Quadratic Functionals of Brownian Motion

Brownian motion (Bm) has been a central topic, not only in probability
theory but also in various applied fields. Throughout this book we
deal with Bm from a statistical viewpoint. In particular, we deal
with quadratic functionals of Bm or ratios of those functionals, and
consider their distributions, where functionals are expressed by the
Riemann-Stieltjes double integral with respect to Bm. Since it is
hard in general to derive distribution functions of such functionals
explicitly, we attempt to derive the associated characteristic function
(c.f.). For this purpose we use the theory of integral equations of
Fredholm type, among which is the Fredholm determinant. The notion
of the resolvent is also necessary if we deal with quadratic plus linear
or bilinear functionals of Bm. In this chapter we give an introductory
discussion on these. In particular, we indicate by some theorems and
simple examples how to relate the c.f. with the Fredholm determinant
and the resolvent.

1.1 Brownian Motion and Some Statistical Properties

Brownian motion (Bm) plays a fundamental role in subsequent discussions. We
thus start by defining Bm. Let (€2, F, P) be a probability space on which Bm
is defined.

Definition 1.1 (Brownian motion) The stochastic process {W (¢)} for ¢ € [0, 1]
is called Bm if the following conditions are satisfied.

(1) P(W(0) =0)=1.
(2) Increments W(t;) — W(ty), W(tr) — W(t1), ..., W(t,) — W(t,—1) are
independent for any positive integer n and time points 0 < 7y < 1 <
<t < 1.
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8 Quadratic Functionals of Brownian Motion

(3) W(i)—W(s) ~N(, t —s) forany 0 < s < ¢t < 1, where N(u, o2) stands

for a normal distribution with mean u and variance o 2.

Note that the parameter ¢ denotes time and extends over the unit interval
[0, 1] throughout this book, unless otherwise stated. Note also that we shall
always use { W ()} for Bm without mentioning its definition. It follows from (3)
above that Bm is a zero-mean Gaussian process, which means that the finite-
dimensional distributions of W(t1), ..., W(z,) for each collection 0 < #; <

- < t, < 1 are multivariate normal with means O for all n. Thus it suffices
to know only the covariance Cov(W (s), W(¢)) to determine the distributions.
We have from (2) above, for s < ¢,

Cov(W(s), W(1)) = E(W(s) W(1)) =E[W(s) (W(1) — W(s) + W(s))]
=E[W(s) (W) — W) +EW(s) =,

so that Cov(W (s), W(¢)) = min(s, t). It also follows from (2) that the incre-
ment W(t) — W(s) for t > s is independent of the past W (u) for u < s. More
generally W (¢) is independent of F;, the o-field generated by W (u) foru <'s,
which implies that Bm is a martingale satisfying

2
E(W®)) = \/; <oo, EW®IF)=W(s) (s=0).

The mean square (m.s.) continuity of Bm is another consequence from the
definition. It holds that

lim E [(W(t ) — W(t))z] = lim |h| =0,
h—0 h—0
which says that W (¢) is continuous at ¢ in the m.s. sense. This is abbreviated as
11.11.11(1). Wt +h)=W(@),

where “l.i.m.” stands for limit in mean square. The second moment is necessary
for the m.s. limit to exist. It follows that W (¢) is not m.s. differentiable in the
sense that

. Wa+h)—W(@)
Lim.
h—0 h

does not exist (Exercise 1.1.1 in this section).
Bm is also continuous with probability 1. In fact, it holds that

E[W® - W] =36 -2

which implies that W (¢) is continuous with probability 1 because of Kol-
mogorov’s continuity criterion (Liptser and Shiryaev, 2001a, p.23).
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1.1 Brownian Motion and Some Statistical Properties 9

Some other properties (a) through (d) of Bm follow (Exercises 1.1.2, 1.1.3,
1.1.4).

(a) If {X ()} is a zero-mean Gaussian process with covariance function given
by Cov(X (s), X (¢)) = min(s, ), then {X ()} is Bm.
(b) W(z) is of unbounded variation, thatis, forany0 <ty <t <--- <t, <1,
and A, = max (t — tx—1),
1<k<n

J}%;E (W () — W (tx—1)]) = o0.

(c) The quadratic variation is finite and bounded away from 0. More specif-
ically, for any 0 < a = ) < 1 < -+ < t, = b < 1, and
Ay = max (f — tx—1),

1<k<n

n
Al,fi‘o,;E (W@ - wa-nP) =b-a.

(d) The stochastic process X (¢) defined in the m.s. sense by

o0 2 sin (n — %) Tt
X =

0=y ( 1)
n=1 n—sxs s
is Bm, where {Z,} is a sequence of independent N(0, 1) random variables,
which is denoted as {Z,} ~ NID(0, 1). The expansion in (1.1) is called the
Karhunen—Loéve expansion, which will be explained in detail in Chapter 2.

