LATTICE-ORDERED GROUPS
HAVING AT MOST TWO DISJOINT ELEMENTSY

by P. F. CONRAD and A. H. CLIFFORD
(Received 23 May, 1959)

1. Introduction. Let L = L(+, v, A) be a lattice-ordered group, or l-group (Birkhoff
[1, p. 214]). Two elements @ and b of L will be called disjointifa > 0,b > 0,anda A b = 0.
It is easily seen that if L does not contain two disjoint elements, then it is linearly ordered
(and, of course, conversely). What can we say about I-groups containing two but not more
than two mutually disjoint elements?

Let A4 and B be linearly ordered groups (o-groups), and let A @ B be the cardinal sum of
A and B. That is, A @ B is the direct sum of 4 and B, and (a, b) is positive in 4 + Bif and
only if a is positive in A and b is positive in B. An l-group L containing A @ B as a convex
normal subgroup (or l-ideal) is called a lexico-extension of A @ B if every positive element of
Lnotin A @ B exceeds every element of A @ B. It then follows (subsection 2.9 below) that
L/(A @ B) is an o-group. Such an l-group L is easily seen to satisfy the following condition :

(D) There exists a pair of disjoint elements tn L, but no triple of pairwise disjoint elements
exists in L.

The following theorem shows that condition (D) characterizes L.

TREOREMI. An l-group satisfying (D) is a lexico-extension of the cardinal sum A @ B of two
linearly ordered subgroups A and B of L by an o-group C.

The following steps in the proof of this theorem would follow from results of Jaffard [2]
if L were abelian : that G, and G, are linearly ordered from his Theorem 1, p. 235 ; that the
subgroup of L generated by L, and L, is the cardinal sum G, + @, from his Proposition 3,
p. 241. These occur in subsections 2.7 and 2.8 respectively.

2. Proof of the theorem. ILet L* = {xeL:xz> 0}. Select p and ¢ in L* such that
paqg=0. Let L, ={seL:xanq =0}tandlet L, = {xeL:xAp = 0}.

2.1. L, and L, are linearly ordered convex subsemigroups of L.

Ho<ae<ael,then0 <xAg<ang =0. ThusxelL,, and hence L,is convex. L,
is & semigroup [1, p. 219]. Let = and y be two non-zero elements in L,. Then x Ay > 0, for
otherwise0 = Ay = 2Aq = yAg, contrary to (D). Nowz =a'+(zay)andy =y +(xAY)
with 2’ Ay’ = 0. Since L, is convex, 2’ and ¢’ belong to L,. Thus either 2’ = 0and z <y
ory =0and y < a.

2.2. The subsemigroup of L generated by L,0L, 1s the direct sum L, @ L,, and it is convez.

IfxeL,NL, then xAp = 2Aq = pAq =0, and hence z = 0by (D). IfzeL, and
y € Ly, thenx Ay e L,n L, because L, and L, are convex. Thuszxay = 0,andsoz+y = vy

t This paper was prepared with the partial support of the National Science Foundation grant to the
Tulane Mathematics Department.

1 Added in proof. This result has subsequently been extended to I-groups with n disjoint elements but
not n +1 such elements, and, in fact, to l-groups in which each element is greater than at most a finite
number of disjoint elements.
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=yve =y+x. If0<z<a+b whereael, and be L, then xAraelL, and xAbe L,
Thus

z=x2A(@a+d) =zA{avd) = (xra)v (wAd) = (tra)+(zAb)el, ® L,

and hence L, @ L, is convex.
23. If0<p' el,and 0 < q €L, then L, = Ly and L, = Ly, where

Ly ={xeL:xnq =0} and Ly ={zxeL:xzap’ =0}

If zeL,, then, since ¢'e L, xAq" = 0. Thus xe Ly and hence L, & L,. Similarly
L, € Ly. In particular, 0 < peL, and 0 < geL,. By reversing this argument, we have
Lyc Lyand Ly < L,

24. Ifael*and a¢ L, ® Ly then a > L, @ L,

We first showa > p. Letd =a A p. ThendeL,,a =d+a,p = d+p,andaanp=0.
If p =0, thenp = d <a. Nowpaa> 0, for otherwiseu € L, and hencea =d+ae L, @ L,.

If p > 0, it follows that p and pAa are strictly positive elements in the linearly ordered
semigroup L,, and hence 0 < pAa AP = pA0 = 0. This contradiction shows that a > p,

and similarly @ > ¢. Therefore @ > pvg = p+¢q. It follows from 2.3 that ¢ > p’ +¢' for
every p’ in L, and every ¢’ in L,.

