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Abstract

In this paper we study the kernels and the L”—L% boundedness properties of some intertwining operators
associated to representations of SL(n, R).
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1. Introduction

In this paper, we estimate the size of the kemels and study the L”—L9 mapping
properties of certain ‘potential’ operators on the group V of all lower triangular
unipotent n x n matrices. These operators arise naturally in studying the analytic
continuation of the unitary principal series of the group SL{n, R), or its extension G,
defined to be the group of all real n x n matrices of determinant =1. They may be
described as follows.

The noncompact semisimple Lie group G has finite centre and real rank n — 1. We
write © for the standard Cartan involution of G, that is,

OKx) =N forall x € G,
where ’ denotes transpose. The fixed point set of ® is the orthogonal group O(n),
which we denote by K; it is a maximal compact subgroup of G. We denote by A
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the abelian subgroup of diagonal matrices in G with positive entries and by N the
nilpotent group of all upper triangular unipotent matrices. Then KAN is an Iwasawa
decomposition of G. The group ®@N, which we denote by V, is then the group of
lower triangular unipotent matrices.

The centraliser and normaliser of A in K are denoted by M and M’. Then M
consists of all diagonal matrices in K and is normal in M’. We denote by P the
minimal parabolic subgroup MAN of G.

The group M’'/M, denoted by W, is finite; we denote a typical element by w;.
Choose a representative w; of w; in M’, that is, an element of the appropriate coset of
M in M’. The Bruhat decomposition asserts that G is the disjoint union of the sets
MAN w; MAN, all but one of which, MAN w* MAN say, are of dimension less than
n? — 1, the dimension of G. We may take the representative w* in M’ of the ‘longest
element’ w* in W to be

(11) El,n+E2,n—l+"'+En.ls

where E, ; is the matrix whose (i, j)th entry is 1 and whose other entries are 0.
Further, MAN w* MAN = w* VMAN, so that w* VMAN is a dense open subset of G
whose complement is a finite union of submanifolds of lower dimension. The mapping
(v, m, a,n) — vman is a diffeomorphism from V x M x A x N onto the Zariski
open subset VMAN of G. For almost all x in G, we may write

x =VE)Mx)AX)N (x),

where Vix) e V, M(x) e M, A(x) € A,and N(x) € N.

Denote by a the Lie algebra of A, that is, the set of diagonal matrices of trace 0;
we write diag(x, ..., x,) for the diagonal matrix with diagonal entries x,, ..., x,.
Define p to be the linear functional
X — .Xj

diag(x,, ..., x,) — Z 5

I1<i<j<n

on a (then p is the usual half-sum of the positive roots with multiplicities).
Suppose that A is in a;. Define the character y; of P by

xn(man) = a***

forallm € M,a € A, and n € N, where a* is short for exp (A(log a)). We induce
the corresponding character of P to G. Explicitly, let B denote the space of all C*®
functions & on G with the property that

E(xp) =E) xa(p™H)
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forall x € G and p € P. We denote by m; the left translation representation of G
on B. A common notation for m; is

indgy,y(1 ® 32 ® 1).

Since VMAN is Zariski open in G, every function in B}* is determined by its restriction
to the nilpotent group V. The representation m, may be realised in the so-called
noncompact picture thus:

[T )EIw) =6(Vx ') Ax~'v)™** forall x e G, veV,

for all § in B*. For p in [1, 00), define §(p) tobe 2/p — 1. Then —1 < §(p) < 1.
For A in§(p)p + ia’, we endow B with the norm

t/p
1N, = [/ I&(v)l”dv] .
v

Then 7r; extends to an isometric representation (unitary if p = 2) on the completion
of B in this norm. For £ in B®, we define I,£ by

LEx) = / Exw*v)dv forall x € G.
v

At least formally, if this integral makes sense, then
LE(xman) = LE(x)a ™"

forallx e G,m € M,a € A,and n € N, so that £ ought to lie in B>, and further,
I, commutes with left translations, so that I,7r, = m_,[I,. In particular, /,£ is fixed
by K if £ is.

