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Abstract. We show that any evolution family with a strong nonuniform
exponential dichotomy can always be transformed by a topological equivalence to a
canonical form that contracts and/or expands the same in all directions. We emphasize
that strong nonuniform exponential dichotomies are ubiquitous in the context of
ergodic theory. The main novelty of our work is that we are able to control the
asymptotic behaviour of the topological conjugacies at the origin and at infinity.
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1. Introduction. We consider an evolution family U(z,s) with a strong
nonuniform exponential dichotomy on a Banach space. This means that besides having
contraction in the stable direction for positive time and in the unstable direction for
negative time, the contraction is at most exponential. We show that a strong nonuniform
exponential dichotomy can always be transformed by a topological equivalence to a
canonical form that contracts and/or expands the same in all directions. This means
that there exist homeomorphisms /4, such that

U(t,s)ohs=h,0o V(1,s)

for every ¢ and s, where V(z, s) is the evolution family determined by an autonomous
equation

X =-x, )y =y

This result was first established in [4], where it was also shown that there exist always

homeomorphisms /%, that are locally Holder continuous. Here, we use instead an
approach inspired in [12], which considers the particular case of uniform exponential
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dichotomies, that allows us to control the asymptotic behaviour of the maps /4, at zero
and at infinity (the case of finite-dimensional spaces was considered earlier in [9]). We
note that this type of control was not obtained in [4]. The proof consists of constructing
explicitly the homeomorphisms /,. We refer to [1, 10, 14] for earlier related work.

The notion of a (uniform) exponential dichotomy, introduced by Perron in [11],
plays a central role in the stability theory of differential equations. In particular,
there exist large classes of linear differential equations with exponential dichotomies.
We refer the reader to the books [6, 7, 13] for details and references. On the other
hand, the notion of an exponential dichotomy is too stringent for the dynamics
and it is of interest to look for more general types of hyperbolic behaviour that
can be much more typical. This is precisely what happens with the notion of a
nonuniform exponential dichotomy. We refer the reader to [5] for a systematic study
of some of its consequences, in particular concerning the existence and smoothness
of invariant manifolds, the Grobman—Hartman theorem, and the existence of centre
manifolds, among other topics. From the point of view of ergodic theory, the notion
of a nonuniform exponential dichotomy is the typical situation for a dynamics with
nonzero Lyapunov exponents. The nonuniform part of the dichotomy can be made
arbitrarily small for almost all trajectories, although not necessarily zero. This is a
simple consequence of Oseledets’ multiplicative ergodic theorem in [8] (see [2] for a
detailed discussion). On the other hand, by work in [3], for certain classes of measure-
preserving transformations, the nonuniform part of the dichotomy cannot be made
zero on a set of full topological entropy and full Hausdorff dimension.

We emphasize that strong nonuniform exponential dichotomies are also
ubiquitous in the context of ergodic theory. More precisely, for a flow preserving
a finite measure and having only nonzero Lyapunov exponents, almost all linear
variational equations have a strong nonuniform exponential dichotomy (see [2] for
details). We note that there are plenty examples of measure-preserving flows. For
example, any Hamiltonian system restricted to a compact energy hypersurface is a
measure-preserving flow. Moreover, any geodesic flow on a compact manifold with
negative curvature is a measure-preserving flow and has nonzero Lyapunov exponents
(in fact it is an Anosov flow). We refer the reader to [2] for the description of many
other examples.

2. Nonuniform exponential behaviour. Let L(F) be the set of all bounded linear
operators acting on a Banach space E. A family of linear operators

U={U(5):t,s€R, t =5} CL(E)

is called an evolution family if:

(1) U(t, 1) =1d and
U@, s)U(s,r)=U(t,r) for t>s>r; (1)

(2) foreach s € Rand x € E, the map ¢ — U(t, s)x is continuous.

