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Abstract  In this paper we compute the non-abelian tensor square for the free 2-Engel group of rank
n > 3. The non-abelian tensor square for this group is a direct product of a free abelian group and a
nilpotent group of class 2 whose derived subgroup has exponent 3. We also compute the non-abelian
tensor square for one of the group’s finite homomorphic images, namely, the Burnside group of rank n
and exponent 3.
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1. Introduction

The non-abelian tensor square G ® G of a group G is the group generated by the symbols
g ® h, where g, h € G, subject to the relations

99 @h = (%' ®h)(g®h) and g®hh =(g@h)("gx "),

for all g,¢’, h,h' € G, where 9¢’ denotes the conjugation action gg’g~".

A group is 2-Engel if it satisfies the left normed commutator law [z, y, y]. The purpose
of this paper is to compute the non-abelian tensor square of the free 2-Engel group of
rank n for each n > 3. By computing the tensor square of a group G, we mean finding a
simplified and standard presentation for G ® G.

The non-abelian tensor square has its roots in algebraic K-theory [9] as well as in
topology [6,7]. This group construction was first investigated from a purely group theo-
retic perspective in the seminal paper by Brown et al. [8], in which they compute G ® G
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for all groups of order up to thirty. Subsequent papers investigate explicit descriptions
of the non-abelian tensor square for particular groups; for nilpotent of class 2 groups
see [1-3,13,16], for metacyclic groups see [5,14], and for linear groups see [12]. A recent
survey article on the non-abelian tensor squares and the more general non-abelian tensor
products of groups can be found in [15].

In [1,2], the non-abelian tensor squares of nilpotent of class 2 groups were investigated.
The non-abelian tensor square of the free nilpotent group of class 2 and rank 2, which
is exactly the free 2-Engel group of rank 2, was shown to be free abelian of rank 6. The
non-abelian tensor square of the free 2-Engel group of rank 3 was computed in [4]; it is
the direct product of a free abelian group of rank 11 and a nilpotent group of class 2.

Since 2-Engel groups are metabelian, the following proposition from [4] shows that
their tensor squares are abelian or nilpotent of class 2.

Proposition 1.1. Let G be a group. If the derived subgroup G’ is nilpotent of class
cl(G"), then G ® G is nilpotent with class equal to cl(G’) or cl(G') + 1.

In light of Proposition 1.1 and the fact that the tensor square of the free 2-Engel group
of rank 3 is not abelian [4], we conclude that the tensor squares of the free 2-Engel groups
of rank n > 3 are nilpotent of class 2.

Our method for computing non-abelian tensor squares uses the concept of a crossed
pairing.

Definition 1.2. Let G and L be groups. A function @ : G x G — L is called a crossed
pairing if

(g9, 9") = P(%9',79")P(g,9"), (1.1)

P(9,9'g") = P(9,9)9(? 9,7 g") (1.2)
for all g,¢’,¢" € G.

The following proposition allows us to determine homomorphic images of G ® G.

Proposition 1.3 (see [7]). A crossed pairing ¢ : G x G — L determines a unique
homomorphism of groups ®* : G ® G — L such that ®*(¢ ® ¢') = $(g,¢’) for all g, ¢’
in G.

To compute the non-abelian tensor square of a group G, we first conjecture a group L
and find a crossed pairing @ : G x G — L. We then show that the homomorphism induced
by the crossed pairing is actually an isomorphism and hence G ® G = L.

In the case of computing the tensor square for the free 2-Engel groups, we were guided
in our conjecture of L by computing the tensor square of a finite homomorphic image of
these groups, namely, the Burnside groups of rank n and exponent 3 for n =4, 5 and 6.
These computations were performed using methods developed in [10] and implemented
in GAP [11]. We provide a more detailed outline of our computational method in §3.
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Our main result is the following.

Theorem 1.4. The non-abelian tensor square of the free 2-Engel group of rank n > 2
is a direct product of a free abelian group of rank in(n*+ 2) and an n(n — 1)-generated
nilpotent group of class 2 whose derived subgroup has exponent 3.

Corollary 1.5. The non-abelian tensor square of the Burnside group of rank n > 2
and exponent 3 is a direct product of an elementary abelian 3-group of rank %n(n2 +2)
and an n(n — 1)-generated nilpotent group of class 2 having exponent 3.

In the next section we record various results needed to compute the non-abelian tensor
square for 2-Engel groups. We prove Theorem 1.4 and Corollary 1.5 in § 3.

2. Preliminary results

The following familiar identities for 2-Engel groups are stated here without proof (see,
for example, [18]). Recall that any nilpotent group of class 2 is a 2-Engel group.

Lemma 2.1. Let G be a 2-Engel group. For x,y,z,w € G and n € Z we have

[:v,y,z,w] = [:L',y,z]g = ]-7 (21)
[,y,2] = [z,2,9] = [z,2,y] ", (2.2)
[,y"] = [2",y] = [z,y]". (2.3)

Throughout the paper, let £ = £(n,2) denote the free 2-Engel group of rank n > 2
with a fixed ordering on its generators, which are labelled g1, g3, ..., gn. It follows from
Lemma 2.1 that any element g in £ can be written uniquely (with respect to the ordering
of the generators) as the product

g=11e" 11 losoel™  TI  lorgsra, (2.4)
=1

1<j<k<n 1<r<s<t<n

where each «; and §; is an integer and (by Equation (2.1)) each v, . is an integer
modulo 3. Since £/&3 is isomorphic to B(n,3), the Burnside group of rank n and expo-
nent 3, we can also express each element of B(n, 3) similarly, where each «; and 3; is
now also an integer modulo 3.