Knapp and Stein [7] (developing earlier work of Kunze and Stein [9, 10], of
Schiffmann [11], and of Gindikin and Karpelevi¢ [2]) showed that, if Re(X) > O
(in an appropriate sense), then /, does indeed make sense, and that /, continues
meromorphically into a;.. Furthermore, they showed that if z is a purely imaginary
complex number, then /., extends to a bounded operator on L?(V). It is easy to show
that if Re(z) = 1, then I, extends to a bounded operator from L' (V) to L®(V).
Also, the operator norms of 7., grow admissibly when Im(z) tends to infinity. Hence
Stein’s complex interpolation theorem applies to the analytic family of operators
{1, : Re(z) € [0, 11}, and it follows that /5, is bounded from L?(V) to LY (V),
where p' denotes the conjugate index p/(p — 1) of p.

In the case where n = 2, this result has been known for a long time. Indeed, in this
case the operator I;(,,, may be realised as the convolution operator on the real line with
kernel v — |v|~¥¥ (see [8] or the proof of our main result). This is the kernel of the
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classical Riesz potential operator of homogeneous degree —2/p’, which is bounded
from L™ (R) to L9(R) whenever 1/r — 1/q = 2/p’; in particular, it is bounded from
LP(R) to L” (R). To prove this result, one first shows that the kernel of I, is in the
Lorentz space L”/>®(R), and then uses Hunt’s convolution theorem {5]. A similar
result holds for all real rank one simple groups. This fact was crucial to the improved
version of the Kunze-Stein phenomenon proved by the authors of this paper and Setti
(described in [1]).

For groups of higher rank, however, the situation is more complicated. To illustrate
the problems which may arise, consider the case of SL(2, R) x SL(2, R). The
intertwining operator I, may be realised as convolution on R? with the kernel

ks(x, y) =

L]

eyl
where s = p’/2. This kernel is singular on the union of two one-dimensional
submanifolds of R?. It is straightforward to check that

|{(x,y) € R?: |ks(x, y)| > t}| =o0 forall t € Rt.
Hence k; is not in the Lorentz space L**(R?), and Hunt’s convolution theorem does
not apply. However,

2
x| s

L]

1
|{yelR:ks(x,y)>t}|=Hye[R{:—— >ts}
x|y

so that k;(x, -} is in L**°(R) when x # 0. Furthermore,

S ) 1/s
ks, Mlsx@ = sug)tl{y € R:jk(x,y)] > t}‘l/ - (m> ;
>

thus, the function x > |lk(x, -)|| =) is in L>*(R). We say that & is in the iterated
Lorentz space L*>*(R;); L**(R()). By applying Hunt’s convolution theorem on R
twice, we conclude that convolution with k, is bounded from L”(R?) to L7(R?).

The point of this paper is that the convolution kernels of the intertwining operators
for SL(n, R) in the noncompact picture have a ‘product structure’ similar to that of k;,
and belong to ‘iterated Lorentz spaces’. Consequently, certain intertwining operators
are LP—L% bounded. This can also be proved by extending the results of Knapp
and Stein [7] to show that the intertwining operators between the unitary principal
series representations are L” bounded whenever 1 < r < oo (this involves writing
the operators as a composition of rank-one operators and showing that each of these
is L” bounded), and then using interpolation. However our approach also yields
information about the sizes of the kernels of the intertwining operators.

The same idea applies, mutatis mutandis, to the group SL(n, C) and can be extended
to SL(n, H). We are also able to deal with other semisimple Lie groups on a case-by-
case basis. This will appear elsewhere.
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2. Convolution operators on nilpotent groups

We say that a Lie group H is the unimodular semidirect product of subgroups H,
and H,, and we write H = H, X H,, if H, H\, and H, are unimodular, H- is normal
in H, and the map (h,, h;) — h,h, is a homeomorphism from H, x H, onto H. Thus
H, and H, are closed, H; N H, = {I} and H,H, = H, and conjugation on H, by
elements of H preserves measure.

Suppose that H is a unimodular Lie group and that p and g are in [1, 00). Denote
by Cvi(H) the Banach space of all distributions k on H such that the operator
f = f xk, initially defined from CX*(H) to C*(H), extends continuously to a
bounded operator from L?(H) to LY(H); we endow C vZ(H ) with the operator norm.
If H = H, x Hy, we say that f is in Cv(H,; Cvi(H,)) if for all fixed h, in H, the
function h, — f(h\h,) isin CvZ(Hz) and hy = [ f(hi)llcuwny 18 in Cvg(H‘).

