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1. Introduction and Theorems
Let
fo o] . o] .
8)) Y a™ and X be™
n=—ow n=+oo
be the given trigonometric series, then the formal product of them is defined by
2 Y ¢ with ¢,= X a,_,.b,

where the last series is supposed to be convergent for every n.
Rajchman [1] proved the following

THEOREM A. If the two series (1) satisfy the conditions

3) a,=0(1) as |[n| >0 and I |nb,| <o,

h=—a

then the formal product (2) is convergent at the point where the second series
of (1) converges to zero.

Recently, Zygmund [2] proved the

THEOREM B. If the two series in (1) satisfy the conditions

4) a,=0(1) as |n|->ow and X |b,|<,
then the function

L, Cn int
®) f(t) = icot - "EJO ¢

obtained by integrating the series (2) twice is smooth at each point where the
70
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second series of (1) converges to zero. The function f is called to be smooth at
the point t if
£+ 1) = 2f(t) + St — h)
h e d
Qur first theorem is as follows:

0 as h—-0.

THEOREM 1. If the two series in (1) satisfy the following conditions

6) a,=0(|n|*) as n—>o and X |n*b,| <o

n=-uw

where 0 £ k < 1, then the function (5) is smooth at each point where the second
series in (1) converges to zero.

The case k = 0 of Theorem 1 reduces to Theorem B.
We can generalize Theorem 1 as follows:

THEOREM 2. If the two series in (1) satisfy the conditions (6) where k = 0,
then the function

() = P(t) + z:o (%y;ei" (P, being a polynomial)
n

obtained by integrating the series (2) v = [k] + 2 times is a-smooth at each

point where the second series of (1) converges to zero. The a-smooth of f at the
point t is defined by

onf(t — ah)

=1 -0 as h—-0

where
A5t —ah) = 3 (~1>f(;‘) fox + 2ih — ah).
j=0
The case 0 £ k < 1 of Theorem 2 reduces to Theorem 1.

2. Proof of Theorem 1

By the assumption, we can suppose that the second series of (1) converges to
zero at the origin and shall prove that f, is smooth there. Since, by (5),

£,(2h) = 2£,(0) + f,(—2h) = o(h) + 4 % %sinznh,
n#0

we have to prove that

5 sin?nh

Cp
2
n#0 n h

P = =o(l) as h—0.

We shall define a(u) and b(u) on the whole interval (— oo, o) such that they are
continuous everywhere, linear in any interval (n, n+ 1) (n = 0,41, £2,---) and
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a(n) =a,, bn)=b, (n=0,+1,+2,).

We write

D c(u) = E b(m)a(u—m) (— oo <u<ow).

m=— o

Since we suppose X b(m) = 0, so that

t3) f b(v)dv = 0.
If we write j(u) = —u + [u] + 1/2 for all u, then we can write
© sin®uh © sin’uh .
P = f_wc(u)—u—Zh—du + J;o c(u)7h~—dj(u) +o(1)

=P, +P,+0(l) as h—0
and, by (7)

P, = f_i—s—;n;ﬁu—hdu (f_wwb(v)a(u —v)dv + f_ib(v)a(u - v)dj(v))

= Q1 + Qz-
By (6) and (8),

o© o 12
0, =f b(v)duf a(u—v)%du

-

«© 0 .2 oc 22
=J b(v)dv(f a(u—v)%ﬁdu—f a(u)S‘;‘z:hdu)

- [ o [ S = [LowStan)

© @ (w+o)k 12
= hf b(v)dv f a(w)dw f d (sxr;zy)
-0 —oc wh

1/h @™ —1/h
=h(f du+f dv+f du)=R1+R2+R3.
J—1/m 1/h -w

CW,
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1/h 2/h @ —2/h (w+ov)h sin?y
Rl=hJ~ b(v)du( +f +f )a(w)dwf d( 5 )
—1/h —2/h 2/h - wh y

= 51 + Sz + S3
where
1/h 2/h
|S:] = AhZJ~ 'vb(v)ldvf lw["dw
—1/h -2/
1/h
gAh“"J~ [vb(v)[dv = o(1) as h— 0,
—1/n
since

e/h &/h
h""f |vb(@)]|dv < sl"‘f | v*b(v) | dv
- —~&fh

e/h

for small ¢ and

| *b() [dv = o(1) as h > 0.

1/hz o] 28k

Further we get

1/h

524
1

¢

| vb(v) | dv f w2 dw
h 2

/h

1/
gAh’""f |vb(v)|dv = o(1) as h— 0,
and similarly —1/n

1/h © (—w+oh 1.2
S,=h f b(v)dvf a(—w)dwf d(s";zy) =o(l) as h—=0.
h

~1/h 2/ ~wh

Thus we have proved R; = o(1). For the estimation of R,, we divide the second
integral in six parts as follows:

o © (w+ovdh $pa2
R, = hf b(v)dvf a(w)dwf d(smzy)
1/h - wh ye
w —v—1/2h —v+1/2h —v/2 —~1/2k 1/2h w
=h b(v)dv(J +J +j +j : +J +f )
1/h - —v—1/2k —v+1/2h —v/2 ~1/2h 1/2h

(w+v)h )
a(w)dw-f d(sm y) ,

wh y2
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then
Ah Jw:o b )|d f—v—I/Zh lek d f-v+1/2hl Ikd
R,| £ v)|dv —————dw + w| dw
' 2| - 1/h I ( ( —» (w + v)*h? —v—1/2k
—v/2 lek —1/2hlwlk 1/2h o Lk
+ ——dw+f dw+f wkdw+f ———dw)
f—v+1/2h (w + v)*h? vz W2h? —1/2hl I 1726 W2h?

