00^) = H^"'00/!!/^;) < oo, and 
ll/ê~/llr*'°°(a;) —»• Oase —» 0, where/(jc, f) =/(*,£+£). For 1 </?,# < oo, it is clear that 
the dual space of 1%\<J) is ^"^(o ; 1 "^) . The duality of spaces T^o ; ) and T^^(u) can 
be shown exactly in the same way as in [CMS] (see also [D]), more precisely, we have 

(I-16) / / R f l \f(x,t)g(x,t)\^ < Cf^mcr^g{x)dx, 

for a l l / 6 7^(w) and g € 7 ^ ( w ) . 
We now state the main result of this paper. 

THEOREM 1.3. Suppose Hypothesis 1.1. Then there is a constant C so that 

(1-17) HS/llçv) < ClI/lljÇV). 

ybr a/ / / G F%,q(oj). Conversely, 

(MS) |f^'4lUM-C|lgl1^' 
forallg£TÏ«(u>). 

We remark that inequality (1.18) is an extension of a result in [CMS], where convo­
lution operators were studied for tent spaces J^,q. 

As an immediate consequence of the last theorem, we have the following character­
ization of Triebel-Lizorkin spaces by means of tent spaces, which is an analogue of the 
relation between the Luzin area function and Littlewood-Paley g-function. 

COROLLARY 1.4. Let 1 < p, q < oo (p and q are not both oq) and a G R . Suppose 
that ujÇJZpifl < p < oo, and UJ G JZ\ C\ l&iq' ifp = 1 or p — oo. Then a tempered 
distribution f G S' /I* belongs to F^,q(oj) if and only ifSf G T£,q(oj) for some e-family of 
operators S with e > \a\, provided S has the reproducing property. 

The paper is organized as follows. In Section 2, we list a few lemmas which is needed 
throughout of the paper, the proofs will be omitted for some well-known statements. 
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Theorem 1.3 is proved for the case of 1 < p < oo in Section 3. While in Section 4 we 
generalize some results of Littlewood-Paley-Stein theory for Triebel-Lizorkin spaces, 
and in Section 5, we use the results in Section 4 to complete the proof for both Theo­
rems 1.2 and 1.3 in the cases ofp < 1 or/? = oo. Finally, in Section 6, we point out 
two applications of our results. In what follows, the letter C will denote constants, which 
may be different from line to line, as long as the dependency of the constants are clear 
in the context. 

2. Some lemmas. We need to consider the operators 

(2-1) (S&Yix) = JRn KttS(x,yV(y) dy, 

for /, s > 0, and their adjoints (StQs)*. Let KtiS(x,y) and K*s(x,y) be the kernels of StQs 

and (StQs)*, respectively, then 

(2.2) Kt;(x9y) = [ Kt{x,z)<j>s(y - z)dz, 

and 

(2.3) K*tjS{x,y) = JRn K,(y,z)Ux ~ z) dz. 

The first two lemmas are well-known (see [CDMS], [HH] and [HS]). 

LEMMA 2.1. The kernel Kts(x,y) satisfies the following estimates 

(2.4) \KtÀx,y)\<cQl
 { t + ^ ^ _ [ i y for0<s<t, 

and 

(2.5) M>y)\ïcfà\8+^r*-lty M0<t<s. 

The same estimates are also valid for the kernel K*s(x,y). 

LEMMA 2.2. For fixed s, t > 0, 

(2.6) JRn(\K,A*,y)\ + \K„(y,x)\)\f(y)\dy < ci^jMf{x), if0<s< t, 

(2.7) jKX%M,y)\ + %,(y,x)\)\f(y)\dy<c(^JMf{x), if0<t<s, 

where M is the Hardy-Littlewood maximal operator. The same estimates are also valid 
for the kernel K*s(x,y). 

The next lemma is actually equivalent to the statement of Theorem 1.2 for the case of 
1 < P, q < oo, the proof is very similar to the proof given in [HH], and hence omitted. 
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precisely, if<j>\ and fa are two Schwartz functions which satisfy Calderôn's reproducing 
formula, but with I \ and I2 moment conditions respectively, then spaces F^,q{oS) defined 
by using fa and fa are equivalent for |a | < min{£i, £2}- Of course, one can also use the 
(/>-transform formula to define the Triebel-Lizorkin spaces by setting Qt — Qf, which 
has all of moment conditions. 

The Besov spaces Bp,q(u) are defined in a similar way (see [Tr]). In particular, 
F^°°(UJ) = 2&°°(u;), by definition. 

Before stating our results we first list our general hypothesis for the results concerning 
Triebel-Lizorkin spaces F%,q(u) and tent spaces T%,q(uj). 

HYPOTHESIS 1.1. Let e > 0 be given, and suppose that the definition function </> of 
Triebel-Lizorkin spaces F%,q(cj) has at least [e] moment conditions. We assume that 

(1) \a\ < e; 
(2) m a x { ^ , ^ j ^ } <p <oo, \ <q <oo, andp andq are not both 00; 
(3) eu eÂpifl <p< 00, anduj G ^ f l %H(q/py ifp < 1 orp = 00; 
(4) S is an e-family of operators on W with S(x1) = Qfor all | l | < [e]. 

The following theorem is a motivation for this paper: 

THEOREM 1.2. Suppose Hypothesis 1.1, then there are constants C so that 

dt\Vn 
(1.11) (f(rWI)«7)

 f L < c | W | w 

for allf G i^,q{uJ) with p ^ 00, and 

(1.12) s(iîi/.r(r-w<"0,7* < C||/l|^(w), 

for allf GF%(u). 