PROPOSITION 2.1. Suppose that H is a unimodular semidirect product H, X H, and
that 1 < p,q < oo. Ifk is in Cvé(Hy; Cvi(H,)), then k is in Cvi(H), and

Nkl < Bkl e crnicd -

PROOF. Suppose that f is a continuous function with compact support. By a
standard result about integration on groups (see, for example, [6, Proposition 5.26]),

/f(u)du:/ S (uyuz) duy duy =/ Sfuzuy) dus du,.
H H o J i

Write u* for v™'uv, and define the function g, ,, on H, by
i (Sz) = f(ulvls;‘) for all s, € H,.

Then

1/q
(/ f *k)(uwdu)
H

q l/q
:(// / f(uluzvzvl)k((UZU])_l)dvzdvl duzdu1>
H JH, H JH,
q 1/q
:(// f/f(ulvl(UZUZ)L'l)k(vl_lvz'l)dvzdvl duzdul)
H 2 Hy J H,
174

(L[, o] o)

/ [8ur.v0 *4, k(07" )] (u2) dvy
H,

https://doi.org/10.1017/5144678870001466X Published online by Cambridge University Press


https://doi.org/10.1017/S144678870001466X

110 Michael Cowling and Stefano Meda [6]

By Minkowski’s inequality,

q /9
W f=klly < ([ [ 8uy.0 *, k(vl_l')“L‘/(Hz)dvl] dun)
H; H,

q /q
=< ([ [ | @uvovn I Lr ey ||k(vl_l')||Cv‘,§(H2)dvl] dul) .
o LJH

Since conjugations by elements of H; are measure-preserving on H,,

I/p I/p
[ &urooi ooy = ( |f(u1UIS;l)|p dsz) = (/ |f(u1U15£)|p dsé)
H,

= ”f(ulvl')”L”(Hz)'

H

Therefore,

q 1/q
Nf xkllg < (/ [ | f vl oo ||k(U|_]')“Cu;',(H2)dUI] dul) .
H LA,
Now the inner integral is the convolution on H, of the functions

v = | f@i)lrary  and v k@) e,

evaluated at u;. Since v; = [|k(vi-)|lcyt(a) 18 IN Cvi(H,) by assumption,

t/p
”f(ulvl')"LP(Hz)p dul) l|k||Cv‘;<H1;Cvg(H2))

If*klly < (

H,

= ”f”p ”k”Cvf,(Hl;Cv;',(Hz))'
The required conclusion follows. O

Suppose that H is a unimodular Lie group and that H,, H,, ..., H, are closed
unimodular subgroups of H, whose dimensions sum to that of H. Suppose (backward
recursively) that H;_; normalises H;H,,, --- H,, the conjugation action of H,_; on
H;H;,, --- H; is unimodular, and H;_, " H;H;;,---H; = {I} wheni =4d,...,2.
Then H,_\H;---H; = H;_y X H;--- H; wheni =d,...,2. Wesay (again) that H is
a unimodular semidirect product, and, abusing notation a little (forgetting significant
parentheses), we write

2.1) H=H x Hyx --- X H,.

We now define recursively an iterated version of the Lorentz space L**°, which
will be important for our main result (Theorem 3.4). Suppose that (2.1) holds.
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When d = 1, we define L**(H)) to be the usual Lorentz space, that is, the set of
all measurable functions f on H, such that, for some ( f-dependent) number C,

{he H | f(W)] > A} <C/r forall A € RY.

We define the ‘norm’ of f to be the minimum possible value of C. Whend > 1,
we define L**(H; L**(H,;...L**(H,;)...)) to be the space of all measurable
functions f on H such that, for almost all 4, in H\, (ha, ..., hy) > f(hihs---hy)is
in L>*(Hy; ... L**(H,)...), and the function A, — || f (A1 )| o~ ct Lo~ (H,)...) 1S 1D
L*->*(H,). The ‘norm’ of f is defined to be the L**°(H,) ‘norm’ of this last function.
We have written ‘norm’ because, in general, the triangle inequality does not hold, and
we do not have a true norm.

We write Ry, for the range of the one-parameter subgroup ¢ +> te; of the group R?,

where {e,. €.} is the standard basis of R?. Then
Rz = R(]) X R(z) = R(z) X IR(]).

We now show that, for this example, the order of the variables in the iterated space
matters and that the iterated spaces are different to the Lorentz space L**(R?). We
observe that f is in L**(R?) if and only if | f|* is in L'*°(R?), and similarly, f is in
LSR5 L**(R;))) if and only if | f|* is in L"*°(R;); L"*(R;,)). Thus it suffices
to consider the case where s = 1.