Moreover, U is said to be a reversible evolution family if U(t, s) is invertible for all 7 > .
In this case, we write U(s, f) = U(t, s)~! for t > s and (1) holds for all ¢, s, r € R.
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Let F be the set of all increasing continuous functions p: R — R with p(0) = 0.
Given p € F, we write

(t, 5) = p(1) — p(s).

A reversible evolution family U is said to admit a strong p-nonuniform exponential
dichotomy if there exist complementary projections P(¢) + Q(f) = Id for 1 € R and
constants K, A, @ > 0 with A < « and ¢ > 0 such that

P(t)U(t, s) = U(t, s)P(s) )
fort,s e R,

1U(t, )P(s)]| < Ke "L 11U (s, Q)] < Ke »®+ele0) 3)
fort,s € Rwith 7 > sand

1U(t, )P(s)]| < Ke™*®ET001 1 U(s, nQ(0)]| < Kem*®E+ele0) )

fort,s € Rwithrt <s.

Moreover, U is said to admit a strong p-exponential dichotomy with respect to
a family of norms |-||F if there exist complementary projections P(¢) + Q(¢) = Id for
t € R and constants K, A, @ > 0 with A < « such that (2) holds for ¢, s € R as well as

U, s)P(s)x||F < Ke™**||x||*, || U(s, )Q(@)x||* < Ke P09 ||
forx € Eand t, s € R with ¢ > s and
|U(t, 5)P(s)x||* < Ke™*®E x|, U, Qx| < Ke P09 x||*

forxe Eandt, s € Rwith ¢t <.
The following result gives a characterization of the notion of a strong p-
nonuniform exponential dichotomy.

THEOREM 1. For a reversible evolution family U, the following properties are
equivalent:

(1) U admits a strong p-nonuniform exponential dichotomy;
(2) U admits a strong p-exponential dichotomy with respect to a family of norms |-||}

satisfying
Il < lIxll} < Ce* x| )
for some constant C > 0.

Proof. Assume first that U admits a strong p-nonuniform exponential dichotomy.
For x € E and 7 € R, we define

X117 = lxully + lIx2ll7,
where

lx1117 = sup ([ U(o, ) P(1)x]|**7") + sup (|| U(o, 1)P(1)x]|** ")
o>t o<t
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and

2l = sup (1U(a, HO()x1e** ) + sup (| U(o, H)Q(t)x]|e* ).

o>t
First, we show that (5) holds. Since

Ixilly = I1P@x], x> 100,
we have

Xl = [I1P(1)x + O()x||
= 1P@)x[l + 1 Q@)x]l
< N7 + llx2ll7 = lix117.

Moreover, using (3) and (4) we obtain
il < sup (11 UGo, P@)xe** ") + sup (U (e, DP@x]** )
< ;I_(tesm(t)l ™
and
Ieallf = sup (I UCe, HO(x[|e** ") + sup (| U(e HO(1)x]|e*® )

< 2Ke€|/0(f)|7

which shows that (5) holds with C = 2K.
For y = P(s)x and ¢ > s, we have

1U lIF = sup (1U(a, U1, s)yl|e"*?)

+sup (I U(o, HU(, 5)ylle*®?)

o<t

< sup ([U(o, s)ylle** @) + sup ([ U(o, s)yle*®")
o>t

s<o<t

+ sup ([ U(o, s)ylle*®")

< 2sup (|| U(a, s)y|e**") + sup (|| U(o, s)ylle*®@?),
o=s o<s

where in the last inequality we have used that A < «. Hence,

UG s)IT < 2¢7% sup (| U(o, )yl )
+e " sup (|| U0, s)y[le** )

ag<s

< 27| x| *
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again sing A < «. Analogously, for z = Q(#)x and ¢ > s, we have
1UGs, Dz11F = sup (1 U(o, ) U(s, )yl|**)
o=<§
+ sup (| U(a, 5)U(s, 1)z]|e*®)

o>s
< sup (| U(a, 0)z***) + sup (||U(a, 1)z]|** ")
o<s s<o <t

+ sup ([ U(o, )z[e**)
o>t

< 2sup (|| U(a, 1)z)|**Y) + sup (| U(o, 1)z[|e**).
o<t o>1

Hence,
UG, 0zIl; < 279 sup (|| U(o. n)z[|e* ")
o<t
+ e sup (| U(o, )z]|e* ™)
o>t
< 267 ).
One can show in a similar manner that
1U(2, $)P(s)x]|f < e~ *®"9|x|*
and

1UGs, )O(t)x||F < e @9 x|*

283

for ¢ < 5. Therefore, U admits a strong p-exponential dichotomy with respect to the

family of norms ||-||7.

