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1. Introduction. Let L = L( + , v , A ) be a lattice-ordered group, or l-group (Birkhoff
[1, p. 214]). Two elements a and b of L will be called disjoint if a > 0, b > 0, and a A b = 0.
It is easily seen that if L does not contain two disjoint elements, then it is linearly ordered
(and, of course, conversely). What can we say about Z-groups containing two but not more
than two mutually disjoint elements?

Let A and B be linearly ordered groups (o-groups), and let A © B be the cardinal sum of
A and B. That is, A © B is the direct sum of A and B, and (a, b) is positive in A + B if and
only if a is positive in A and b is positive in B. An Z-group L containing A © B as a convex
normal subgroup (or Z-ideal) is called a lexico-extension of A © B if every positive element of
L not in A © B exceeds every element of A © B. I t then follows (subsection 2.9 below) that
Lj{A © E) is an o-group. Such an Z-group L is easily seen to satisfy the following condition :

(D) There exists a pair of disjoint elements in L, but no triple of painvise disjoint elements
exists in L.

The following theorem shows that condition (D) characterizes L.

THEOREM}. An l-group satisfying (D) is a lexico-extension of the cardinal sum A © B of two
linearly ordered subgroups A and B of L by an o-group C.

The following steps in the proof of this theorem would follow from results of Jaffard [2]
if L were abelian : that Ov and Gq are linearly ordered from his Theorem 1, p. 235 ; that the
subgroup of L generated by LP and LQ is the cardinal sum Gv + Gq from his Proposition 3,
p. 241. These occur in subsections 2.7 and 2.8 respectively.

2. Proof of the theorem. Let L* = {xeL : x > 0}. Select p an<i 1 i n L* such that
p Aq = 0 . Let Lv = {x e L : x A q = 0 } and let LQ = {x e L : x Ap = 0}.

2.1. Lv and Lq are linearly ordered convex subsemigroups of L.
If 0 < x < a e Lv, then 0 < a ; A g f < a A g ' = 0. Thus x e Lv, and hence LV is convex. Lv

is a semigroup [1, p. 219]. Let x and y be two non-zero elements in LP. Then xAy > 0, for
otherwise 0 = XAy = xAq = y A q, contrary to (D). Now a; = x' + (x A y) and y = y' + (xAy)
with x' Ay' = 0 . Since Lv is convex, x' and y' belong to Lp. Thus either x' = 0 and x ^ y
or y' = 0 and y < x.

2.2. The subsemigroup of L generated by Lv\jLQ is the direct sum Lv © La, and it is convex.
If xeLvr\La, then XAp = XAq = pAq = 0, and hence x = Oby (D). If xeLv and

y eL v , thenXAyeLvr\LabecauseLv andLq are convex. Thus x Ay = 0, andsox+y = xvy

t This paper was prepared with the partial support of the National Science Foundation grant to the
Tulano Mathematics Department.

J Addod in proof. This result has subsequently been extended to J-groups with n disjoint elements but
not n +1 such elements, and, in fact, to Z-groups in which each element is greater than at most a finite
number of disjoint elements.
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= yvx = y +x. If 0 < a; < a + &, where aeLv and b e Lq, then xAaeLP and XAbe Lq-
Thus

x = XA {a + b) = x A {a v b) = (a; A a) v (x A b) = {x AO) + (x Ab) e Lv ® LQ,

and hence Lv © Lq is convex.
2.3. 7 /0 < p' eLP and 0 <q' e Lq, then Lp = Lp- and LQ = LQ-, where

LP- — {x G L : x A q' = 0} and Lq- = {xeL : XAP' = 0}.

If xeLv, then, since q' eLQ, xAq' = 0. Thus xeLp- and hence Lp £ Lp-. Similarly
Lq c Lq-. In particular, 0 < p eLp- and 0 < qeLg'. By reversing this argument, we have
LP' c Lp and Lq- £ Xa.

2.4. If aeL* and a^Lv ® Lq, then a> LP® i a .

We first show a > p. Let d = a A p. Then d e £„, a = d + a , p = d +^, and «Ap = 0.
If p = 0, then p - d <a. Now >̂ A a > 0, for otherwise a e LQ and hence a = d + a e £„©£ , .
If p > 0, it follows that p and JJAS are strictly positive elements in the linearly ordered
semigroup Lv, and hence 0<j)ASAp = JJAO = 0. This contradiction shows that a > p,
and similarly a> q. Therefore a>p\/q=p+q. It follows from 2.3 that a> p' +q' for
every p' in L,, and every q' in L,.