Z, (1.1)

If W(z) is conditioned on P(W (1) = 0) = 1, the resulting process is called
the Brownian bridge (Bb), which may be defined as follows:

Definition 1.2 (Brownian bridge) The stochastic process { W ()} fort € [0, 1]
is called the Bb if the following condition is satisfied.

(1) {W(¢)} is a zero-mean Gaussian process with covariance function given by
Cov(W(s), W(t)) = min(s,t) — st.

The increments of the Bb are not independent, unlike Bm. In fact,
Cov (W(r2) = W(tn), W(ty) = W(t)) = (12 = 1) (1 — 13) < 0

for0 <t <t < t3 < ts4 < 1. Some other related properties (e), (f), and (g)
of the Bb follow (Exercises 1.1.5 and 1.1.6).

(e) The stochastic process {W(¢) — tW (1)} is the Bb.
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10 Quadpratic Functionals of Brownian Motion

(f) Cov(W(s), W()|W (1) = 0) = min(s, ) — st.
(g) The stochastic process X (¢) defined in the m.s. sense by

i ﬁ sinnmt

X() = Z, (1.2)

nm
n=1

is the Bb, where {Z,,} ~ NID(0, 1). This is the Karhunen—Lo¢ve expansion
for the Bb.

We note in passing that Bm is a continuous-time version of the random walk.
More specifically, suppose that the random walk is defined by

J
yi=yiate=Y & (=1...n), (1.3)
i=1

where yp = 0 and {¢;} is a sequence of independent and identically distributed
random variables with mean 0 and variance o2, which is abbreviated as {¢;} ~
i.i.d.(0,02). Define also the partial sum process

1 i—1\ 1
Y, () = — v;_1 + f— — [
"o Vno it n( n ) Jno &

1 1
= — + (nt — [nt]) — ¢ ,
N Yine] + ( [nr]) N [nt]+1

where (j — 1)/n <t < j/n (j = 1, ..., n), and [x] denotes the largest
integer not exceeding x. Note that Y}, () is continuous on [0, 1] by connecting
yj—1/(/no) and y;/(y/no) (j =1, ..., n). Then it holds that, as n — oo,

{Y.()} = (W)}, (1.5)

(1.4)

where = stands for the weak convergence. This is the result established by
Donsker (1951) and is referred to as Donsker’s theorem or the functional
central limit theorem (FCLT) because the weak convergence is concerned
with the function space CJO0, 1], where C[0, 1] is the space of all real-valued
continuous functions defined on [0, 1]. Billingsley (1999) discusses details on
the FCLT and weak convergence.

Our main subject in this book is to deal with functionals of Bm. In particular
we consider functionals expressed by integrals. For this purpose we describe
the stochastic integrals associated with Bm in the next section.

Exercises for Section 1.1

Exercise 1.1.1 Show that Bm is not m.s. differentiable.

Exercise 1.1.2 Prove that, if {X(¢)} is a zero-mean Gaussian process with
covariance function given by Cov(X (s), X (t)) = min(s, t), then {X (¢)} is Bm.
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Exercise 1.1.3 Prove that

Aljﬂo;EOW(tk) — W(te-1)]) =0

n
Jim S7E (W@ = Wt-nP) =b—a
k=1
fora =t <t) <---<t, =b,and A, = max (ty — tx—1).
I<k<n

Exercise 1.1.4 Show that the stochastic process X (¢) defined in (1.1) is Bm,
using the formula

C>Ocosn—lﬂx
Y —— ( ) —%(1—|x|> (Ix] <2).

n=1 (n—z) 2

Exercise 1.1.5 Prove that Bm W (¢) conditioned on W (1) = 0 is the Bb. Prove
also that the stochastic process {W(¢) — tW (1)} is a Bb that is independent of
wW(l).

Exercise 1.1.6 Show that the stochastic process X (¢) defined in (1.2) is the
Bb, using the formula

o
COS NITX 5
— = (x| = )P = — <2).
> <|| Po (x=2)

n=1

1.2 Mean Square Integral Associated with Brownian Motion

Stochastic integrals associated with Bm play an important role in the develop-
ment of subsequent discussions. We define such integrals in the m.s. sense. For
this purpose we introduce the space L», which is the space of random variables
defined on a common probability space with finite second moment. It is known
that the space L, is complete, so that, if X, € L and X = li.m. X, exists, X

n—oo

also belongs to L, (Loeve, 1977, p.163). Moreover, X,, converges in the m.s.
sense if and only if E(X,,X,) converges as m, n — oo in any manner. We
also note that “l.i.m.” and “expectation” commute in the following sense. If
Lim. X, = X and li.m. Y,, = Y, it holds (Exercise 1.2.1) that

n—o00 n—o0

lim E(X,) = E(X), lim E(X,Y,) = E(XY). (1.6)
n—oo m,n— 00

Using the above m.s. properties, we present stochastic integrals of two types
in this section. Integrals of other types will be presented in the subsequent two
sections.
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12 Quadpratic Functionals of Brownian Motion

1.2.1 Mean Square Riemann Integral

Let a stochastic process {X ()} belong to L,. Then consider

1 n
Y :/ X(@)ydt =1im.Y,, Y,=» Xt —ti1), 1.7)
0 An 30 i=1

where A,, = 1m‘ax (t; — ti_1) and ti’ € [ti—1,t;) (i = 1, ..., n). The integral
<i<n

in (1.7) is called the m.s. Riemann integral of X (t), and X (¢) is said to be m.s.