The following lemma provides formulae for multiplication and conjugation of arbitrary
elements in £.

Lemma 2.2. Let g and ¢’ be elements of £, where g is defined in (2.4) and
n
gl = H g:ll H [gj7 gk]ﬁjk H [grvgsvgt]ﬁyr’s'% (25)
i=1  1<j<k<n 1<r<s<t<n

where each «; and 3}, is an integer and each 1, ,, is an integer modulo 3. Then the
product g - ¢’ can be written in the form

n
g =1la" 1II losod®  TI (909597, (2.6)
i=1

1<j<k<n 1<r<s<t<n
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where o = a; + o, 87 = Bk + B — ooy, and
Vst = Vrosit + Vs T Bsp0 = Bracly + Brsay — afasay + afagar — afasa; mod 3.

Left conjugation of ¢’ by g is the product

n
f T T
gg/ = Hg?l H [gj7gk]ﬁj’k H [gr7gs7gt]’yr‘8’t7 (27)
i=1

1<j<k<n 1<r<s<t<n
where

T
o = oy,
T / o
Bix = Bin — ook + ajai,
T _ / / / / /N
Vst = Vrs,t + ﬁs’tar - ﬁ’ﬂtas + ﬁT,Sat — Qs+ Oy

/ !/ / / / ! ! !
—aasoy — By 0 + B s — B, s — apasay + aragay + aragay mod 3.

The following lemma states general properties for the non-abelian tensor square of any
group.

Lemma 2.3 (see [8]). Let G be any group and z,v,y,z € G. Then in G ® G we have

r®l=10z=1g, (2.8)
[r@v,y©z]= [z, @y, 2],

where 1g denotes the identity element of G ® G.

Let each of g and ¢’ be either a generator or commutator of £. We define the weight
of an element g ® ¢’ of £ ® £ as the sum of the commutator weights of g and ¢’, where a
generator has weight one. For example, the three variable element  ® [y, z] has weight
three while the three variable element = ® [x,y, z] has weight four.

We list several identities used to express the elements of EQE in terms of the generators
91,92, - - -, gn of £. We start with two- and three-variable identities that hold in the tensor
square of a 2-Engel group and its subgroups. The proofs of these identities can be found
in [3,4].

Lemma 2.4. Let G be a nilpotent group of class at most 2. Then, for x,y € G and
m,n € Z, the following identity holds in G ® G:

"Ry = (2 ®y) ™" (y @ [r,y)"E) (@@ [,y)"(3). (2.10)

Lemma 2.5. Let G be a 2-Engel group. Then, for any z,y,z € G, the following
identities hold in G @ G:

(z@ [y, 2))(y @ [z, 2])(z @ [2,9]) = ([y, 2] @ [, 2])([y, 2] @ [, 9]) ([, 2] @ [z, 9]),  (2.11)
(g ®2)7 = (ly,2]@2) = (2@ [y.a]) " = (@ [wy]).  (212)
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The following lemma lists four-variable identities found in [4].

Lemma 2.6. Let G be a 2-Engel group. For z,y,z,v € G, the following identities
hold in G ® G:

[z, 0] @[y, 2] = ([z,0,9] @ 2)(y @ [7, 0, 2]), (2.13)
([z,0,9] @ 2)(y @ [z, 0, 2])([y, 2, 2] ® V) (2 @ [y, 2,0]) = L. (2.14)

The next lemma explicitly shows that all generators of £ ® £ involving five or more
variables equal the identity. Moreover, all generators of £ ® £ expressed in four variables
can be written as a product of weight four generators of a common form and have
exponent 3.

Lemma 2.7. Let G be a 2-Engel group. Then, for any u,v,z,y,z € G, the following

hold in G ® G:
[w,v] ® [z,y,2] = [x,¥, 2] ® [u,v] = 1g, (2.15)
([z.0] ® [y, 2])° = 1a, (2.16)
v [z,y,2] = ([v,2] @ [y, 2])([v, 9] @ [z, 2)) 7' ([v, 2] @ [, y]). (2.17)

Proof. Substituting [u,v] for z, z for y, y for z and z for v in (2.14) yields (2.15).
We note that, by (2.10) and (2.1), for any v, z, y, z in G,

(U® [x7y7z])3 =ve® [mayvz]g =v®l= 1®'
Hence, by (2.13), we have
([1’,’[)] & [y,Z])3 = ([x,v,y] ® 2)3(y ® [CE,’U,ZDB = 1®,

and thus (2.16) holds.
To show (2.17) we first rearrange (2.13) using (2.12) as follows:

2@ [z,0,y] = (y @ [z, v, 2])([v, 2] @ [y, 2]). (2.18)
By interchanging v with y in (2.18), and using (2.2) and (2.12), we obtain