For 1 < p, q < 00 (and |a | < 1), an (unweighted) discrete version of Theorems 1.2 
have been proved previously in [HJTW], and hence the proof for this case is omitted, 
see also [HH]. For the case ofp < 1, the theorem seems to be new, and the proof will 
be given in Section 5. We also remark that it follows from the duality argument that the 
converse inequalities of (1.11) and (1.12) hold if, in addition, 1 < /?, q < 00 and S has 
the reproducing property. 

We now recall some notation for tent spaces. Let R"+1 = W1 x (0,00) be the usual 
upper-half space of IRW+1. The standard cone T(x) at x G W1 is defined by 

T(x) = {(y,t)eK+l-\x-y\<t}. 

Let a G R, and let a; be a weight function, for a given function/ on II^+1, we define 

(i. 13) A-*m = ( / / rJrT(Mirf#) I / 9 , 1 < * <oo, 
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LEMMA 2.3. Let KUs(x,y) be a kernel function which satisfies estimates (2.4) and 
(2.5). Then, for \a\ < e, 1 < p < oo, 1 < q < oo, anduj G ftp, there exists a constant C 
such that 

^ l/j^^^^U, * c M^ x dy ds | 

for all measurable function g(x, t) on Wl+l, where 

an IHII;VI = I (f(,-|S(, „i)'f) "'I 
\\LP(UJ) 

The last lemma of the section is an important kernel estimates, which will be used in 
the proof of Theorem 1.3. 

LEMMA 2.4. Let KtyS(x,y) be the kernel defined by (2.2), then there is a number 8 
with 0 < 8 < min{l,e — \a\} so that, if^\y—)J\ < \x — y\ and \x — z\ < t for some 
x G Rn, then 

(2.10) | ^ ( Z ^ ) - ^ ^ forl2s<t+\z-y\, 

/ / \ e - < 5 ç 2 e - [ e ] - ( 5 1 / 1 ( 5 

(2.11) \KUz,y)-KUzJ)\<c(-) {s + l z _ y l r ^ V M12s>t+\z-y\. 

PROOF. If 12s < t+ \z -y\ and \y -y11 < 2s, then the support of <j>s(y - •) - <f>s(y' - •) 
is contained in the ball {w : \w — y\ < 4s}, and so 

\y-w\ <4s<-(t+\z-y\)<-(t+\z-w\ + \w-y\). 

Therefore, 2\y — w\ < t + \z — w\, and t+\z —y\ <\{t+\z — w\). It then follows from 
the fact that Sx1<j>(x)dx = 0 for all |7| < [e], and the estimate (1.2) that 

\K„{z,y) - Kt,{z,y')\ = |jj^ (K,(z, W) - F^L/Cfay)) (j>s(y - w) - 4>s(y' - w)) dw\ 

< JRn \Kt(z, w) - PJjL^fcjOl i ^ O - w) - 4>s(y' - w)\ dw 

<cf-[\yh , ^~t2 „**• 
~ Sn+l J\w-v\<4s (t+\z- W Y*+2£-[e] 

Sn+l J\w-y\<4s (t + \z - w\f+2e~^ 

< C - T T 7 , ' ,; ' r 1 / w-yedw 
~ Sn+l(t+\z- v\Y+2e-[e] J\w-y\<4s ' ' ' 

= c 

<c 

Sn+l(t+ \z -y\f+2e-[e] J\w-y\<4s ' 

f-[e]\y-y'\ 
s{-e(t + \z - y\Y+2e~M 

\~t) (t+\z-(t+\z-y\f+2t-W 
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If 12s < t + \z — y\ and \y — / 1 > 2s, then the supports of <j>s(y — •) and <j>s{y' — •) are 
disjoint. We also note that, by assumptions 4[y — y'\ < \x — y\ and |x — z\ < t, thus, if 
\w — y'\ < s we have 

\w-y\< \w-y'\ + \y-)/\<s + \y -y\ < ~(t + \z-y\) < - ( / + \z - w\ + \w-y\). 

Hence, 2\y — w\ < t+ \z — w\ and t+ \z — y\ < \{t+ \z — w\) if either \w — y\ < s or 
\w — y | < s. Therefore, since J \<j)(x)\ dx is finite, 

\K,Az,y) - KtAz,y')\ < [ . \Kt(z, w) - /*L^,(z , jOl \<t>s(y - w)\ dw 
J\y-w\<s J 

+ [ \Kt{z, w) - FtlyKt{
z>y)\ \h<S ~ w ) l d w 

J\y'—w\<s 7 

< c(sY ^"[£] < c(sY~è P-{^\y-Ab 

- \t) (t + \z-y\f+2e-w ~ \t) (/ + |z —ĵ l̂ -̂̂ r 

If t + \z — y\ < \2s, then \y — / \ < 3s, since, by assumptions, 

4 [ y - / | < \x-y\ < \x-z\ + \z-y\ <t+\z-y\ < 12s. 

Applying the hypothesis that Six1) = 0 for all |7| < [e], we have 

KUz,y)-KUz,y) 

= JRn Kt(z, w)(cj>s(y - w) - P^w<t>siy - z) + P^siy' - z) - <t>s(y' - w)) dw 

= [ •••+ / . . -= / + //. 
J\z-w\<4s J4s<\z-w\ 

Since 

\(4>,(y-w)- fi'J.AO- - z)) - (t,(y'-w) - / * „ « / - z))I 

by using the estimate (1.1), 

I I - sn+[e]+2 J\z-w\<4s (t + \z - w\f+e ™ 

- sn+[e]+2 J | z _ w | < 4 5 (t + \z - w\f+e-b 

- C \ s ) sn+2e-[e] 

~ \s) (S + \Z - y\y*2€-[e]> 
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and 

