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Trifactorisable groups

Elizabeth Pennington

The group G 1is called trifactorisable if G has three
subgroups, A, B, and C such that G = AB = BC = CA .
Obviously the structure of the group & will be restricted by
the structure of these subgroups. In this paper it will be
shown that a finite group G is T-separable if and only if it

satisfies Dn and has a trifactorisation with two factors

T-closed and the third, € say, T-separable. In this case we
show that the 7- and 7'-lengths of G can be at most one

more than those of € , and so it is this factor which "controls"
the structure of G . Similar results are proved for

T-solubility and solubility.

Kegel in his paper [3] introduced the notion of trifactorisable groups
as groups G having subgroups A4, B and C such that G =AB = BC = (4 .
Obviously the structure of the group G will be restricted by the
structure of these subgroups. In this paper it will be shown that a finite

group G satisfying Dﬂ is T-separable if and only if it has such a

trifactorisation in which two factors are T7-closed and the third factor,
C say, is T-separable. In this case we show that the %- and the
m'-lengths of G can be at most one more than that of € , and so it is

this factor which controls the structure of G .

This work rests heavily on the following result due to Wielandt [4],
15.7, p. T0.

If A and B are subgroups of the finite group G such that
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489 = B9 for all element g of G then

(4, 8] <4 0 8 aa ¢ .

Throughout this paper all groups considered will be finite. w will

denote a set of primes and 7' its complement. GTT denotes a Hall

m-subgroup of G . The group & is m-closed if the m7-elements of G
generate a normal T-group. The group G satisfies ETT if G has at

least one Hall mw-subgroup; it satisfies D1T if there exists precisely one

conjugacy class of Hall m-subgroups and if every Tm-subgroup of ( is
contained in a Hall T7-subgroup of G . 0n<G) denotes the largest normal

T-subgroup of G .
For any group G the upper T7-series is formed as follows:

P, =0,(6) , P, = o;(G/Pi_l) .

where

T if % is even,

' if £ is odd,

and O (G/H) denotes the inverse image in G of the group OG(G/H) with
respect to the projection G - G/H . The terms of the upper T'-series
will be denoted by Qi .

G is T-separable if the upper T-series reaches G , in which case
the 7-length of G , denoted ZH(G) , is the number of non-trivial
n-factors in the series.

G is T7-soluble if and only if it is p-separasble for all primes p
in w .

Wielandt's result is used to prove part (2) of the following lemma.

LEMMA. Let G = AB be a finite group satisfying D and suppose

both A and B satisfy ETr . Then:

(1) there exist Hall m-subgroups of A and B such that
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Aan = B“A“ is a Hall mw-subgroup of G ;

(2) Zf A4 and B arve m-closed then [A_, B ]< 0.(6) ;

(3) <if there is a subgrowp C satisfying E_ such that
G =AB =BC=CA then there i6 a g € G and Hall Tw-subgroups
of A, B and C such that A B = BncfT = (ﬁ;}Tr i8 a Hall
n-subgroup of G and G = AB = B = 94 .

Proof. (1) see [2], VI.4.6, p. 676.

(2) AB =BA by (1). Take any g =ba € ¢ ; then
489 =4 (0B )%= (8.4)% =59 .
T mm mTm m ™
So Wielandt's Theorem applies and [A", Bn] 99 G . But [An’ B"] is a

m-group and so is contained in OH(G) » as the normal closure of a

subnormal T-group is a T-group.

(3) For any g =-ca € G , ACg=(AC)a=Ga=G and so

G=48=58=09 foranl g€G. By (1), 48 =G . But deca

for some CTT and some g € G , so .llﬂcfT c G_" s and comparing orders gives

equality. Similarily, BTTC‘; = G’n .

Any T-separable group has a trifactorisation G = AB = BC = CA .with
two factors, A and B say, T7-closed and the third Tm-separable. Take
A to be a Hall m-subgroup of G, B a Hall T7'-subgroup of G and

C= G . The following theorem shows that the converse is also true.
THEOREM. Zet G = 4B = BC = CA be a finite growp satisfying D

with A and B n-closed subgroups and C T7-separable. Then G 1is
n-separable and 0 () S 0,(G) and 0.(c)co TT.(G) .

3

Now assume if possible that there are trifactorised groups with the
gbove structure not satisfying the theorem, and let G be such a group

having minimal order.
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Suppose on(G) #(1) . Let denote the natural homomorphism
G-+ G/OH(G) =G . The group G has the same structure as G but is of

smaller order, hence G is T-separsble. But G = G/OH(G) and 0“(0)
are T-separable, so G is T-separable. But
0,(0) € 01(T) € 03(B) = 0,(6)

and

0p(€) € 07.4(C) 2 0 11(@) = 0y 14(6)

contradicting the choice of G . So OW(G) =<1 .

Suppose now that G has two distinct minimal normal subgroups, M
and N . Both factor groups G/M and G/N are T-separable by the
minimality of G and hence so is their direct product. G embeds into

G/M x G/N , and so G 1is T7-separable. Further one has

0.(C) € 0_(G/M) n O (G/N) = X 3¢

and

0,4(C) € Oy 1 (G/M) n O L/(G/H) =¥ <G .