2.5. If a, be L* and a A & = 0, </te?i a,beLp® LQ.
If neither a nor b belongs to Lv © LQ then, by 2.4, a A b > f> > 0. If, say, a belongs to

Lv © LQ but b does not, then b > a by 2.4, and aAb = a > 0. Hence they must both
belong to Lv@ LQ.

2.6. The semigroup Lv © Lq is invariant under o-automorphisms of L [in particular under
inner automorphisms of L).

If 7T is an o-automorphism of L, then pn A qn = (p A q)n = On = 0. By 2.5, prr and q-n
both belong to Lv © Jva. But, by 2.6, we can replace p by any non-zero element in LP, and q by
any non-zero element in LQ. Thus Lv-n and 7va7r are contained in Lp © La, and hence so is
(Lv © La)n.

2.7. Tfte se< (?j, = {x e L: a; A q = 0 or x v ( - g) = 0 } M H convex, linearly ordered subgroup
ofL.

Clearly Qv = Lv\jNv, where JVj, ={a ; e /v : a ;v ( -g ) = 0 } = { -x : xsLv}, and iVP is a
convex, linearly ordered subsemigroup of L. Evidently GP is linearly ordered. To show that
Gp is convex, suppose that x <y < z, where x,zeGP and yeL. If a; < y < 0 or 0 < y < z,
then ?/ e i^,, or ?/ e £,,, respectively, since these sets are convex. Suppose (by way of contradiction)
that y is not comparable with 0. Then x < 0 < z, and hence z, - x, and z - x all belong to £,,.
From 0 < y-x <z-x and the convexity of Lp, we conclude that y -x eLP. Since Lp is
linearly ordered, ? / - x < - a ; o r j / - a ; > -a;; hence y < 0 or y > 0. Hence Gp is convex.
Clearly GP is closed with respect to taking inverses. Thus to prove that GP is a group, it
suffices (by symmetry) to show that if a e Np and beLP, then a + beGp. But a < a + b < 6,
and therefore a + 6 e Gv because Gp is convex.

Similarly, the set Ga = {xeL : XAp = Q or xv (-p) = 0} is a convex, linearly ordered
subgroup of L.

2.8. The subgroup of L generated by GP and Gq is their cardinal sum Gp® Gq, and is a
convex normal subgroup of L.
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It is clear from the corresponding properties of Lv and LQ shown in 2.2 above that
Gpf^Gq = 0, and that Gv and GQ commute elementwise with each other. Hence the group
generated by GV<JGQ is their direct sum Gv © Ga. It is now clear that Gv © GQ is the difference
group of Lv © Lq, and the difference group of any normal convex subsemigroup of L* is a
normal convex subgroup of L. But Lv © Lg is normal and convex by 2.2 and 2.6, and hence
the same holds for GP © GQ. Finally, to show that Gv © Ga is cardinally ordered, we must
show that if x +y ^ 0, with x in Gv and y in GQ, then x ^ 0 and y ^ 0. Since x and y cannot
both be strictly negative, we may assume (by symmetry) that x ^ 0. We must now show
that y < 0 implies that y = 0. But y < 0 implies that 0 < x + y < S E GP, and so x + y e Gv by
convexity. But this and xeGp imply that y e Gv, and hence that y e Gvr\Ga = 0.

2.9. Setting 4̂ = (?„ and B = Ga, we have now established that the subgroup of L
generated by A and B is their cardinal sum A © B, and is a normal convex subgroup of L.
By 2.4, £ is a lexico-extension of A © B ; for if an element of L exceeds every element of
Lv © i a , it evidently exceeds every element of Gv © Ga. We now show that G = LftA © i?)
is linearly ordered. Otherwise G would contain two disjoint elements X = x + (A © B) and
Y = y + (A ® B). Denote by 0 the identity element A © B of C. Since X > 0 and 7 > 0,
we can assume that x and ?/ are positive elements of L not in A © 5 , and hence exceeding
every element of A © JB. But then x A y exceeds every element of A © B. But X A Y = 0
would require a; A y e A © B, which is plainly impossible.

3. An example. Let L = I xl xl, where / is the additive group of integers. For (a, b, c)
and (a', 6', c') in L we define

. , . . , ,, ,, f(a+a',b+b', c+c') if c' is even,
(a, b, c)+ a', b', c') = i , / ' ,( . , . '

' {(b+a ,a+b ,c+c) i s c is o d d .

We define (a, 6, c) to be positive if c > 0 or else c = 0 and both a and b are ^ 0. This is the
one and only non-abelian splitting lexico-extension of the cardinal sum / © / by / .
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