\n\ < c 

<c 

f\y-A r i 
sn+l hs<\z-w\ (t + \z- w\y+e 

^ l y - / ! t i 

dw 

f L 
J4s<\z-w\ (t+\z — 1 

<c 

Sn+l J4s<\z-w\ (t + \z - w\fM 

f~b\y-A 
sn+\+e-b 

+e-6 
dw 

o <s/ (s+\z-y\f+2e-W 

where we have used \y — y'\ <3s and s + \z — y\ < Is in both of the last inequalities of 
two chains of inequalities above. This completes the proof. • 

3. Proof of Theorem 1.3 (Case 1 < p < oo). We first note that, for 1 <p,q < oo, 
(1.7) and (1.8) are equivalent by the duality argument. For instance, suppose (1.17), we 
take any/ e ^ a ' * V _ / / ) , then 

l l ( f ^><>i>H = \!k^tW(y)dlr\ 
< C f Aa>«(g){x)A-a«\Sf){x)dx 

<C|kl l^V)l l 5 / l l r - -V.V ) 
P 

p 

by (1.17), which shows (1.18). 
We now prove (1.17) for the case of 1 < p < oo. We first observe that if q — 1 and 

1 <p < oo, then for any h G LP'(UJ1~P') such that IHI/z^iV) < 1, we have 

jj^ 'raottfcw*=ff^xnsm)^ j]x_yij(X)dx)
d^ 

< c]v(£
>{ra\Slf<y)\)T)M><y)dy 

Thus, (1.17) follows from weighted norm inequality for the maximal function in this 
case. 

Next, we consider the case of q — oo and 1 < p < oo. Let e > 0, we shall prove that 
there exists a constant C independent of e so that 

(3.1) / ( sup r<*\Sf(y)\)g(x)dx < C\\sups-a\QJ\\\ 

for all g(x) > 0 with HgHj/^iV) < 1. Then the theorem will follow from this by the 
monotone convergence theorem for the present case. 
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We note that if |x-.y | < tmdz G W1 thenf+|jc-z| < 2(t+\y-z\). Hence, by using 
Lemma 2.1, we have 

sup m-K^fi 
m-c<\x-y\«Jo W s 

< Csup 
Oe (t+\x-z\y+2*' 

Therefore, 

hi sup rf^^i^^^iv)^)^ 
JR \(y,t):e<\x-y\<tJ0 XsJ SJ 

< C / SUD : r—r- ]g(x) dx 

- k\J£ (t+\x-z\)n+2*J*y 

( r \x — zl2e °° r 1 A 
< C / 7—L L r r ^ r ^ W ^ + Ë / i n g t o ^ 
- {J\x-z\<2e (£ + |JC - z | ) w + 2 e 6 V ' ^ . / 2 * £ < | * - z | < 2 ^ £ |x - z | " 6 V ' J 
< CMg(z), 

where the constant C is independent of e. By using the last inequality, the left-hand side 
of (3.1) is less than 

[( sup Ca I' \K„(y,z)Qsf(Z)^)g(x)dx 
, dz ds > 

v(y,0:e<|x-^|<? 

<c/ | i (sup^- f l f | e / (z) | )Mg(z)& 

^ c U s u p ^ l a / ' W l l ^ l l M g l l ^ . V ) , 
5 > 0 

and so the (3.1) follows from the weighted inequality for the maximal function. 
To prove Theorem 1.3 for 1 <p,q < oo, we use the reproducing property of Qt and 

rewrite the inequality (1.17) as 

In order to show this, we consider the Banach spaces E of measurable functions on 
(0, oo) and F of measurable functions on W?x with norms 

(3.2) ii/ii^or^1'?)17'' 
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and 

dt\Vi 
0.3) \\fy=(rL^w^9dwi 
respectively. 

Let K be the L(E, F)-valued kernel given by 

(3.4) [K(x,yy\WJ = £°(^)~aKts(x - tw9yV(s)j9 

where x, y G R" are parameters, and Kt^ is defined by (2.2). We then approach the 
problem by showing that the F-valued integral operator T, defined by 

(3.5) Tf(x) = fRnK(x,yV(y)dy, 

is a bounded mapping form LP
E(UJ) into LP

F(UJ) for 1 < p < oo, if UJ E flp, that is, 

(3.6) ( / r \\Tf(x)\\p
Fu>(x)dx)i/P < C(/Rn \\f(x)\\p

Euj(x)dx)'^ 

We note, by changing variable z = x — tw, that 

- (/ur (r«*«7r"f • 
* J 

where StQ/s(z) = JRn Ktj(z,yY(y,s)dy. 
By using the extrapolation theorem on J^-weights, one can show the following the­

orem for vector-valued operators (see Theorem 3.16 on p. 496 of [GR] for a statement 
for convolution kernels). 

THEOREM A. Let E and F be Banach spaces. Suppose that T is defined by (3.5) with 
a L(E, F)-valued kernel K(x,y) satisfying the following estimates: 

(3.7) \\K(x,y)~K(x,yf)\\L{EiF) < C*_** for4\y-yf\ < \x-y\, \y-y'\8 

\x-y\n 

for some 0 < 6 < 1. Assume that T is a bounded linear operator from Lq
E(uj) into Lq

F(uS), 
for some fixed q, 1 < q < oo, and for all weights w G ^ , then T is bounded from LP

E(UJ) 

into Lp
F(uj)for all UJ G Rpfor 1 < p < oo. 

Now, we note that if/? = q and UJ G %\, it follows immediately from Fubini's theorem 
and the definition of 2L\ weights that 

IÎ GOIIÏ.*,, = jLr (nW) | ) ' ( i^ < l ^)*)7* ' 
< c / R „ j f ( r W ( y ) i r ^ ) r f y . 
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This shows that the vector-valued operator T is bounded forp = q and for all weights 
u) G J?i. Thus, by using the last theorem, we need only to verify the kernel estimate (3.7). 