2@ v, z,y] = (v & [2,y,2])([v, 2] ® [z, 9]). (2.19)
Now interchange (respectively) y with z and  with z in (2.19) to get

y® [v,2,2] = (@ [2,y,2]) " ([v,9] © [z, 2]) (2.20)
and

@ [v,y,2] = (v® [z,y,2])([v,2] ® [y, 2]). (2.21)

Also, from (2.13), we have

[z, 0] @y, 2] = (2 @ [v, 2, y])(y @ [, 0, 2]). (2.22)
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Interchange x with z and y with v in (2.22), and use (2.2) and (2.12) to obtain
[z,0] ® [y, 2] = (@ [2,9,0]) (v © [y, 2, z]). (2.23)

Note that the left-hand sides of (2.22) and (2.23) are equal, so we may equate the right-
hand sides, and, after applying (2.2) as needed, substitute the expressions on the right-
hand sides of (2.19), (2.20) and (2.21). This gives

(@ [z, y,2])([v, 2] @ [z, 9]) (v @ [2,y, 2])([v,y] @ [z, 2]) "
= (e [z,y2) (v,2] @[y, 2]) " (v @ [z,, 2]).
Hence
(v® [z, y,2])° = ([v,2] @ [y, 2]) ([, 9] ® [#,2]) ([v, 2] @ [2,]) "

Since (v ® [z,y,2])® = 1g, we have (v ® [z,9,2])? = (v ® [z,y,2])"! and we arrive at
Equation (2.17). O

The following proposition is from [4].

Proposition 2.8. For a 2-Engel group G, the defining relations of G ® G reduce to

2 z= (2@ [y )y ® )z 2), (2.24)
r@yz = ([2,2] 0 y)(r © y)(0 @ 2). (2.25)
We generalize Proposition 2.8 in two steps. We first show the following.

Proposition 2.9. Let G be a 2-Engel group. Let x1,...,z, € G. Let b be an element
of the derived subgroup of G. Then, for n > 2

n k—1 n
(Hm ) ®b= H H z; ® xk,b})H(aji ® b) (2.26)

k=2 j=1
and
n n k—1 n
b (H x) = I ITze. b @ 2;) [J(b @ 22). (2.27)
i=1 k=2 j=1 i=1

Proof. We induct on n. Consider Equation (2.26). Let z1,z2 € G and let b lie in the
derived subgroup of G. By Proposition 2.8 and Equation (2.9) we have

T172 @ b= (1 @ [22,b]) (72 @ b)(21 @ b) = (71 @ [12,]) (21 @ b) (22 ® D),

which has the form of (2.26) for n = 2.
Suppose now that Equation (2.26) holds for some n > 2. For i = 1,...,n + 1, let
x; € G. Let b be an element of the derived subgroup of G. Then, by Proposition 2.8, we

have
Cljll a:z> Qb= ((Hm > [Tnt1, ]> ZTpt1 @ D) ((H xz> ®b> (2.28)
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Since [x,41,b] is in the centre of G, the factor ([]\; z;) ® [Tn41,b] of (2.28) expands
linearly (by Proposition 2.8). By the inductive hypothesis, the last factor on the right-
hand side of (2.28) is

n k—1 n
(H:vz)@b—Hij [k, b H%@b
=1

k=2 j=1

These facts put together give us the following:

(ﬁx> @b= ((H) 9 nin,]) (201 @) ((1_1) )

n n k—1 n
— (H(xl ® [acn+1,b])> (Tpt1 ®D) H H z; ® [Tk, b H x; @ b)
i=1 k=2 j=1 i=1
n+1lk—1 n+1
= H H (z; @ [zk, b H(mi@)b).
k=2 j=1 i=1
The proof of Equation (2.27) is similar. O

Proposition 2.9 is used to show the following result, which has a similar inductive
proof. The proof can be found in [17].

Proposition 2.10. Let G be a 2-Engel group. For u = 1,...,n, let x,, y,, * and y
be elements of G. Then, for n > 3,

n [—1k-—1 n s—1 n—1
(qu)m—nnn 2@ Lo Lol T] [T © ar]) [ e @)
1=3 k=2 j=1 s=2r=1 m=0
and
n n |—1k—1 n s—1 n
z®(Hyu) =TI I o ool @) T TT sl 000 TT )

1=3 k=2 j=1 s=2r=1 u=1

Appropriate substitutions in Proposition 2.10 show that some expansions are linear,
such as in the following corollary.

Corollary 2.11. Let G be a 2-Engel group. Let x € G and suppose that b; is an
element of the derived subgroup of G for i =1,...,n. Then, for n > 2,

<Hb) ®'T—H(bi®«r) and = ® (ﬁm) —

1=1 1=1 %

(z @ b;).

n
=1
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3. Computing the tensor square

In this section we prove Theorem 1.4, which provides a simplified presentation for € ® £.
The following is an outline of our method for making the computations needed in proving
the theorem.

Using the identities for £ ® £ developed in §2, we first express an arbitrary generator
g®g' of EQE as a product of a fixed set of elements of £ ® £ whose exponent expressions
depend on the exponents in the representations of g and ¢’ found in (2.4) and (2.5).
Then we construct a group L,, and define a multiplication formula for it in terms of the
exponents of its generators (see Example 3.3).