Conversely, assume that U admits a strong p-exponential dichotomy with respect

to a family of norms ||| satisfying (5). Then,

1U(. 9)P(s)x|| < |U(1, )P(s)xlly
S Kef}nq)(t,s) ”x”X;

< KCe " 2W9)+elo®)l llx]|
and

| UGs. 0Q(0)x]) < 1U(2. )Q(s)x1;
< Ke 9|y

< K Ce @9+l | |
for x € E and ¢ > s. Similarly,
UGz, $)P(s)x]| < KCe® 1+l
and

1UGs, )Q(t)x|| < K Ce™ @@l x|
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for x € E and ¢ < 5. This shows that U admits a strong p-nonuniform exponential
dichotomy. O

3. Reduction to a canonical form. In this section, we show that an evolution family
admitting a strong p-nonuniform exponential dichotomy can always be transformed
to a canonical form that expands and/or contracts the same in all directions.

We first introduce the notion of a topological equivalence. Two reversible evolution
families U = {U(¢, 5)} and V = {V (¢, s)} are p-nonuniformly topologically equivalent if
there exists a continuous map /: R x E — E, an increasing onto map L: Rf — R/
and a constant ¢ > 0 such that:

(1) h; = h(t,-): E — E is a homeomorphism for 7 € R;
2) U(t,s)ohy=h; o V(t,s)fort,s eR;
(3) forte Rand x € E,
1A < L ix]) and [|A;7 ()] < LT x])).

THEOREM 2. Given a reversible evolution family U and a C' onto function p € F,
if W admits a strong p-nonuniform exponential dichotomy, then it is p-nonuniformly
topologically equivalent to the evolution family

V(t,s) = eV P(0) + e Q(0).

Proof. Write w = o’ (note that w is a continuous function). For each ¢ € R and
X € E, let

t
[e¢)

||x||,=f U (5, r)x||§w(s)ds+f_ | U (€. 0 x||; w0 (5) ds,
where
Up(t,s) = U(t,s5)P(s) and Up(t,s) = U(t, 5)0(s).

Since w > 0, the map x — | x||, is a norm on E for each ¢.

LEMMA 1. For t € R and x € E, we have

1 . 4K
o Xl = lixlle = —=1lxly. (6)

Proof of the lemma. Clearly,
Xl = I1P(Ox1l: + 1001,
where
|P(t)xl, = / | Up(E, 03112 () de
t

and

1001, = f |Uo&. xlifo() de.
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By Theorem 1, we have
IP)x]l, < 2K | x|I} f " D) de = 2TK||x||;*
and similarly,
1001, < 25l ™)

This yields the second inequality in (6). Moreover, for £ > ¢ we have

IP(D)xIlf (&) < [ Up(t, )TN Up(E, Dx[IE(&)
< Ke*ENUp(E, x| i (§).

Therefore,
I.P(0)xIly /°° -y Il.P(0)x]ly
P — ad(§,1) — A
I1PO)x]: = X t e w(§)d§ oK
and analogously,
10()xIl;
100, = 12O ®)
aK
The first inequality in (6) follows now readily from (7) and (8). ]

Write U(f) = U(z,0), P = P(0) and Q = Q(0).
LEMMA 2. The following properties hold:

(1) t = U@)Px|\, is strictly decreasing and t — || U(t)Ox||, is strictly increasing,
(2) foreach x € (PE U QE)\ {0}, there exists a unique t € R such that ||U(t)x||; = 1.