We notice that, by Holder's inequality, we have 

\\K(x,y)-K(x,y')\\Mm 

= sup \\K(x,yV-K(x,y'V\\F 

ll/1U<i 

To prove (3.7), we use Lemma 2.4. Let x, x', y 6 IR" be such that 2\y — y'\ < \x — y\, we 
then have 

Ç°(-) \K,Az,y)-KJzJ)\* 
S 

-Jo [\t) (t +\z-y\Y+^-W J s 

foo ,,ty-g-6 s2e-[e]-6\y_yf\è y'ds 

J±2(t+\z-y\)[\J (s + \z - y\)"+2e-M J 7 

<c( f-*\y-A> Y 
~ {(t+\z-y\r<) ' 

So, we obtain 

mx,y)-K(x,yi)\\<EF)<c[[ ( / ^ " ^ X ^ ii \ ,s> v ,s >\\c(E,F) - JJr(x)\(t + \z -y\y>+e J f+l 

=c( flx~yl+r ) f ( JL^LZÏLY dz— 
\k J\x-y\J J\x-z\<\(t+\z-y\y+,i J Zf+l 

< civ - v'\
s"( - t~A t^"~ + r - ! - - ) 

~^y y\ \\x -y\(n+t)q Jo t J\x-y\ /<«+% t J 

- {\x-y\"+s) 

as it required, where we have used the fact that t + \z — y\ > \x — y\ if |x — z\ < t. 

4. A characterization of Triebel-Lizorkin spaces by tent spaces. This section 
contains the generalization of some results of Littlewood-Paley-Stein theory for Triebel-
Lizorkin spaces. The idea, of course, goes back to the fundamental work of Fefferman 
and Stein [FS] on IF spaces. 
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We first note that, if <j> is the Schwartz function in Calderon's reproducing formula, 
then there is a constant c > 0 such that sup , > 0 |$(f£)l > c f ° r a ^ C 7^ 0. In fact, since 
J£° |(^(0|2 A / ' = *> t h e r e i s a n u m b e r ! > 1 so that jf/jL |<£(f)|2 A / f > 1/2, and hence 

supitoi > sup \WQ\ > (—J— \L \mtdAxl1 > ̂ == >0, 
*>o \/L<t<L \2\ogLJi/L t) 2y/\ogL 

since </> is radial and dt/t is the Haar measure for the multiplicative group of positive 
real numbers. It then follows from Theorem 5(a) of Chapter V in [ST] that we have the 
following estimate for extensions of distributions on Rn to the upper half-space Wl+l. 

LEMMA B. Let <f> be the Schwartz function in Colder on s reproducing formula, and 
Qtf — ^t *f Suppose that ip G S is such that xjj =f<j> near origin for some f G C°°(IRW). 
Then for all 0 < q < 00 and every integer N > 0, there is a constant C depending only 
on </>, xp, q andNsuch that for allf G S' and (x, i) G R^x, we have 

Kôfy)wr <cf[ law ( ! ) V ^ 
(4A) +c[ Wiy)\q r*dy 

CjR'(l + \x-v\/tW y' (\ + \x-y\/tf<i 

The next proposition is a continuous version of Peetre's characterization of Triebel-
Lizorkin spaces (see [P]). In the rest of section we shall fixed £ to be the positive integer 
in the definition of F^,q(cj). 

PROPOSITION 4.1. Let a e R with \a\ < £ + 1, 0 < p, q < 00, and 0 < r < 
min{/?, q}. Suppose that u G -%p/r> then 

(4.2) WKWWw < c|[%V), 

for allf € P^'q(uj), where M*r(Qj) is defined by 

ier/001 
(4.3) M*r(QM=™P 

and the norm || • Wi***^ is defined by (2.9). 

PROOF. Let / G S'. We have Peetre's mean value theorem: there exists a constant C 
independent of/ and x G Rn so that 

Kiûtfm < c{6-^M((Qtf)
rYxyfr + ÔM;(tV(Qtf))(x)), 

for all x G Rn, 0 < t < 00 and 0 < 6 < 1, where M is the Hardy-Littlewood maximal 
operator. 

We claim that the Lp'q (uj)-norm of M*r(tV(Qtf)(xj) is bounded by C\\AÇ(Qf)\\L««iu,)9 

for some constant C independent of/ . 
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Taking this claim momentarily for granted, we then have 

By a standard approximation argument, we could assume that ||AÇ(20lLa'V) *s 

finite. Then, by taking S sufficiently small, inequality (4.2) follows from the weighted 
Fefferman-Stein vector-valued inequality for the maximal function, provided u G J%p/r. 

We now prove the claim made above. Since locally we can write d<j>/dxj = T<\> for 
some f G C(Rn), by Lemma B with N>\a\ +n/r, we have \tV(Qf)(x)\q < It(x)+IIt(x), 
where It(x) and IIt(x) are the first and second summand of the right hand side of (4.1), 
respectively. Thus, M?(A7(&/))(JC)« <M;/q(It)(x)+M*r/q(IIt)(x). Since N>n/r, 

(4.4) f • ' , , ,„ ,dy<Q foralUjcOGRf1 . 