Define the functions g, h and k on R? by

. 1
glx,y)=e"xelx,y), h(x,y)=g(y,x), and k(x,y)=ﬁ,
where E = {(x,y) e R* x R* : x < e'}.
If A > Oand x > O, then
[veR:gx,v)>Al={yeR:e" >A)N{yeR: xelx,y) >0}
={yeR:y>0, y>logx, y<—logh},
which is empty if A > | or if A < 1/x, and nonempty otherwise. Thus

1

lg(x, v =supr|{y € R: g(x,y) > A}l = sup Alog(A™") =e7',

A>0 O<i<l

if0 < x <1, whileif x > 1, then

lg(x, Mi~m = sup Aflog(A™") — logx] = sup Alog ((xA)7') = (ex)™".

O<i<l/x O<ri<l

Now x — [lg(x, )lri~ isin L"®(R), and g is in L"*(R); L"®(R))). It is easy
to check that g(-, »)l.i~® = xg+(¥), which is not in L'*(R). Thus g does not
belong to L' (R )5 L™ (R(1))).
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Similarly, 4 is in L"®(R); L"®(R}))), but not L' (Ry; L' (R))).
If A > 1, then the set {(x, y) € R?: g(x, y) > A} is empty, while if 0 < A < 1,
then the set is {(x, y) € E : y < —log A}. Therefore,

1
Hex, y) € RPgx, y) > A} = (X - 1) X0y (A,

whence ||glloi~@®y = sup, oA l{(x,y) € R®: g(x,y) > A}| = 1, and g is in the
standard Lorentz space L'**(R?). Similarly, % also belongs to this space. As already
remarked, k belongs to the iterated space (with either ordering of the variables), but
not to the Lorentz space L'*(R?), so the iterated space (with either ordering of
the variables) is not contained in the standard Lorentz space. Consideration of the
functions g and & shows that the standard Lorentz space is not included in the iterated
space (with either ordering of the variables).

PROPOSITION 2.2. Suppose that H is a unimodular semidirect product
HZHID(sz("'D(Hd,

in the sense of (2.1), where 1 < p,q,s < 00, and that 1/p+ 1/s = 1/q + 1. Then
the iterated space L>*°(H,;...L>*(H,;)...) is contained in CvZ(H) and there exists
a constant Cy such that |\k||cyyry < Ca Nk Lsx ey rox gy

PROOF. We argue by induction on the number of factors. If there is only one factor,
the result is Hunt’s well known convolution theorem [5].

Suppose that the result holds when the number of factors is less than d. The
subgroup H,H; - - - H; is normal in H. By definition of the iterated Lorentz space, for
almost all hy in Hy, (hy, ..., hg) = f(hihy---hy)isin L>°(H,; ... L*®(Hy)...),
and the function ki, — || f(hy )|y ..y 18 in L2 (H)). By the inductive
hypothesis, L**(H,; ... L**(H,;)...) is contained in Cvi(H;--- Hy)and

”k’“Cvf,(Hz.‘.Hd) < Cacallk s~ pyiero~ ..y
forall k" in L**(H,;...L**(Hy) .. .). In particular,

I f i)l cwt ...ty < Camtllf i) ioeay o~ ..o
so hy = || f(hi)llcusay...ny 18 in L (H,), and hence in Cvi(H,), by Hunt’s convo-

lution theorem applied to H,. The required result now follows from Proposition 2.1,
with H,--- Hd in place of Hz. O
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3. Structural properties of intertwining operators

Let V* denote the set of all v € V such that w*v is in VMAN. Then V* is Zariski
open in V, and in particular is of full measure in V. The next lemma describes some
properties of the map v — V(w*v) from V* to V. These properties are essentially
known (see, for instance, [7] or [9, 10]).

LEMMA 3.1. The following hold:

(i) V@ V(@*v)) =vand A(w*V(w*v)) = A(w*v)~! for every v in V*;
(i) the Jacobian of the mapping v — V(w*v) is A(Ww*v)~* for every v in V*;
(iii)y A(w*v™') = A(w*v)™" for every v in V*,
(iv) A(w*v") =a " AWw*v)a foreveryvin V*and a in A;
(V) the intertwining operator I, may be realised as a convolution operator in the
noncompact picture:

LE=§xr,
wherer,: V* — RY is defined by r, (v) = A(w*v~")*~2,

PROOF. To prove (i), we write w*v = V(w*v) M(w*v) A(w*v) N(w*v). Multi-
plying both sides by w*, and observing that w*? = e, we see that

v=w*Vwu) M) A(wv) N@w*v),
so that

W V@) = v M@ )" A@tv)

This implies that A(w*V (w*v)) = A(w*v)~' and V(w*V (w*v)) = v, as required.
To prove (i1), recall that the Haar measureson G, V, M, A and N may be normalised
so that

/Ll(g)dg:// //u(vmarz)dtzazpdadmdv forall u € C.(G),
G vimJadn

by [6, Proposition 5.26]. We will express the invariance of the Haar measure on G in
terms of this ‘Bruhat decomposition for the Haar measure’. To do so, we first observe
that if w*v = V(w*v)M(w*v)A(w*v) N (w*v), then

wrvman = V(w*v)[M@*v)m][A(@*v)a][(ma) "' N (w*v)(ma)n].

Next, we take « on G such that u(vman) = u,(v)u,(a)us(n), where

/uz(a)azf’da =1 and /u;(n)dn =1.
A N
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Then

/ul(v)dvz/f//u.(v)uz(a)u3(n)dtza2"dadmdv
\4 VIMJAJN

= fu(g)dg = fu(ﬂ)*g)dg
G G
= /] f/u,(V(ti)*v))uz(A(ﬂ)*v)a)u3(N(ﬂ)*v)”'”n) dna® da dm dv
VIMJAJN
= /ful(V(ﬂ)*v))uz(a) A(W*v)"* a* dadv
vJa
= ful(V(LD*v))A(ﬂ)*v)_z”dv,
v
so that the Jacobian of the transformation v +> V(w*v) is A(w*v)~>, as required.
To prove (iii), note that w*v = V(w*v)M (w*v) A(w*v) N (w*v), whence
v = Nwro)TTA@ ) T M@t Vi wrte) T

Now w* = w*~!, so w*v~! is equal to

II)*N(_J)*U)—Iﬂ)*—lw*M(w*v)—lﬁ)*—l_J)*A(ﬂ-)*v)—lﬂ)*—lw*v(ﬁ)*v)flﬁ)*—l

= vlm,ﬁ)*A(lD*v)_lﬁ)*‘lnl,

say, where vy € V, m, e Mand n, € N,since N " =V, V¥ = N, and M is a
normal subgroup of M’. Then A(w*v~') = w*A(w*v)~'w*~!, as required.
To prove (iv), suppose that w*v = v'm’a’n’. Then fora € A,

- - _ PR . _a* @ Tk
W’ = wra 'va = a " wrva =a " v'ma'n'a = (V) m'aT" a'a(n')’,

s0 A(w*v?) = a~¥ A(w*v)a, as required.
Finally we give a nonrigorous proof of (v), and refer the reader to {7] for more
details. Recall that

hEW) = f E@'D*y) dv = f E('V (7)) A@D") ™ dv,
4 v

By virtue of (i) and (ii), the change of variables v* = V(w*v) transforms the last
integral into

/ EQV) A@*V (W) N A(w* )% dv”
\4
= / EQVY A*")" T A(w vy dv”
v

= S * rk(v/)i

as required. |
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In view of Lemma 3.1 (v), when Re A = 5(p)p, the intertwining operator /, reduces
to the (right) convolution operator on V whose kernel is A(w*-)¢® =17 Thus, it may
be useful to compute A(w*-)”.

For x in SL(n, R), denote by D, (x) the determinant of the submatrix (x;;}1<; j<k-

LEMMA 3.2. For any x in VMAN, A(x)? = []i2} | De(x)].

PROOF. It is well known [3, page 434] that

VMAN = {x ¢ SL(n,R) : Dy(x) #0, ..., D,_,(x) # 0}.

Moreover,
M()AG) = diag (o,(x), gzgi DDn(g))
1 n—1
and
D D,

Recall that

p(diag(x;,...,x,,)): Z X=X _ n+l—2jx

j.
I<i<j<n 2 j=1 2
Then
, D)™ D, )" 1
A(X)bpz |D](x)|,,_1 Z(X) \ l(X)
D (x) | Dy_a(x) D,_i(x)
= D ()’ |D2(x)|* -+ | Dy s ()P Dy (O
and the lemma follows. 0