Let Y  be a Hall T-subgroup of Y , then Y _C 0'1} 7'(G/M) and so
b

Y < 0 (G/M) . Similarly, Y SO (G/N) andso ¥ S X . But
Lo, 0 (@] cv ana [, o (@] o,

so [X, On'(G)] CMnN=1(1) and X centralises OW.(G) . But G is
T~separsble and 0_"( G) = (1), so 0,",(6) contains its centraliser (see
(7], 6.3.2, p. 228), that is, rcxc 0,1(G) . 8ince 0, /(G) does not
contain eny non-trivial m~subgroups, one gets On(C) =(1) = Y_n and
0",(0) cY=1,c O“,(G) . This contradicts the choice of G . Thus the

group has a unique minimal normal subgroup ¥ .

Suppose that A'n = (1) . Then by the lemma, GTT = BTr = C1T and so

Gfr = B]frc = Ci_g C , and C contains a non-trivial normal subgroup of G ,
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that is, C2>M . Thus M is T7-separsble and so is G . Also one has

0,(c) c o (c/m) c 0 (6/m) < ¢ < w {0 (0))

0.(C) 20 (G/M) <G ena 0.(C) 0 (6)=¢1).

As G 1is Tm-separable, one gets G = G'nG'n' , and since

G.ccg NG(OH'(C)) , one has

G

G
0,.(c)" =0 ,(C) S6G,

and so 0_",(0) c 0_",(0) . This is again a contradiction and so A'n £(1) .

Similarly, B’n £(1),

By the lemma, [Aﬂ, B_‘T] c 0_"(0) ={(1). Let g =ab € G , then

g = (4% - b _
Eqn, Bﬂ] = [Aﬂ R B“] = [a,, 8] = (1.

All conjugates commute, so [Ag, Bg:l =(1l). But Ai and Bi are both

non-trivial normal subgroups of (G and so contain M , so M is an
abelian ﬂ'—group and centralises every Hall T-subgroup of G . Further,
G is Tm-separable. Now 0"(6') c 0;(G/M) = PM where P is a Hall

T-subgroup of 0;(G/M) and PA4PMAG,s0 P=(1l)= oﬂ(c) and ow(G/M)
ig trivial. But

Onr(c) < O;,nv(G/M) = o;rr(G/M)

In

0,+(6)

This final contradiction completes the proof.
This theorem has as an obvious corollary, Satz 1 of [3].
COROLLARY 1. Let G be a finite group satisfying D . Then G is

m1-closed if and only if there are subgroups, A, B, and C of G, all
m-closed and satisfying G = AB = BC = CA .

That, in the situation of the theorem, Oﬂ.(C) is not necessarily

contained in 0",(0) is shown in the following example.
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Let G be any T-separable group with On,(G) =(1). Take as 4 a
Hall m-subgroup of G , as B = On(G)G", where G, is any Hall
m'-subgroup of G and as C any compliment to 0,"(0) in G . Then 4
and B are Tw-closed but O ,(C) ¢ 0,",(6) = (1) . This example shows that

the theorem cannot be extended to characterise T-soluble groups (even if

¢ is m-soluble) without added restrictions, for take Oﬂ(G) non-soluble

in the above. Further, in the example, the 7-length of ( is greater by
one than that of € . That this is the maximal difference possible is
shown by the following corollary.

COROLLARY 2. ILet G be a finite m-separable group with subgroups
BC =CA with A and B

A, B, and C of G such that G = AB

m-closed; then:

(1) if 0.(G) = (1), then P,(C)

P,(G) nC for any natural
number i , and Z"(C) = Z-n(G) . Anyway, ZW(G) = Z"(C) +1;
(2) Qi(C) = Qi(G) n C for all natural nwnbers 1 and

1.6) =12 ,(c)+1;

(3) 2€f 4 and B are also w'-closed, then Z"(C) = Z"(G) and

Z“,(C) = ZTT’(G) .

Proof. (1) Suppose On(G) =(1) . By the theorem, one has

Pl(C) = OTT'(C) SOTT ."I(G) = 0“,1(0) = Pl(G)

>

Obviously, P (G) nCc P (C) andso P,(¢) = P (6) nC .

Assume now that Pi(G) NnCeC= Pi(C) for al1 Z=<n . Let 0 =70 if

i is even and o0 = ' if < 1is odd. Then

(2,4, (6)nC)P, (C) i P . (G)nC . (2,4, (6)C)P (G) - P ,1(G) ’
p (C) P, (6)C)re, (C) P (G) = P (G)
(2,,,,(6)C) P, (C)
which is a 0O-group. So B (C) is a normal O-subgroup of
n
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¢/p,(¢) and so P .(¢)nCcP . (C). But

P .(C) = 0 (c/p (€)) = o (c/p (6)nc) = 0L (cP,(6)/P,(6))

c o (e, (6)/P (&) = P

1 (6) 5

by the theorem and discussion above. So Pi(G) ne = Pi(C) for all

natural numbers < -.