It then follows immediately that M*,q(IIt)(x) < CM^(Qf)(x)q with the constant C inde­

pendent of/ and (x, t) G IR++1. Thus, to prove the claim we only need show that 

(4.5) £° r°X/,('«X*)y < cf(raK(Qf)(x)yj, 

for some constant C independent off and x. 
To this end, we first note that, if x, y, z G Rn and s > 0, then 1 + \x — z\/s < 

1 + \x — y\/s+ \y — z\/s < (1 + |JC —y\/s){\ + \y — z\/s), and hence, for t > s, 

l + \x — z\/s l + \x—y\/s 

(l + \x-y\/f)(l + \y-Z\/s)- l + \x-y\/ 

Therefore, 

raiM*r/q(it)(x) 

ra«lt(x) 
— Csup 

NTT 

s~a\QJ(z)\ Y ,\(s\(N-\«\)<i _„ds 

- Joye&\J*{(l + \x-y\/tY/r(l + \y-z\/sy) )\t) s 

< C l'(s-aMt{Qsf){x))q sup ( f • S " .„ . , dz\(-) 

<c£(s-«K(Qf)(x))q{-t) 

s n , ) fs\(N-\a\~n/r)<ids 

s 

\q fS\(N-\a\-n/r)qds 

S 

the last inequality follows from (4.4). Therefore, 

£f^K,qlW* < c£(^KWM)<(r(J) - , 
c£°(s-aM*r(QJ)(x)) < 

q{ [°°{s\iN~\a\~n/r)qdt\ ds 

qds 
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This concludes (4.5), and hence the claim. • 

PROPOSITION 4.2. Let a e R with \a\ < l + \, 0 < p < oo, 0 < q < oo, and 
0 < r < min{/7, q}. Suppose that UJ G S\pir, then 

(4-6) ll£%»*ril^V)> 

forallfe^uy 

PROOF. We first assume that 0 < q < oo. Then, for each x £ R", we have \x —y\ < t 
for y € T(x), and hence 

KVJA; - jk(x)\(\ + \x-y\/tflr) f»l 

Therefore, ||2/1lr'V) — ^ll/llz^'V)' by Proposition 4.1. Conversely, by virtue of 
Lemma B, we have the estimate 

(r(rie /W ,)«^)' ' ' ,c(//K . ,(^^)^)' ' ' , 

which is the Littlewood-Paley g*x-function. A standard argument in Littlewood-Paley 
theory shows that the LP(UJ) norm of the g\ -function is bounded by the LP{UJ) norm of 
Aa*(Qf) (see, e.g.,p. 315 of [Tor]), and hence \\f\\if<{u) < C\\Qf]\i?luy 

Now, if q = oo, we certainly have 

^ra\Qm\<Aa*»W(x), 
t>0 

for all xGH", and hence ll/ll/^»^ < IIS/II^^). To show the converse inequality, we 
follow the idea in [FS]. For each number e > 0 and integer &, we define 

(4.7) K f t O t t ) = sup ^ f '-"f^l 
2-x\x-y\<t<^ Xt+£J (1 + e\x -y\flr 

We shall write Ma
re(Qf) = Kf(Qf). We notice that M?£(Qf) -> Aa>°°(Qf) as e -> 0. 

We also note that, by Lemma 13 in Chapter IV of [ST], we have 

\{x G r : K;£
k(Qf)(x) > A}|w < C2n?klr\{x e Rn : K£(Qf)(x) > \}\U9 

for all A > 0, with a constant C independent of £ and k, since \2kB\u < C2npklr\B\u by 
the strong doubling property (1.8) of u; E %pir- Therefore, we obtain 

(4.8) J K£(QfWutx) dx < C2»<>klr j ^e(Qf)(xfuj(x) dx. 

https://doi.org/10.4153/CJM-1995-057-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1995-057-9


1110 G. WELLAND AND S. ZHAO 

We also let 

_t y/r r«|/V(&/)(y)| 

\x-y\<t<£-

We claim that 

(4.9) «»*,= S„p {J-f'^MM., 
\x-y\<t<£-^t + eJ (l+e\x-y\f/r 

(4.10) Il<(â0ll^(<-) < C\\K,e{Qtf)\\u>(.), 

for a constant C independent of/ and e. To see this, we first note that, for 0 < s < t < e~x, 
we have 

l + £ b - z | l + £ | x - > > | + £ | x - z | < i + + | x - ^ < i + | x ^ 

\ + e\x-y\~ l + e | j c - > > | ~~ t ~ s 

Therefore, by using Lemma B again, we have 

ft t \»l>-t-a\N{Q,f)(x)\\p 

{\t + eJ (l+e\x-y\f/r) 

< c f ' f (( l X'r r"W(z>l (S)NY s~n ±ds 

- hk'\\t + e) {\+e\x-z\flr\t) ) {\ + \x-z\lsfN~nlr^ s 

+ cf ff-LV / r ra lg^)l Y C dz 

h»{\t+eJ (I + e\x -z\y/r J (1 + \x - z\/tfN-"/r^ 

<CYjM?f{Qf)(xf {-) • i———n-dz-
~ *=0 Jo \ t J JDk(s) (1 + \x - z\ /S)(N-"/r)P S 

oo r f—n 
+ CVM"f{Qf){xf / : , , ... .. dz 

OO 

k=0 

with a constant C independent of x and e, where A)(0 = {y G R" : |x — j | < f} and 
1)^(0 = {y E Rn : 2* -1/ < |JC - y\ < 2kt} if k > 1. Thus, by taking the supremum over 
\x—y\ < t < e~x on the left-hand side of last inequality and then taking the integral over 
Rn with respect to the measure u;(x) dx, we have 

r oo /• 

L ma
rJQfWu&)dx < cYJ2-(N-nlr-nlp)pk Ki{Qf)(xf^{x)dx 

yk=0 

where we have used (4.8). Thus, (4.10) follows from this, if we choose N > Inpjr + n. 
We now consider the maximal function 

(4.11) K(Qf)(x) = s u p ( ^ fB{*Wra\Qtf(y)\)r V ) , 
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and the set Gr,£ = {x G W1 : cm?£(Qf)(x) < M?£(Qf)(x)}, for some constant 0 < c < 1 
to be chosen. The same proof of Theorem 11 in [FS] (p. 186) yields that M?£(Qf)(x) < 
CM?{Qf)(x) for all x G Gr>£. Also, (4.10) implies that 