To prove Theorem 1.4, we define a function @ : £ x £ — L,, that we show is a crossed
pairing. Verifying that @ is a crossed pairing involves multiplying and conjugating ele-
ments of £ using Lemma 2.2 and multiplying elements in L,, as defined in Example 3.3.
These operations are described by formulae on the exponents of the generators of these
groups, respectively. We consider these formulae as functions. Verification of the iden-
tities (1.1) and (1.2) for @ is completed by composing these exponent functions. Since
some of these compositions involve manipulating hundreds of terms, the computations
were performed using MAPLE [19]. We complete the proof of the theorem by showing
the homomorphism induced by the crossed pairing @ is an isomorphism.

We express the element g of £, defined in (2.4), as the product abe, where

a=[lo b= TI lgpad® c= I logsgl™ (31
=1

1<j<k<n I<r<s<tsn

Similarly, we express g’ € £, defined in (2.5), as the product a’d’c’, where

n
d=[ls"  v= 1 lgal® = 1] lorgsal™ (32
=1

1<j<k<n 1<r<s<t<n

As a first step, we use Proposition 2.8 repeatedly to compute an expansion formula for
g ® ¢' in terms of the factors a, b, ¢, a’, b' and ¢’. We use the fact that £ is nilpotent of
class 3 to simplify the expansion,

/

gg =a-b-c®d -V -c
=(a-b@c,d b -)(exd V- a-bxd b )
=(c@ad b - a-bxd V- )
=([d,d®d - V)(cxd V) (cad)(d,abcd V)ia-bxad V)(a - bxC)
= (. d@d)(cad)(cat)(cad)(a-b®d V)(ax [b])(ba ) a®)
=(c®@d)(c@b)(cad)a-bxd V) (bad)(a® ). (3.3)
By Corollary 2.11, the factors (¢ ® ¢'), (c®b') and (b ® ¢) in Equation (3.3) expand

linearly into products of elements of £ ® £ of weight at least five, which are all equal to
the identity by (2.15). Hence our expansion becomes

a-b-cod V- -d=(c@d)(a-b®d -b)(ax). (3.4)
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We expand (a-b® a’ - b') using Proposition 2.8, obtaining
(a-bxad V)= (a®[ba -b])bxad V)(axad - V)
= (a®[b,d]) (Vb)) @ad)(b@ad)(b@V)([),a] ®a')(a®ad)(ax)
=(@ebd)(bed) (bab)(t,a®d)(a®ad)(a®). (3.5)
Putting the expansions (3.4) and (3.5) together we get

a-b-c®d V-
=(c®d)(a®[bd)bed)bat) ([t ded)(e®d)(aabt)(aa).  (3.6)
We next show that every generator of EQE can be expressed as a product of a prescribed
set of elements in £ ® £ in a fixed ordering. We accomplish this goal by expanding each
of the eight factors in (3.6) as products involving the generators gy, ..., g, of £. For the
sake of notational convenience in the sequel, we set
L= {(6,5,k) | 1 < i,k <m; i <max{j, k}; j <k},
L ={@,j,k1)|1<i<j<n i<k<l<n; (i,7) < (k1) lexicographically}.
Lemma 3.1. Let g and ¢’ be arbitrary elements of £. Then

n

gog =1l 11 (s®lg )"

i=1 (i,4,k)€D
n—1 n
[T (995 @ lge gil)momr - II (i ®g), (3.7)
(i,4,k,1)ET2 i=0 ;:1 ‘
JFEN—1

where each p;, 0; ;1 and v; ; is an integer and each T; ; , is an integer modulo 3.

Proof. We continue to consider g and ¢’ as written in (2.4) and (2.5), respectively.
The eight sets of forms listed below in (3.8)—(3.15) are the possible element forms that
arise when the eight terms of (3.6) are expanded using Propositions 2.8-2.10:

(90 9o, 9275 @ g, (3.8)
92 @ llgr. s 95", (3.9)
9r, 9% @ g2, (957, g, 927 @ g5, (3.10)
[9rs 951%7* ® [9p, 9q) %1, (3.11)
(g, 957+, 93] ® g™, (3.12)
g, @l git], gt ® g2, g, gutl, (3.13)
g @02, gn7 00T, gt @ gt gt g, gt @[glt, g2,
95 @ g, g5)%e 6o @[99, [grs g5)7e), (3.14)
95% @ [gr. go ge] ™o, (3.15)

where Il <r<s<t<n,1<p<qg<nandl<u v<n.
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For example, by Corollary 2.11 and Proposition 2.9,

bod = J[ l99:7 @[] oo

1I<r<s<n u=1
n ’
= 11 ([gr,gs]ﬁ"‘ o] gﬁ“)
1<r<s<n u=1

n q—1

n
H <HH gq ’grags TS ®g H Gry g gﬁ,s®g7‘ju)>.
u=1

1<r<s<n ‘¢=2p=1

Hence we have the element forms shown in (3.10).
We extract the exponents for each of the forms found in (3.8)—(3.15) using (2.3)

and (2.10):
([grs 95> 9] @ gu) ™72, (3.16)
(9u @ [gr, g5, gu]) P, (3.17)
(19095 @ 927, (9 @ [0, 950 0D (F), (g4, [, 96]] @ gy)¥4%+95, (3.18)
([9r+ 9s) @ [gps gq))PrraPs, (3.19)
([9r g5 9u] ©® gu)Precoeu (3.20)
(90 ® )7, (90 ® [gu ) (P,
(90 @ [0, 9) ), (g0 ® (g0, gul) 200
(9r © (90, 195, 9l (F), (g0 @ (g5, [0, gul]) e, (3:21)
(9r @ [9s: s Gal) 7%, (g7 @ [0, Gus 95]) 70",