Suppose now Zﬂ(C) =k , then C=P (c) = P2k+1(G) NnC . Let

2k+1

denote the homomorphism G + G/P (G) . Then

2k-1

Pory(6) 7 Py (@)~ Py ()

and this group is T-closed. So G = 4B = BC = CA is T-closed by

Corollary 1, and

2(6¢) =1+ 1 [P

ok (6)) =1+ (k1) = k = 2.(C) .

If 0.(6) #¢1), consider G/On,’“(G) . Then ow(c/on.’n(c)] =(1),

and so

(@) = 2 (6/0p, (@) +1=1.(cors (6)/0g, (@) +1=1(c)+1.

(2) By the analogous argument for the ='-series, one has

Qi(G) negs= Qi(C) for all natural numbers < .

(¢) =@ (G) nC . Let

Suppose now Zn.(C) J ; then C =

Q2j+1 2j+1
denote the homomorphism G - G/Q2j(0) . Then C = C/Qaj(C) is m-closed

and hence so is G . So

+

Lo(6) =1+ 2,(9,;,(6)) =1+ =1.(0) + 1.

(3) If A and B are m'-closed then C = @ (C) and C/ng_l(c)

24+1

is a Tm-closed group. So as above, G/@ (G) is 7'-closed and

2j-1
G/Q2j(0) is a w'-group, and Zn'(G) =4 = Zn.(C)

Similarly, Z“(G) = Z“(C) .

For any group G , the Fitting subgroup F(G) is the largest normal

https://doi.org/10.1017/5000497270004274X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270004274X

468 Elizabeth Pennington

nilpotent subgroup of G . The Fitting series of G 1is defined by

Fi(6) = F(G) , Fy6) = F(¢/F,_,(G)) for i >1 .

If G 1is soluble, and 7n is the least integer such that G = Fn(G) , then
n 1is called the Fitting length of G .

CORCLLARY 3. (1) Let the finite group G be of the form
G=AB =BC = CA where A and B are T-closed with nilpotent Hall
m-subgroups and C 1is T-soluble; then G is m-soluble.

(2) If A and B are nilpotent and C is soluble, then G 1is
soluble and Fi(C) = Fi(G) n C . Further the Fitting length of G 1is

equal to that of C .

Proof. (1) Let p bYe any prime in W . Then A4 and B are both
p-closed and ( 1is p-separable. Hence, by the theorem, G is
p-separable. As this is true for all primes p € W the group G is

T-soluble.
(2) The solubility of G follows from (1).

let p Dbe any prime dividing the order of G ; then ‘4 and B are
p-closed and by the theorem, OP(C) c Op(G) . Thus F(C) € Fl(G) . But

obviously Fl(G) ncc Fl(C) and so Fl(C) = Fl(G) n C . Suppose now that

Fi(C) = Fi(G) n ¢ for all natural numbers < <n . Then

F (€)= F (¢/F () = F (¢/F,(G)nC) = F (CF,(G)/F (G))
cF (cpn(c) /F, 6)) = Fn(6)
But
(7, (Q)nC)F (O) (B (G)nC)E (&) F . (O)
F (C) = F (0) < F(G)

which is a nilpotent group. So Fn+l(G) nCgc Fn+1(C) c Fn+1(G) neC.

Let the Fitting length of C be k . Then Fk(C) =C = Fk(G) ncC.
Let ~ denote the homomorphism G =+ G/Fk—l(G) . Then

_= = . ; _— . . t b
¢ =cF_,(6)/F_,(6) C/Fk_l(C) is nilpotent, so G is nilpotent by
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Corollary 1. Then G = Fk(G) , and the Fitting length of G 1is equal to
the Fitting length of C .

It would be convenient if the two parts of this corollary could be
combined into a single statement involving some form of series for the
T-soluble case, say defining the TW-Fitting subgroup to be
F"(G) = On'(G) x F(ON(G)] , which reduced to the Fitting series in the

soluble case. It seems however as if this is impossible as the hypothesis
of the first part of the corollary is not strong enough to ensure that

On'(G) contains On'(C) . This is shown in the above example by taking T
to be the single prime p

Finally, it may be pointed out that the arguments presented here
shorten the arguments in [3] considerably.

References

[1] Daniel Gorenstein, Finite groups (Harper and Row, New York, Evanston,
London, 1968).

(2] B. Huppert, Endliche Gruppen I (Die Grundlehren der mathematischen
Wissenschaften, Band 134. Springer-Verlag, Berlin, Heidelberg,
New York, 1967).

[3] Otto H. Kegel, "Zur Struktur mehrfach faktorisierter endlicher
Gruppen", Math. 2. 87 (1965), h2-L3,

(4] Helmut Wielandt, Topiecs in the theory of composite groups (lecture
Notes, Mathematics Department, University of Wisconsin, Madison,

1967).

Department of Pure Mathematics,
Queen Mary Col lege,

University of London,

London,

England.

https://doi.org/10.1017/5000497270004274X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270004274X