2.5. Ifa,be L*¥* and anb = 0, thena,be L, @ L,.

If neither @ nor b belongs to L, @ L, then, by 2.4,aAb > p > 0. If, say, a belongs to
L, ® L, but b does not, then b > a by 2.4, and aAd = a > 0. Hence they must both
belong to L, ® L,.

2.6. The semigroup L, ® L, is invariant under o-automorphisms of L (in particular under
inner automorphisms of L).

If 7 is an o-automorphism of L, then prAgqr = (pAg)m = Or = 0. By 2.5, pr and ¢gn
both belong to L, @ L,. But, by 2.6, we canreplace p by any non-zero element in L, and ¢ by
any non-zero element in L,. Thus L, 7 and L, are contained in L, @ L,, and hence so is
(LD @ L)

2.7. Theset@, = {xeL:xnq =0orxv (~-q) = 0} is a convex, linearly ordered subgroup
of L.

Clearly G, = L,UN,, where N, = {reL:a2v(-q) =0} ={-z:xzel,}, and N, is a
convex, linearly ordered subsemigroup of L. Evidently G, is linearly ordered. To show that
@, is convex, suppose that x <<y < 2z, wherex,zeG,and ye L. Ifz <y <O0or0 <y <z,
theny e N, ory e L,, respectively, since these sets are convex. Suppose (by way of contradiction)
that y is not comparable with 0. Then z << 0 < z, and hence z, —z, and z —« all belong to L.
From 0 < y -2 <z -2 and the convexity of L,, we conclude that y —x e L,. Since L, is
linearly ordered, y —2 < ~x or y—x > —x; hence y <0 or y > 0. Hence G, is convex.
Clearly G, is closed with respect to taking inverses. Thus to prove that G is a group, it
suffices (by symmetry) to show thatifae N,and be L,, thena+be(, But e <a+b<b,
and therefore a + b € ¢, because G, is convex.

Similarly, the set G, = {xeL:2Aap = 0orzv (-p) = 0} is a convex, linearly ordered
subgroup of L.

2.8. The subgroup of L generated by @, and G is their cardinal sum G, @ G, and is a
convex normal subgroup of L.
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It is clear from the corresponding properties of L, and L, shown in 2.2 above that
G,NG, = 0, and that G, and G, commute elementwise with each other. Hence the group
generated by G, UG, is their direct sum G, @ G,. Itis now clear that G, @ @, is the difference
group of L, @ L,, and the difference group of any normal convex subsemigroup of L* is a
normal convex subgroup of L. But L, @ L, is normal and convex by 2.2 and 2.6, and hence
the same holds for G, ® G,. Finally, to show that G, @ G, is cardinally ordered, we must
show that ifx +y = 0, with 2 in G, and y in G,, then x = 0 and y = 0. Since = and y cannot
both be strictly negative, we may assume (by symmetry) that z > 0. We must now show
that y < 0 implies thaty = 0. Buty << 0 impliesthat 0 <2 + y <z e @,, andsox +y e G, by
convexity. But this and x € G, imply that y € @, and hence that y e G,nG, = 0.

2.9. Setting A = G, and B = G, we have now established that the subgroup of L
generated by A and B is their cardinal sum A @ B, and is a normal convex subgroup of L.
By 2.4, L is a lexico-extension of 4 @ B; for if an element of L exceeds every element of
L, ® L,, it evidently exceeds every element of G, @ ;. We now show that C = L/(4 @ B)
18 linearly ordered. Otherwise C would contain two disjoint elements X = z+(4 @ B) and
Y = y+(4 @ B). Denote by 0 the identity element A @ B of . Since X > 0and ¥ > 0,
we can assume that  and y are positive elements of L not in 4 @ B, and hence exceeding
every element of 4 @ B. But then z Ay exceeds every element of A @ B. But XAY =0
would require z Ay € A @ B, which is plainly impossible.

3. Anexample. Let L = I x1 x I, where I is the additive group of integers. For (a, b, ¢)
and (a’, b’, ¢’) in L we define
_ fla+a’,b+b,c+c’) ifc is even,
T Ub+a,a+b,c+c’) isc is odd.
We define (g, b, c¢) to be positive if ¢ >> 0 or else ¢ = 0 and both @ and b are = 0. This is the
one and only non-abelian splitting lexico-extension of the cardinal sum I @ I by 1.

(@, b,¢)+(a', b, ¢)
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