(9r ® [9u 0D, (90 ® [0 [90, 9] (%),
(9 @ 1905 95D, (90 @ [Gur (90> 317 (5), (9 @ (94, [grs 95]]) 2 e, (3.22)
(9u © [grs sy ge]) 7o, (3.23)

where 1 <r<s<t<n,1<p<g<nandl<uy vn

Hence an arbitrary generator of £ ® £ can be written as a product of the element
forms listed in (3.16)—(3.23). The only non-central elements in this list are the powers of
elements of the form ¢; ® g; for ¢ # j. Hence the exponents have no effect in rewriting
the other element forms to match the factors listed in the statement of the lemma. There

are only two basic form types that need to be rewritten. For (3.16), we have, using
Equations (2.12) and (2.17),

([grvgsvgt] ®gu) = (gu ® [gragsagt])_l

= ([gmgr] (29 [gsagt])_l([gu;gs] ® [guvgt])([guagt] ® [gsvgr])_l
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We then reorder the subscripts as needed by repeatedly using (2.12) and keeping track
of the sign changes of the exponents as necessary. We rewrite the other element forms
that involve a weight three commutator in £ similarly.

Elements of the form gi ®[g;, g;] for which k& > max{i, j} can be rewritten using (2.11),

(9 @ [gi> 95])
= (9: @ [95,9:)) " (95 © [97, &) ™" ([96> k] © [97, 9x]) (9> 9] @ [95, 93 (95 9] @ [95, 9i])-

Again, we reorder the subscripts, as needed, using (2.12).

We can order the non-central factors g; ® g;, for ¢ # j, as specified in the lemma, noting
that the commutators [g; ® g;, gk @ 91] = [9i, ;] @ gk, g1] (Where k # 1) lie in the centre
of £ ® £. Hence the reordering of the non-central factors does not add any new element
forms. 0

An arbitrary element of £ ® £ is a product of generators of the form g ® ¢’. By
Lemma 3.1, each of these generators can be written in a common form (3.7). Hence E®E
is finitely generated by the factors in the product (3.7).

Remark 3.2. We note that Lemma 3.1 also holds for the generators of
B(n,3) ® B(n,3),

where the exponents are taken to be integers modulo 3. Moreover, an arbitrary element
of B(n,3) ® B(n,3) can be expressed as the product (3.7), where all the exponents are
again considered to be integers modulo 3.

The exponents p;, 0k, Vi; and 7; j 1, specified in Lemma 3.1 are used later in the
proof of Theorem 1.4 to define a mapping @ : £ x &€ — L,, (where L,, is defined in
Example 3.3 below). An explicit expression for these exponents is determined by a careful
analysis of how the exponents arise during the expansion and collection process of g®g’ as
a product of the generators indicated in Lemma 3.1. This analysis, which was performed
completely in [17], relies on tracking the indices of each of the products in the expansion
process described in the proof of the lemma to form the exponent expressions listed
below. When all of the forms in the expansion are collected, we note that each basic form
must be considered in several cases dependent only on the relative ordering of its indices.
We arrive at the following descriptions of the exponents of the generators of £ ® £.

For generators of weight two, the exponents are

pi =g and v =l (i # ). (3.24)

For generators of weight three, we have four cases to consider, with indices ordered

i < j < k. The exponent for each generator g; ® [g;, g] is

/ / / / / / ! / /
Tigk = =00k + @i — oy + azaap + aagog, — azasag + o Bi g — awf; ;.
(3.25)
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For each generator g; ® [g;, g;], the exponent is
/ / / 1y a; [ i
Oiij = —0;Bij + aif; ; — ooy + aiogon — a < 2) + o ( 9 >
The exponent for each generator (g; ® [g;, gx]) is
jik = —Bik + ;B ) — dhojor + ol — ag B + awf ;.

For each generator (g; ® [¢;, g;]), the exponent is

o a;
05 = —Big + ;0 + ( 2]) - a;< 2j>'

For generators of weight four, we have six cases to consider, with indices ordered
i < j < k <. The exponent for each generator [g;, ;] ® [g:, gx] is

! / !/ / / el / /
Tigik = —0igk T % i + @Bk — i Bik + i B j — i By + ;a8

A
o
— asarf ; + BijBix — BijBik + Bk ( 21) — 0Bk + g B + i B

J

7 A (e 7] o
+alay, ( 22> — ajoy < 2l> — ajaj, < 22) + o ( ;) — iy + ;.

For each generator [g;, g;] ® [9;, gx], the exponent is

o
/ / ? / NN / / !
— i ; — B ( 9 ) — Q0G0+ QGOGOG O — OGO A+ G OGO O,

_ / L . ! ! . . _ X A . . / L . /AeYA . / /
ik = 0 Yigk + Yk + 0Bk — ajog B + ajag i — ciai B g + ajog By,

/
/ / / /
- ajakﬁi,j + Bij Gk T ﬁi,jﬁj,k - 5i,k< 9

Q5 Qs a/,
+ ﬂi,k( ;) + qjajalay — djay, ( QJ) + i, ( 2J> — a0+ arf ;.