L\Gr£ Ke(Qf)(xfuj(x)dx < cP ^ ml£{Qf)(xfu{x)dx 

<\jRn^£(Qf)(xyu(x)dx, 

if we choose that c sufficiently small. Thus, 

JwiK,eiQf){xfuj{x)dx < lf^^e(Qf)(xYuj(x)dx 

<cfRnM?(Qf)(xru(x)dx 

<C[ (supra\Qf(y)\)pcj(x)dx, 
JK t>0 

with a constant C independent of e, the last inequality follows from the weighted in­
equality for the maximal function. By taking the limit e —> 0, we get llô/llr*'00^) < 
C\ \f\ | /̂ .oo(a;). This concludes the proof of the proposition. • 

Let 0 < p < 1 and 1 < q < oo. We recall that a 7^(a;)-atom is a function a(x, t), 
supported in B for some ball B cRn, and satisfying 

or 

(4.13) sup t a\a(x, 0| < —Tj-, q = oo, 

We also define a function, b(x\ to be an F*£'q (uJ)-dXom if £ is supported in some ball 
B C Rn, satisfies the moment conditions Jx1b(x)dx = 0 for all |7| < £, and the size 
condition 

(4-14) H%>0 < ] i -

PROPOSITION4.3. Lef a G Rw/fA |a| < £+1, 0 <p < 1, 1 < q < oo, aw/0 < r < 
p. Suppose that UJ G -Hp/n then every element/ G F^'q(uj) can be written asf = £ Xjbj 
in the distribution sense, where bj areF%,q(u)-atoms, Xj G C, andY.Xp. < C||/*||^ . 

PROOF. The same proof as in [CMS] gives the atomic decomposition of T£,q(cj) 
(provided u is doubling), that is, every element g G T£,q(uj) can be written as g = £ A/ay, 
where a7- are 7^(a;)-atoms, and £ Xp. < C| |g | |^ ( .. For instance, for the space J^,2(LJ), 

by using the same notation as in the proof of Theorem 1 of [CMS], and defining /i = 
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S*\f\2dydt/t,ct = / x A * | 5 | , / V ' / 2 | J B | - i , a n d A | = \B\~l/2^2\B\u, one can verify 
j J j J 

that each statement of the proof there is valid if L1 is replaced by LX{UJ). 

Now, if a is 7^(ù;)-atom, we define 

(4.15) b(x) = C0
l £°Qta(x,t)j 

for some suitable constant Q to be chosen, which is independent of a. We claim that 
a is an F^,q (u)-atom. Indeed, if a is supported in Ê then b is supported in 2B, since <j> 
is supported in the unit ball. The moment conditions readily follow from the moment 
conditions of <j>. Finally, by using the same proof as in Section 1, we have 

c0 | |^| |^V )<c(^// , (r1a(x,o|)^ 
dxdt\x/q 

with the constant C independent of a. We then choose Co — C. 
Now, if/ <E P^,q(uo\ it follows from Proposition 4.2 that Qf e 7^(u;), and then 

Qf —T, A/O/, with cij being 7^(a;)-atoms. Thus, the reproducing property of Q implies 
that 

fix) = /o°° a ( & / ) ( x ) y = Co E W * ) 

in the distribution sense. Furthermore, 

\ni?M<Qmi?v><cfc>!j)llP. 
This proves the proposition. • 

We remark that 11/11̂ ™', , is equivalent to II<2/1| _<*</, 0 since the sets Ê and B x 

(0,r(Z?)) are comparable. Therefore, by Proposition 4.2 and (1.16), we are able to see 

that the dual space of t\,q{uj) is F^,q (LJ). Moreover, one can easily prove, by using 

inequality (1.16) and the Hahn-Banach theorem (see Section 5 of [FJ]), that 

(4.16) 1 1 / 1 1 ^ = sup{ JRnf(x)g(x)dx : g G F£*(u) with \\g\\^(oj) < 1 

5. Proof of Theorem 1.2 and Theorem 1.3 (Case of/? < 1 or/? — oo). We are 
now ready to finish the proof of Theorems 1.2 and 1.3. We note that the endpoint cases 
for Theorem 1.2, i.e.,p — q = 1 and/? = q — oo, are basically known, since F^,P(UJ) = 
Èp'p(uj). Also, when/? = q = 1, Theorem 1.3 was proved in Section 3. We now study 
the cases of/? < 1 or/? = oo and 1 < q ^ p. 

Let S be an e-family of operators with Six1) = 0 for all |7| < [e]. By Lemma 4.2, to 
prove (1.11) and ( 1.12) we need to show that 

(5.D K/oVivir^'^L^cngfi i^, 
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for/ G i^'q(u), K q < oo, |a| < e and u G -3i ("1 %H(q/py, and that 

(5.2) s(i5î/.r^iw7*) I°°(u) 
< c||gf||CV), 

for/ G F*O§(IJJ\ 1 < # < oo, \a\ < e, and any weight function UJ. Likewise, to prove 
(1.17), we need to show that 

(5-3) \\m\rA.)<C\\Qf\\rA.y 

for/ G F%*(u\ 1 < q < oo, \a\ < e and a; G J% H %?{q/py. 