Proof of the lemma. Since

| U P, = / | Up(E. Ol f) de. 9)

t

we have
d «
EII UPx|l; = = Up(t, 0)x|l;(z) < O.

Similarly, since

|U@Ox], = / | U(E, O)xlzao(e) d,

we have
d *
EII U Oxll, = [1Up(¢, 0)x[|fe(t) > 0.

This yields the first property.
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Now, we establish the second property. By (9), we have || U(¢)Px|, — 0 when
t — 00. On the other hand, for r < & < 0 we have

| Pxll0(€) < U0, )51 Up(E, 0)x[f(®)
< KO Up(&, O)xllt ()

and thus,
0
| UHPx], = / | Up(E. O)xlzo(&) d
t

0
- ||Px||3 / e*’\p(s)a)(é) d%‘ _ ”Px”Sepr(t).
- K ; KA

Therefore, | U(?)Px||; = co when t — —oo, provided that Px # 0. One can show in a
similar manner that

Mm [U(NQx]; =00 and  lim [[U®QOx]|, =0,

provided that Qx # 0. The desired property follows now readily from the first
property. Il

We proceed with the proof of the theorem. Define maps

hf: PE — P(OE and h?: QE — Q(NE

by
B (x) = U@0)x/ U0~ (p(0) + 10gl XX o1 o0y +10g ) X F O, (10)
0, 20
and
th(x) _ SJ(Z)X/” U(,O_](,O(l‘) — log”x”;‘k))x”p*l(p(t)—log”)cuf), X # 8, (an
’ X =

Finally, we define 4,: E — E by
hy(x) = hP(Px) + h2(Qx).

In order to show that these maps yield a topological equivalence, we divide the proof
into steps.

Step 1. Invariance. We first show that
ho(e®SPx + Y 0x) = U(t, $)hy(x). (12)
For x € PE, we have

e PO U(t)x
e PO U (P~ ()]l 5-1(5)
_ U(t)x
Tl U(p~'(loglIx X1 -1 ogixli)

hf(e"x) =

= U(t)h§(x),
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where
s = p(1) + loglle™"Vx||} = log|l x|},
and analogously,
h2(e"Vx) = U(hS(x)

for x € QF. Adding the former identities, we obtain &, o V(¢) = U(¢) o hy, where V() =
V(¢,0). This readily implies that

hyo V(t,s) = Ul(t, s) o hy
and so identity (12) holds.

Step 2. Injectivity of the maps h,. Assume that h(x) = hf(y). Then,

||U(r)1€)x||n - ||U(rJ2})y||TZ meelk (49
where
71 = p~ ' (p(1) + log| x[I})
and
7 = p~ ' (p(2) + log|yl}).
Therefore,

1UE N = U, =1,
which implies that 7; = 5. Hence, || x|| = ||y| and it follows from (13) that
¢ = [[U(x)xll = U@yl

Therefore, x = y = c&. The injectivity of the maps h,Q can be proved in a similar manner.
This readily implies that the maps /4, are one-to-one.

Step 3. Surjectivity of the maps h,. Take y € P(t)E. If hf(x) = y, then

X
= —pPUD! ,
U] 0"y

where
T = p '(p(t) + log|lx[}). (14)

Therefore, ||U(t)PU(f)"'y|l; = 1 (the existence and uniqueness of 7 is guaranteed by
Lemma 2). By (14), we obtain

D = |Ix|IF = |U)x] I PU@D ™y,
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that is,

[lx[* e®@)
1U()x]l, = = :
TPU@ I IPU)

Moreover,

®(z,1) PU([)ily

x = |U@@)x]|. PU@) 'y =e :
4 IPU@) yll7

Similarly, if #2(x) = y, then

— e(b(f,n) QU(t)ily
Ilou®~'yliy

for a unique n (whose existence and uniqueness is guaranteed by Lemma 2).
This shows that #” and hIQ are invertible, with inverses given by

aeq_PUOy

Py\—1 _
U0 =B )
and
- QU 'y
K1) = 20 ) 16
W= out o 1

Then, A, is also invertible and its inverse 4, ' : E — E is given by

Bl () = (WD) (P(ryy) + (R (Q(1)y).