(o'
j Il o3l
) + oy b — oo

The exponent for each generator [g;, gx] ® [g;, gx] is

Tikgk = —QYigk T Y + 0Garfik — ajarBik + aralfBij — aio 85 + ajal B
!
ap (677
w8+ Bunl — Batbc+ () = 00 () - ok + ausl

For each generator [g;, ;] ® [gk, gi], the exponent is

Tigdl = — QY k1 QG kd + Qi — ik + QY e — QG R — QR
+ ;g + By — e By — cgarfin 4 aioufie — iy B + o Biy
+ a}akﬂi,z — a;alﬁl;k + aiafﬁj,k - aja;ﬂi,k - akafﬁi,j + a;calﬂi,j - Oééajﬁzlc,z

+ @i By, + aiog B — aiq By 4 ahaw B — ajarBly — ajog B + g By,

https://doi.org/10.1017/50013091502000998 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091502000998

On computing the non-abelian tensor squares of the free 2-Engel groups 317

— )y + sy + agoufl ;= ary B+ BijBy — Bi Bk 4 il B
B+ Oé;'a;cﬂi,l + oy B — a;agﬂi,k —apoqfij — aiajﬁ;CJ + aiakﬂ;‘,l

/ / / / / ! ! !/
—ajorf; — aiuf + ajouf  + agouf; ; + aagakoy — aiog o)

—

/ / ! / v / / o
— QOO0+ QGO QG0+ GOG OGO — QOO0 — QGO QO+ 0400000
7 / / / / ! / / I !
+ o Qg0 — QOG0 QOG0 = QGO Qg0 — G050 0 — 0G00 00
The exponent for each generator [g;, gx] ® [g;, 1] is

Ti,k,j,0 = a,ﬂj,k’l + CV;%,M + a;c%,j,l + 0‘2%‘,3316 - Ofﬂé,k,l - aj')’z{,k,l - ak%{,j,l - al%{,j,k
— 00 B — ooy B — o B — agoufBk + g B + agagBi + oo Big
+ ajaifi gk — Bk — ajenBik — awan iy — agoufij + ooy B + i By,
+ @i 05 + aiog By, — dhag ) — B — ajap Bl — ajeq B + gy
+ ajaufi y + apauB; ; + awenBi ;4 BikBiy — BixBin — By + ag B
+ oo B — cie Bk — g Bk — g By + i By — aion 3]
— i) + aiaa B + ajauf )+ apa B + oo — agadaga)
=+ aia;akal — a;ozjoz;ozf — oziaja;al + a;a;-ozka; + oziozjakag — a;a;a%al
— Qi) + G age) + aGo o) — Qo — Qo — apaGaga.
Finally, the exponent of each generator [g;, ¢i] ® [g;, gx] is

Tilgk = — 4V k1 = Q5Yikd + Qi T ik + QY e F G e — QR
— i g+ B + o B — aarfi — aanfk — @iag B — e Bin
+ afBin + Bk + i Bk + ajaifi g — aregBij — By — agag By,
— 0 + @ioq B + i) By + b + i — ajag Bl — ajogBi g
— By, — Ay + aguf ; + ara) B + BiiB g — BiaBik + i Br
— g B0 — By + a4 ahog Bk — ajagfBi g — i By 4 aiou B,
+ ajakﬁgyl — aialﬁ}k — ajalﬂg’k + akalﬁaj — djajogay + aia;aﬁcaf
— oaioz;ozkoq + ajajaga) + aiagagap — a;a;aka; — aaapa) + oz;»oz;-oz%ozl
+ aiojoa) — aiajaga) — cjajage) + opaagon + ajogagon — Aol aga.

We now construct the group L,, that we show is isomorphic to £ ® £.

Example 3.3. Let F be the free group of rank n(n — 1) and set A to be F/v3(F) =
(yi; | 1 <4, 3 <m; i j), the free nilpotent group of class 2 and rank n(n — 1). Set

N = Wigs vials Wigs velWigs virl, Wi el Y56 Yl
Wi gs e Wk Vil Wigs yeal® | 1 <, ok, U< ms i # s k #1).
Since N < N < Z(N), the subgroup N is normal in N. Set
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where w; ; = y; ;N for 1 <4, j <nand i # j. Set U,, to be the free abelian group on the
generating set

{z; |1 <i<n}U{u k| l<i,4,k<n; i <max(j, k); j <k}

The allowable subscript triples for w; ;; match the four cases of subscript triples that
arise in the generators of the tensor square £ ®& for factors of the form g; ®[g;, gi|. There
are 2(7) +2(%) = 2("$") such triples, and thus U, has rank n +2("3") = in(n? + 2).
We set L,, to be the direct product U, x W,,.