=0(l1) as h—- 0.

Similarly we can prove that R; = o(1). Collecting above estimations, we get
Q,=0(1) as h-O0.
We shall now estimate Q,. Using integration by parts for inner integral,

0, = f S‘zzzh du f _batu = o))

— oo

W a2 °e}
_ f i’zz—zhdu f (@) (b'()a(u — v) — b)a'(u — v)) dv
= Ul - U2 .
By the definition of b(u),
f j@)b’(v)dv = 0 and f fol¥| 6" (v)|dv < oo

and then we can apply the method of estimation of Q, to the integral

0 0 L2
U, i b@do [ S~ vydu
o —w U%h

@K

and we can see U; = o(1) as h — 0. On the other hand we write

<] -] 202
U, = f b(v) j(v) dv f a’(u—v) SIETuhdu

- ® - 00 h

f_ib(v)j(v)duﬁz a(u —v)d (EE—:;:E)

[ ([ )=

for some M, where

M «© . . 2
Vy = f b(v)j(u)dvf a(u — v) (Sln2uh _ 2sin uh) du
M @

u2 u3h
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and then

NAE f;] b(v)| dv (j_:/h + f_l/:/h+ fl/h) | au - v)| [smzuh - 2??;%‘ du
[ tootae {77 (e ) o
o(l) as h—0.
V,=h (J;;M + f:) b(v) j(v)dv f:oa(%v— - v) d (si:zw)
([ a4
and then

-M S
|V2|§Ah(f +f ) | b(v)| dv
- M
IR L Zh|ol |, (sin®w ° fw\*dw
(L1 L e () + L () 55)

which may be made smaller when M is taken sufficiently large. Thus we have
proved that Q, = o(1) as h — 0 and then P; = o(1). Finally,

P2=J'°°c()smuhd()

-

A

Further

-] 202
S bim) a(u-m)f‘-%lﬂdj(u)

m= —~w —w

i

PROINCIG (= my SR g, +a(u—m)d(s"‘ )

=-W,-W,,

where W, is estimated similarly to U,. We shall now estimate W, . Since the
integral of j(u)a'(u — m) over the interval with integral end points vanishes,
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[12/5'] b(m) f i jwa'u—m) —— sin uh

m=—[1/h] [1/6)
[1/m] [1/h]
= % b(m) f ja'(u — m) (sm uh h) du
m=—[1/k] [1/h1 u?

= [1£] b(m) f[”h]](u)a u — m) ( E (__l)"_l_Zz"_l_ 2k-2p 2k~ 1) du

m=—[1/h] [(1/m k=2 (2k)'
© _ 1 k—122k—1
k=2 (2K)!
where

[1/k] [1/h] '
C,=h¥*"1 X bm) f jwya'(u — m)u**-2du
m=—[1/k] [1/n]

[1/n1 [1/8] u
=Qk-2)h*' X  b(m) f u?-3 4y f jwya'(v — m)dv
m=—[1/h} [1/h] —[1/h]

[1/h1 [1/4] u
=Qk—-2h*t X  b(m) f u?*-3du f jwya'(v — m)do
m=—[1/k] [1/h] [u]

=o(w= 3 (pml) = o(wt E mit]bm)])

m=—[1/h] —{1/m)

=o(l), as h—-0,

so that we can get

(/4] t1/1 sin uh
Y b(m) f jw)a'(u —m) =o(1) as h—-0.
=-[1/h] (1/h]

On the other hand

[1/h]
> b(m) ](u) a'(u—m)y—— sm uh du
m=—[1/h] [1/h}

(/h © (sin2uh  2sinuh\ (* |

= 2 b(m)f ( 7 T )f jwya'(v - m)dv

m=—[1/h] (1/h] [u] :
[1/h] @ du 1 [1/m]

=o( X | b(m)] e k)+o(h R | b(m)| f e ,‘) ‘

m=—[1/h] [1/h] m=—[1/h] [1/k]
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[1/k]
=0(h1"‘ z ]b(m)|)=o(1) as h—o0.

m=—[1/h)

Similarly we can estimate rest terms in W, and we get W, = o(1) as h — 0. Thus
we get P, = o(1) and then P = o(1), and we have proved the theorem.

3. Proof of Theorem 2
Under the conditions

a,=0(|nl"), X |n*b|<0(k20) and X b,=0,
we have to prove that
Snfo(t — ah) = o(h*~1),

where « = [k] +2 and

wft —ah) = Z (— 1)’( )fa(t + 2jh — ah)
~ 5 -1 J in(t+ 2 jh—ah)
n_z—:u‘)( )a z ( ) ( )e
n#0
= FE:.OO z%ei"'- 2%sin®nh .
n#0

We shall define a(u), b(u) c(u) and j(u) as before. Applying the method of proof
of Theorem 1, we can prove that
P= 3¢ sin“nh

apa—1
n¥0 h

@ sin*uh sin®uhb .
| et Smtan s | et S ai) + ot

ol) as h—0.
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