Step 4. Existence of the map L. Take x € PE. By (6) and (10), for

© = p ' (p(1) + log|x[I})
we have

1U)x? U7
hP * t K t )
1 OOl = T, = X T

If |x]|* < 1, then since e®™" = | x||*, we have T < ¢ and using (5),

AN
L U DI IU @)
B 1U(z)x|I} (17)
< aK2e—A<D(t,t) — (XKZ(”X”T))L

< aK>CHe POl x|,

If |x||I¥ > 1, then 7 > ¢ and using (5),

2] ()l <

IR )II* < Kerl| Up(t, 7)||F < aK2e?®E)

aK*(||x||F)* < aK2Ce™ POl x|,

(18)
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Similarly, using (11), we obtain

WUl U@
K
1T, = & TG

1R} =

for x € QF, where
n=p""(p(t) — loglx})
or, equivalently, [|x[* = e®®"_If || x||* < 1, then # <  and using (5),

IRLCON < 1RO} < aK>(IXII)*

< aKZc)»esMp(m”x”k. (19)
On the other hand, if ||x||; > 1, then ¢ > n and using (5),
1ROl < 1AL < aK>(lx]17)*
(20)
< aK>Coe P x|
Now we observe that by (15),
I:)) ™ o)l = @7, 21

where t is determined by the identity
L= [U@PU®O 'yl = IUp(z. Dyl-

_ / 1Us(E, 0) UG yll (&) d&

_ / | Up(E, Dy l5e0(&) d.

T

If t > 7, then

/ VU, Dy li2alE) de = / U, Oy zal€) d — / | Up(E. )y l2e0(8) d
— 1=l

and thus ||y||; > 1. By (6) and Lemma 2, we obtain
t t
[ 1Une. 0y10) de < Ko [ 1UsE. Dyloe) ds

p(1)
_ Ka / 1Up(™" (1), DYl -1y
P

(7)
< Ka(p(t) — p(r))  sup [[Up(p~" (), DYl 1)
p(t)=n=p(r)
= Ka(p(t) — p()| Up(z, )yl

= Ka®d(t, 7).
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Hence, using (5) and (6), yields that

K K
1- ICea“’m'llyll =1- Illyll}" =1 —lyl: = Ka®(z, 7)

and thus,

D(t, 1) < ]
By (21), we conclude that

1D DI < 1D o)l < exp[—

On the other hand, if r < t, then

/ | Up(E. Dyl 2o(E) de = / | UplE. Dyl2olE) de

t

T

=yl —1
and thus | y||; > 1. By (6) and Lemma 2, we obtain

)\. T
= o / | Up(&. Dylls(®) de

A p(t)
4K S0

/ 1Up(E, Oy liol€) de

> X o) —p@) inf (U~ @), Ol

T 4K p(n=n=p(z)
A
= R(p(f) — p)IIUp(z, Dy«

Y
— (.
kP

Hence,

4K 4K (4K
d(r, 1) < — — D<= =qvlI*=1
(r,n) < A(Ilyllz ) < )L<)Llly||; )

< 4_K _4KC€8\P(I)\”y” -1},
A A

which by (21) yields that
IR DI < 1D o)l

4K (4K
<exp [T(T CKe POy — 1)}

Similarly, using (16), we obtain

12 )l = e®?
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(23)
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for y € QF, where 7 is determined by the identity

n
- / | Uo(&. 0)U() ylzal®) de

n
_ / | UoE. Oyllzal€) de.

One can show in analogous manner that if 1 < 5, then

ale Elel
e e 4
Cliyl
and if 1 > 7, then
4K (4K
IR W)l < exp [T(TCKW“)uyn - 1)] (25)
It follows readily from (17)—(20), (22)—(25) that there exists a map L with the
desired properties. This completes the proof of the theorem. ]
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