Denote the commutator [w; j,wy ] by z; k. We represent an arbitrary element h

of L, as
n 71— n
o i Nijok ik Nn—i,j
h=1Tar TT wist II =g 11 1T wisys (3.26)
i=1 (i.g.k)el (i, k) el =0 j=1
JF#ENn—1
where each k4, A; j 1 and n,—; ; is an integer and each p; ; 1 is an integer modulo 3. Let
n n—1 n
’ K ik Wi o My
Wo=1la I wgs I1 = 11 H WnZij (3.27)
i=1 (4,4,k) €L (4,5,k,1)EL2 i=0 j=1
J#n i

be another element of L,,, where each s}, A ik and 7;,_; ; is an integer and each p; ;; ;
is an integer modulo 3. Then the product hh' is

n

I __ Ry, id,k | Hi gkl Mn—i,j

h = H”% H Wi gk H Zig.kl H Wn—ij
i=1 (4,5,k) €11 (4,5,k,1) €12 =0 j=1
Jj#En—i
where
* =k, 4 S ! *
R = Ki + Kj, Mij = Mg + Mijo Ak = Mgk + ALk (3.28)

and (computing modulo 3)
Wik = Migik + Mgk M5 s = Mg s + Mk — ik 4 i<ji<k,
ik = Migagk T Mgk + 5.0 — Mg + MikMs + Mgy, 1< <Kk,
Wik = Mikogok & 15 kg = Mg T M3k Mk s — Nik ey + Wik, 0 < <Kk,
1 e = Mgk d 1 g AN, = Mgk — MMk Tk 1 1<j<k<lI,
i ko = Mkt Mg g il — Mk + Mk T ek, 1 <g <k <l
Wia gk = Midgk + Mg g, — Mgt kM0 — Nidly + D, 1<j <k <l

Proof of Theorem 1.4. Let g, ¢/, ¢” be arbitrary elements of £, where g and ¢’ are
defined in (2.4) and (2.5), respectively, and

n
=1Ie - II looel™ - I1  lorgss 9, (3:29)
=1

1<j<k<n I<r<s<tsn
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where each o and 8, is an integer and each v,’, , is an integer modulo 3. We define
the mapping @ : £ x & — L, by

n

o) [Tt T e T1 e T1 AT iy
i=1 (4,4,k) €Ty (4,4,k,1) €12 i=0 j=1
Jj#Fn—i
where the exponents p;, 0; j k, i j,k,; and v,_; ; are as specified in Lemma 3.1.
To show that @ is a crossed pairing, we must show that Equations (1.1) and (1.2) hold.
Consider Equation (1.1) and let

ol ot T VT Ve
(99'.9") Hx’” I e I = - 11 1wy 3:30)
(i,5,k) €L (i,5,k,1) €2 =0 gj=1
j#n—i
and
/ " - I3 U'i‘k T‘i‘kl = T Vi
o(%g, 29" 2(g,g") = [ [0 - TI wipi- 11 =i 11 11 =y
i=1 (ig,k) €D (i,4,k,1)ETa i=0 j=1
#n—i
(3.31)
The expressions (3.30) and (3.31) are equal if the exponents of the corresponding gener-
ators are equal. Hence we must show that pj = pf, Uj’j’k = Ui’J > sz’k,l = TZIJ k.l mod 3,
and ul J= ij
We start by showing that pz = p;t For each ¢, where 1 < ¢ < n, consider o, a;-r, Dis
K} (defined in (2.6), (2.7), (3.24) and (3.28), respectively) as functions of two variables.
Thus

i (@ af) = ai+af, al(ana)) =al, pilas,a) = ai-af and K] (ki K)) = Ki + K.

By the definition of @ and the formulae for computing in £ and in L,,, we obtain
pj = pi(a:(aiv O‘;)v Ot;/)
= pi(ai + of, af)
= (a; + af)al
= q;af + ool

and

ot = i (pilal(as, o), al(as, af)), pilas, o))
ﬁ: (pl(a;7 afi/)a pi(aiv ai ))
= pPi (O/iv a;/) + pi (aiv a;/)

o N/
= ;o + o0

By inspection, pZ = pz, as needed. A similar argument shows that VT i for each pair
(i,7), where 1 <4, j < n and i # j.
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We next show
T

_ i
Tijke = %ijik
for two of the four possible orderings of the indices ¢, j and k. First we write 37, ﬁj’ j
and A} ; ;. (defined in (2.6), (2.7) and (3.28), respectively) as functions:

6Zj(ai7ajaﬂi,]aa CY ) ﬂl,j +61_] O‘gaja
ﬂij(aivajaﬁi,ja a ag? ;,j) = ﬁm‘ - aiak + o0,
!
ANy N k) = ik + AL g

Consider the case when the indices are ordered i < j < k. In functional notation,
Equation (3.25) becomes

Ui,j,k(aiv Qj, O, 6i,j7 6i,k7 ﬁj,kv O‘;ﬁ Oé;', a;ca /Hz{,j7 ﬁz{,ka /6/’714:)
/

_ / ’ / / / /
-0 Bk + aiﬁj,k — iy + apagay + aioagag — abal; S0k + akﬂm akﬂm.