PROOF OF (5.1). Le t / € / £ ' V ) , t h e n > bY Proposition 4.2, gf <E 7^'V)- It fol­
lows there is a 7^(a;)-atomic decomposition Qf(x) = E A/0/(JC, /), By the reproducing 
property, it suffices to show that there is a constant C so that 

(5.4) i(jr( ra i jrs /a f l (^ f f )fi)97) ^ ^ - c ' i <^< 
oo 

for all 7^(a;)-atoms a (with a necessary change if q = oo). 
To see this, suppose A(JC, f) is such an atom, associated with the ball B in W1 such that 

spt(tf) C B. If 1 < # < oo, by applying Proposition 2.3 to function a(x, /) with/? = # 
and a; = 1, we have 

(/,r('-Ti*a«<-)i!)'f*)P,,'ec(ir('-><-')i)'f*)"* 
'(//,c cUUnaMiy^f 

<C-
\Bl' 

where we have used spt(<s) C B and (4.12). By Holder's inequality with the exponent 
q/p and the inequality above, we get 

i.(f(<-1f*&«<->!l)1fV>* 
i/to/p)' 

< |2£|W* 
ds\4dt \Plq 

{LS(-ar^^<Ï7^ 
<c(lf. 25|,, 

<C, 

where we have used the assumption that UJ G Û(^qipy and the fact that !A\ weights are 
doubling. 

https://doi.org/10.4153/CJM-1995-057-9 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1995-057-9


1114 G. WELLAND AND S. ZHAO 

For q = oo, we use (4.13) and obtain 

ds\\p 

ds\p 

/ (sup/ a\ StQsa(x,s)— ) uj{x)dx 
J2B \,^n MO S \J 

1 ç f fcoft\~a r ds\p 

- m: Us? A (s) L I*^>I *TJ
 u(x)dx 

since, by using Lemma 2.1 with/ = 1 there, we have the estimate 

nri^-^f HI:(TT+r (ir*) ̂  
To estimate the integral over Rn \ IB, we first notice that, by Lemma 2.1, we have 

(5.5) (/o (-) \KtAX,y)\«7) <C(s+lx_ylr6, Kq<oo, 

and 

(5.6) s u p ( ^ ) - a | / : M ( ^ ) | < C ( 5 + | x ^ | r , , , = 00, 

for any 8 with 0 < 8 < min{e, e + a}. In fact, (5.5) is easy to see by breaking the integral 
into two pieces at s and using the estimates (2.4) and (2.5). A similar approach yields 
(5.6). Moreover, 

s6 y'dyds 
JR"\2B I JJÊ V (s + |JC -y\f+6 J 

p/q' 

UJ(X) dx 
»\2B \ JJÊ \ (s + |JC — y\f+6 J S 

f,(\B\Wr{B?\p
 k+x 

\B\U °° 2 ^ ' ) " l«l 
' |5|W* £ ï 2*(w+<^ ~ \B\P/I ' 

where we have used the strong doubling property of J%\ weights, i.e. 

\2k+xB\u < C2 (*+1)w |#U 
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and (n + è)p> n which follows from the assumption that 

i n n ) 
p > max ——, — — — , 

ln + e n + e + aJ 

and the choice of 6 so that it is less than but close enough to min{e, e + a}. 

If 1 < q < oo, we use Minkowski's inequality, the last two estimates, and the fact of 
spt(#) C B, and then we have 

x dx 

sc/«^»(//J((7T|^ir«)*^7Ë) " ^ 

X 

A similar estimate holds for q = oo, if we pull out the sup-norm of s~a\a(y,s)\ instead 
of using Minkowski's inequality. Thus, the proof of (5.4) is completed. • 

PROOF OF (5.2). Let JC0 G W be given, and B be a ball in W which contains x0. We 
first apply Proposition 2.3 to the function g(y,s) = QJiy)x^iy, s), and we have 

tic ('-r^^Ti*)'" <- <& jo™)'?*)1" 
- ^ ( r - K W W D ^ ) ' " 
^C^p^C^^xo). 

We then write Rfl \4B = \J£L2
 2 ^ \ 2*#- W e c l a i m that> f o r a fixed * w i t h ° < 

8 < e — \a\ and each k, we have 

Indeed, it is obvious by inspection that s + |JC — y\ > C~l2kr(B\ for all x G B and 
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(y, s) $ 2kB, and therefore, by Lemma 2.1, we get 

/W.(;)~ i"Wo*! 

s<t t<s 

- hkr(B))( WyJo ^l' s Jl ^ s> 

{ i V <C\ -< I |2*+1fl|. 
(2kr(B)) \2MB 

By using this after applying Holder inequality, we obtain 

,iNr ^/q 

Finally, by Minkowski's inequality, we get 

• / .r^/u^^i^'^)'?* 
1/9 

As a result, we have shown that, for each xç, G W, there is a constant C, independent 
of xo, so that 

for all ball B containing XQ. This yields (5.2). • 
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PROOF OF (5.3). The proof is very similar to the proof of (5.1). We only need to 
show that 

ds\ 
(5.8) 

TOO C 

\\J0 SuQsa(-,s)-
CV) 

< C, 1 < q < oo 

for all ?£'V)-atoms a. 
Suppose a(x, i) is a given 7^(<jj)-atom, associated with the ball B in W1 such that 

spt(tf) C B. If 1 < q < oo, the same proof as in Section 3 by using Theorem A, we have 

<a \Bl' 

since spt(a) C B. As before, Holder's inequality and the inequality above imply that 

ds.\qdydt\plq 

<\\rS(.)Qsa(;s)—\\ (f ui(xfqlp)'dx) 
l/(?/p)' 

<c (m 
p/q 2B\L 

< C . 
A | 2 « I ; \B\U 

A similar approach, as in the proof of (5.1), yields the same estimate for q = oo. 
Finally, by using Lemma 2.1 and the definition of T(x), we have the kernel estimates: 

<-» ( u r ^ ^ ) <-^ x-z\f+ô' 
1 < q < oo, 

and 

/ 
oo, (5.10) sup ( T V , ( y , z ) | < C * 

for any 0 < S < min{e,e + a}. Again, a similar argument as before involving 
Minkowski's inequality gives us (5.8). • 