Before we can use this information, we need some structural information about V.
Fork € {1,2,...,n(n — 1)/2}, let m(k) be the integer part of ((8k — 7)!/2 + 1)/2.
Let ¢, be the one-parameter subgroup t +— [ +tE; ; of V, where

i=mk)y+1 and j =k —mk)(mk)—1)/2,

and let H, denote the range of ¢,. We refer to the (i, j)th place in the matrix as the
place indexed by k. For the case where n = 5, the number & is written in the place
indexed by k in the following matrix:

~ N -
oo W W - .
O N
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Then (backward recursively) H,_; normalises Hy - - - H,,—1y,2, and
V = H] X H2 X X Hn(n—l)/2*

in the sense of (2.1). Indeed, Hy - Hy—1y,2 is the subgroup of all v in V whose
only nonzero, nondiagonal entries are in the places in the matrix indexed by &, ...,
n(n — 1)/2, and H,_, is the subgroup of all v in V whose only nonzero, nondiagonal
entries are in the place in the matrix indexed by k — 1, which lies to the right of, or
above, the places indexed by i, ..., n(n — 1)/2. It is easy to see that H;_, normalises
the subgroup of all v in V whose only nonzero, nondiagonal entries are in the rows
below the place in the matrix indexed by k — 1, and centralises the subgroup of all v
in V whose only nonzero, nondiagonal entries are in the same row as the place in the
matrix indexed by k — 1.

Note that H; X H;yy X -+« X Hy,_1),2 may be identified with the subgroup of lower
unipotent matrices in SL(n, R) with zero entries in the places indexedby 1, ...,i —1,
and that H, X H, X - -+ X H,_1)x-22 (Which has zero entries in the places indexed by
n—-Dn-2)/2+1,...,n(n—1)/2)is isomorphic to the group of lower unipotent
matrices in SL(n — 1, R).

The crucial result is the following proposition, which provides a sharp estimate for
the size of the intertwining kernel r, when Re A is a multiple of p.

PROPOSITION 3.3. Let V be the group of lower triangular real unipotent n x n
matrices. Fork in {1, ..., n — 1}, define D(v) by

Dk(v) = det(v,’j)nl—kgi%n forall veV.
<j<

() IfvisinV,thenvisin V* ifand only if Di(v) # Owhenk =1,...,k— 1.
(ii) Foreveryvin V™,

n—1 1

Ao =[] =

k=1

(ili) The function v +> A(W*v)~*isin L"°(H,;...L"*(Huyu_1,2) - ..), and
el : “n2
IA@w*) p”L‘-"L(H,;...L‘«"(H,,(,,_l,/z).“) = 2r=hiz,

PROOF. First, an element v of V is in V* if and only if w*v is in VMAN, and
this holds if and only if D,(w*v) # O when k = 1,...,n — 1, by {3, page 434].
Muitiplying the lower triangular unipotent matrix v on the left by w*, as defined in
(1.1), just reverses the order of the rows of v. Therefore D, (w*v) = :{:Dk(v), and (i)
follows.
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Now we prove (ii). For convenience, we write ®(v) for A(w*v)~*. By Lemma 3.2
and part (i) of this proposition,

n—1 n—1

P = ﬂ D (w 0l

Now we prove (iii), by induction on n. We write V, for the group of lower unipotent
real n x n matrices, and ®, rather than just ®.

Suppose first that n = 2. Write v, for the lower unipotent 2 x 2 matrix whose
lower left entry is x. Then ®,(v,) = |x|~!, and the result is evident.

For the inductive step, we let 7, : SL(n, R) > SL(n + 1, R) be the injection

1 1Dl

g; ifi<nandj <n;
ifi=n+1landj <n;
ifi <nand j=n+1;

1 ifi=n+landj=n+1.

w(g)ij =

To shorten the notation a little, we denote the subgroup H,_1,2+m by H, where

= 1,2,...,n, and the corresponding one parameter subgroup by ¢,,. Thus the
only nonzero nondiagonal entries of elements of H, are in the (n + 1, m)th place in
the matrix. We will show that for all v in V*, the function

hy...h > @@, (v)h,---h))
isin L"<(H,:...L"(H))...) and
(3.1 @i (mn ()M L~ ey y = 2" ®Pn(v).

The result then follows by induction.