Using the definition of @ and the formulae for computing in £ and in L,,, we express

ol = oin(af(as, af), o (az, ), af (o, af), B (au, o, Bi g, o, o, B ),
B (s s Biks o, g, Bi 1), By (@, ok, B, k70¢;a s B 1),

CY; ak’ﬁl]’ﬁzk’ﬁ )
(3.32)

and

oi ik =Aijk(0ig, k(0] (o, ), @l oy, ), af (aw, o), B] (a0, B, o oy, BL ),

/Bjk(azaakyﬂzknawakﬂ/@zk) Jk(ajaakaﬁjkvaj7ak7ﬁjk)
a;-r(ai7a;'),a;(aj7aj),az(ak,ak),ﬁlj(ai,aj,ﬁi’j,a’ aj’ ;Ig)»
Bl i an, Biws off s oll, B3, B (0, an, B 0 0l B4)),

O'i,j,k:(aivajaakvﬁi,jvﬁi,kzﬁj,k7a;l7a ak)ﬁzjyﬁz k)ﬁ ))
(3.33)

MAPLE [19] was then used to compose these functions and to simplify the result-
ing expressions. All subsequent calculations were performed with MAPLE and indepen-
dently checked using GAP [11]. In particular, these computations immediately show that

UJ,j,k I>]7 =0.
The corresponding computation of the case 02 i O'ii ;7> where ¢ < j, results in the
expression

o o a; + o
—a;’<2’>—a;’<;>—a2aa+ (12 >

Since, for any two integers m and n, the identity

(m;n> B @ " @ o (3.34)
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holds, this expression also evaluates to zero. By similar calculations and applications

of (3.34), for each of the remaining two cases O'Tj k — ;) 1s also zero.

The exponent of z; ; x,; has six possible orderings of the indices ¢, j, £ and [. The case
7'21-’1-’,C — TZ-I’]-’Z-’k mod 3 for i < j < k yields the expression

oy o a; + o
ﬂ3fk(aia%+<z>+<z>—< "))
+aa — 20,0 —a + o — @i+ a;
k ’ 2 2
2 ol a; o a; + ol
i~ (5) v ()9
+ o« @i+ aj —al — (Y1) - o
3ok 2 i\ 2 2
/ ) /
Jr(Jélloé;<<a OQJF2O[Z (O;7,>+(Oéz;’az)>.

By the identity (3.34) and the fact that () = m — m? mod 3, we conclude that

T i
To ik — Tijik = =0 mod 3.

For each of the other five possible orderings of the indices 4, j, k and [, the expression
Tigded ~ Tijikl mod 3 was similarly computed using MAPLE and verified to be congruent
to zero modulo three.

These computations show that Equation (1.1) holds for @. Equation (1.2) holds by a
similar analysis. Thus @ is a crossed pairing.

By Proposition 1.3, & determines a unique homomorphism &*

:ER®RE — L, with
P (g®g') =d(g,¢) for all g,¢" € . Tt follows that

P*(9; ® gi) = P(9i, 9:) = @i
2*(9; ® g;) = P(9i, 95) = wi 5,
D*(9; ® (9. 9)) = P93, 95, 9r]) = i jks
2*(9i, 951 © gk, g1]) = V(193 951, [9K> 1)) = 25 k-

It remains to be shown that ¢* is one-to-one and onto. Let h, represented as in (3.26)
be an arbitrary element of L,, and define V in £ ® £ to be

V=1I wew™ [I @olya)

1<i<n (i k)En
n—1 n
II (g gl@lgra) - I 1] (9ni@g)™ . (335)
(4,5,k,1)ET2 =0 .;:1 )
JjEN—1
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Then
)= ] #@ee [[ * 6ol ol
Isisn (i,4,k)EL
n—1 n
II oWl elgeah) = - T T 2 (gn-i@g;)m—
(1,5,k,0)EL2 i=0 j=1
j#n—i
n n—1 n
i )\i’"" i,7,k, n—i,j
=T IT wiyt I1 =ait 11 I wisy
=1 (i,4,k)elr (i,4,k,1)E I, i=0 j=1
JF#En—1
= h.

Hence &* is onto.

Suppose ¢*(V) = 1., where V is defined as in (3.35). It is immediate from the def-
initions of L,, and @ that V = lgge. We conclude that &* : £ ® £ — L,, is one-to-one,
and therefore is an isomorphism. |

Proof of Corollary 1.5. Let 5 denote the Burnside group of rank n and exponent 3

and let
f(n) =n+2<n;—1> +3<n1—1> +n(n—1),

which enumerates both the generators listed in Equation (3.7) and the generators x;,
Ui j ks 2k, and wp—; 5 of Ly,. As we noted in Remark 3.2, our analysis holds for B ® B
by replacing ‘integer’ with ‘integer modulo 3’ throughout. It follows that |B @ B| < 3/(").
Let g,g’,3" € B have representations analogous to (2.4), (2.5) and (3.29), where all of
the exponents are taken modulo 3. We define ¥ : B x B — L, /L3 by

U(g,q') =W (gE® g'E%) = (g, 9" )L3.

Since @ is a crossed pairing, a similar argument shows that ¥ is a crossed pairing. Thus,
by Proposition 1.3 and the fact that ¥ is onto, L, /L3 is a homomorphic image of B® B.
Thus 3™ > |B® B| > |L,/L3| = 3™ proving our claim. O
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