Finally, the proof of ( 1.18) is similar as the one for (5.1 ). By using the atomic decom­
position of g 6 T£,q(cu), we only need to show that 

(5.H) ifjr( f f"aijra^ f l ( j c , r )7i)^7) ^x)dx-c'i < q < ° ° 
for all 7^(a;)-atoms a (with a necessary change if q = oo). Since the kernel of QsS*t 

satisfies the same estimates (2.4) and (2.5) as the kernel of StQs, the proof of (5.11) is the 
same as the one for (5.4). 
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6. Some applications. In this section, we give two applications of the results (and 
their proofs) stated in Section 1. First, we show the lift property of Triebel-Lizorkin (see 
[Tr]) in our settings, which asserts that the fractional operator Ip is an isomorphic map­
ping from F%,q(uj) onto P^+(3,q(u). The operator Ip is defined by means of its Fourier 
transform, (V#/)(0 = |C|_/3/(0 for/ G S'/(P. It is well-known that Ip is the fractional 
integral (or the Riesz potential) of order f3 when (3 > 0, and is the fractional derivative 
of order /3 when (3 < 0. By checking Fourier transforms, we have the following repre­
sentation formula of Ip: there exists radial function r\ G S so that f\ E C°° with compact 
support and vanishing near the origin, and that 

(6.1) Ilif(x) = cj0
OOt^f(x)j, forfeS'/V, 

holds in the distribution sense. 

THEOREM 6.1. Suppose Hypothesis 1.1, and for (5 E R with \(3\ < e, define 

(6.2) Tpf(x) = ft^f(x)j9 forfeS'/V. 

Then the operator Tp is bounded from F^,q(uj) to F^+^,q(u)for \a\ < e —1/?|. In particular, 
the fractional operator Ip is bounded from F^,q{u) to F^+(3,q (LJ) for a and /? E R. 

PROOF. The second statement follows from the first and the representation formula 
(6.1) of Ip. To proof the first statement, we need to show that || TpfW^^q, . < C||/ | |^ ( a ; ) . 

By Theorem 1.2, it is enough to prove that {s~^QsTp\ is a ^-family of operators with 
|a| < 8 < e — \(3\. Let Kt(x,y) be the kernel of St, then the kernel of s~^QsTp is given by 

where K*s(x9y) is given by (2.3). It is not hard to check that estimates similar to (2.4) and 
(2.5) in Lemma 2.1 and (2.10) and (2.11) in Lemma 2.4 are valid for the kernel Kts(x,y) 
defined above. It then follows that kernel Ks(x,y) satisfies the kernel estimates (1.1) and 
(1.2) with the smoothness parameter e = S there. We leave the details to the reader. • 

We next consider a class of generalized Calderôn-Zygmund operators. Recently, there 
has been a great deal of work on the boundedness of Calderôn-Zygmund operators in 
Besov and Triebel-Lizorkin spaces. In particular, Han and Sawyer [HS], Han, Jawerth, 
Taibleson and Weiss [HJTW], Han and Hofrnann [HH], and Torres [T] were able to show 
that Calderôn-Zygmund operators are bounded on certain Triebel-Lizorkin spaces under 
various weakened or generalized smoothness conditions. In this section, we prove a sharp 
version of their results. 

Let Tbe a continuous linear operator from the Schwartz space of compactly supported 
test functions CD to its dual space 2?' associated to a kernel K(x, y) in the sense that 

(6.3) (Tf)(g) = jRn JRn g(x)K(x,yV(y) dy dx, 
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where/, g G © have disjoint supports. We consider the following generalized Calderon-
Zygmund conditions for the kernel K(x,y) (see [T] and [HS]): For some /3 G R and 
6 > 0 , 

(6.4) \K(x9y)\ <C l forx^y, 

and 

(6.5) \K(x,y) -I*±zK(z,y)\ < C ^ _ ~ y ^ f o r 2\x - *l < I* " j i 

For the simplicity, we shall assume that e is not an integer. 
We also recall (see [T]) that a linear and continuous operator T: *D —» D* is said to 

satisfy the weak boundedness property (WBP) of order fi if 

(6.6) |(7V)(V0l < C^-^II^IUoo +r||V^||ioo)(||^|Uoo +r||V^|Uoo), 

for all if and I/J G *D with supports in a ball of radius r. 
The following theorem is not completely new, of course. But, we believe that some 

combinations of parameters covered in the theorem are missing in the literature. 

THEOREM 6.2. Let e > 0 (which is assumed not to be an integer) and — min{e, n} < 
/3 < 1 + [e] - e. Suppose that max{/?, 0} < a < (5 + e, 

[ n n n ) 
p > max< - , - , >, 

and 1 < q < oo, and that LO satisfies condition (3) of Hypothesis 1.1. Then the operator 
T, which is associated with a kernel function K(x,y) satisfying conditions (6.4), (6.5) and 
(6.6), is bounded from tyq(uu) to F^~^q (LO) provided Tipc1) = Ofor all \l\ < [e]. 

Again, the proof is similar to the one for Theorem 1.2, except we shall use the fol­
lowing kernel estimates, which is similar to a lemma given in [HS]. 

LEMMA 6.3. Suppose that the kernel K(x, y) satisfies the hypothesis of Theorem 6.2. 
Let Ktj(x,y) be the kernels associated with the operators fiQtTQs, then 

(6.7) ^ ^ ) l < c ( J
7 ) - g ( l + l o 8 f ) ( f + | j c

f _ ^ for0<s<t, \KtAX,y)\<C{-t) ^ i + t o g - j — ^ 

ifP > 0, 

(6.8) \Kt,{x,y)\<C{t+^r^ for0<s<t. 

if/3 < 0, and 

(6.9) \KtA*,y)\<c(-) (s + lx_ylT+fi+( M0<t< S. 
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