To prove (3.1), we take v in V,*. The range of ¢, is H,,, and
1 o .-~ 0 0
v,; t+ -+ 0 0
T (V)@ (X)) - - B (Xn) = :
Un.i Up 2 cr 1 0
Xy X2 e Xy 1

It is easy to check that, if k < n, then m, (v}, (x)) . . . ¢ (x;) is the matrix obtained by
setting x;(1, ..., X, equal to 0 in the matrix above. Since Dy is the determinant of the
bottom left k x k submatrix,

Di(ma ()1 (x1) -+, (5)) = Dy (u (W) (1) - -~ i (x)),
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and

. 1
i1 | Dl ()i (x1) - e (x))|

Q1 (T (V)P1(X1) - - - P (X)) =

It is clear that ®, (7, (V)¢ (x}) - - - d,(x,)) depends on x, in only one determinant,
namely D, (rr,(v)@1(x)) - - - $.(x,)). By expanding this determinant along the bottom
row, we see that

| D ()1 (x1) + - - buxa))| = | Dy )] |34 + €al,

where ¢, is a rational function of the coordinates v;; and x; that does not depend on
x,. In this formula, [),, indicates the determinant of the bottom left n x n submatrix
of the (n + 1) x (n + 1) matrix, while ﬁ;_,(v) is the determinant of the bottom left
(n —1) x (n — 1) submatrix of the n x n matrix v. Further, D;_l(v) # 0, because
v € V. Now, for all positive A and «, and any real c,

R ! A 2
xeR: > = —,
Kklx + ¢l KA

1
k|- +cl

and so

Rl

LI (R)
By applying this to the case at hand, we deduce that
I @nr1 (i (xy) .. Py Cn ) L1
2
1D, I TTiZ 1De(wehy (1) -+~ x|

Itis clear that || @, (v (x1) - - - Po_1(Xn—1)) || L1~ ;) depends on x,,_, in only one de-
terminant, namely D,_; (7, (v)¢;(x1) - - - @n_1(X,-1)). By expanding this determinant
along the bottom row much as before, we see that

| @i (V1 (x1) -+ - G2 Xn2) W > i~y

4
o 1D T 1D (x1) - -~ (x|
After n iterations of this argument, we end up with the estimate (3.1). O

Our main convolution theorem is now easy to state and prove.

THEOREM 3.4. Let V be the group of lower triangular real unipotent n x n matri-
ces.
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(i) Suppose that X is in ac and I, is bounded from L¥?(V) to Li(V), where
1 < p,qg <oc. Then p < q and the projection Proj , Re A of Re A onto p is equal to
(1/p—1/g)p.

(i1) Suppose that 1 < p < g < oo and Reh = (1/p — 1/q)p. Then the
convolution operator I is bounded from L? (V) to L1(V).

PROOF. To prove (1), we first recall a result of Hormander [4, Theorem 1.1]. It
generalises immediately to the context here, and shows that p < g, because V is
noncompact.

Now we adapt a classical dilation argument for Riesz potentials on Euclidean
spaces. By Lemma 3.1 (iv), we see that

n(!) =A@ = [a™ A v)al ™’ = [a~al P r(v),

and
la="al* = exp((x — p)loga — (A — p) Ad(w*) log(a))
= exp((% — p) loga — Ad(@")' (A — p) log(a))
— a).—Ad(ﬁ‘)’)\—Zp’
since Ad(w*)'p = —p. Given a function f on V and a € A, we write f“ for the

function v > f(v“). A change of variables shows that
VERACRES / fYrR @ d'
‘/
=qa’ / SV () dy
14

— a};—Ad(u*)’A/ fa(UU/)rA(U,_l)dU,
14

— a}k—Ad(ziv‘)’Afa % rx(v).

Another change of variables shows that || f||, = (a=2)"4| fl,.
Suppose now that the operator f +— f % ry is L?(V)-L4(V) bounded. Then for
all fin L7 (V),

~ ReA— *) R
@MU f xrilly = I %)y = a® A @R £y,
< CaRcAwAd(lZ*‘)’ Re)\”fa“p

= C @RI AR (@) UP) £l forall a € A,
so that gReA-Adty Red — (520y8/p=1/4 for all @ in A, whence

Rei — Ad(w*) ReA = 2(1/p — 1/q)p.
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This implies that Proj ,Re A = (1/p — 1/g)p, as claimed.
To prove (ii), from Lemma 3.1 (v) and Proposition 3.3 (iii),

Il = A(w*_)—(l—l/l)ﬂ/q)p,

whichisin L**®(H;;. .. L*®(Hyu-12) - .. ), where 1 /s = 1—1/p+1/q. The desired
result now follows from Proposition 2.2. 0
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