Riemann integrable if Y = L.i.m. Y}, exists. It follows that a sufficient condition

n—o00

for the m.s. integral in (1.7) to be well defined is that X (¢) is m.s. continuous
(Exercise 1.2.2). It can also be shown (Exercise 1.2.3) that, if X (¢) is m.s.

continuous,
1 1
E(/ X(t)dt):/ E(X (1)) dt,
0 0

1 2 1l
E (/ X(t)dt) =f / E(X ()X (¢)) ds dt.
0 o Jo

The following are three simple examples of the m.s. Riemann integral:

1 1 1
I =f W(t) dt, 12=/ (W) dt, & =f eV gy,
0 0 0

where I is a linear functional of W () so that it is normal because “l.i.m.” and
“normality” commute (Exercise 1.2.4), whereas I> and I3 are not normal. We
have (Exercise 1.2.5)

2 /2
E(I) =0,  E(h) = 5\/;, E(l3) = 2(Je — 1),

2, 8
E(1}) = 7 E(13) = 3 E(I3) = §e2 — Vet

The following are three examples of the m.s. Riemann integral of quadratic
functions of Bm:

1 1 1
Iy = f W) dt, Is= / W2t dt, I = / W2(r)dt,
0 0 0
where W(t) is the Bb, whereas
1
W(t) = W(t) —/ W (s)ds
0
is called demeaned Bm. We have (Exercise 1.2.6)
1

1 7 1
E(ly) = 5 E(I}) = ok E(Is) = E(lg) = < E(I2) =E(1}) = 30
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1.2 Mean Square Integral Associated with Brownian Motion 13

It is noted that Is and I have the same mean and variance. It will be shown
later that the two have the same distribution.

Some other properties (a), (b), and (c) of the m.s. Riemann integral follow
(Soong, 1973; Kuo, 2006; Klebaner, 2012).

(a) If f(W(z)) is m.s. continuous, f (W (¢)) is m.s. Riemann integrable.
(b) The m.s. Riemann integral of f(W(z)), if it exists, is unique.

t
(c) If f(W(r)) is m.s. integrable, X (¢) =/ f(W(s))ds is m.s. differen-
) 0
tiable with derivative given by X (t) = f(W(¢)).

1.2.2 Mean Square Riemann—Stieltjes Integral

Let g(¢) be a deterministic function of ¢ € [0, 1]. Then we define

1 n
A= /0 gOAW(@) =Lim > ()W) — W),  (18)

Ap—0 i=1

1 n
B :/o W(t)dg(t) = Lim. Z W) (g(t) — g(ti-1)), (1.9)

Ap—0 i=1

where ti/ € [ti—1,t;) (i = 1,...,n). The integrals in (1.8) and (1.9) are
called the m.s. Riemann—Stieltjes integrals. Normality is retained in these
integrals with E(A) = E(B) = 0 (Exercise 1.2.7). Note that the Riemann—
Stieltjes integral in (1.9) reduces to the Riemann integral in (1.7) when g(¢) is
differentiable with |g’(¢)| < oo on [0, 1].

Because of the definition of the m.s. limit, the existence of the above
integrals is determined by the existence of appropriate ordinary integrals,
which leads us to

Theorem 1.3 The m.s. Riemann—Stieltjes integrals in (1.8) and (1.9) are well
defined if the following limits of the Riemann—Stieltjes double sums exist.

E(A%) = lim 3 " g(i)g(t)E (AW AW (1))
i=1 j=1

n
= Jim, 2 &7~ i)
i=1

1
=/ 2@ dr, (1.10)
0
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14 Quadpratic Functionals of Brownian Motion

E(BY) = lim > > E(WW()) Ag(t) Ag(t))
i=1 j=1
= lim ZZmin(ti,tj)Ag(ti)Ag(tj)

n—o0
i=1 j=1

1 1
/ / min(s,t)dg(s)dg(t), (1.11)
0 JO

where AW(t;) = W(t;) — W(ti—1) and Ag(t;) = g(t;) — g(ti—1).

A sufficient condition for the existence of (1.8) is that g(¢) is continuous,
whereas (1.9) exists if g(¢) is of bounded variation. Note that

1 1 1
A~ N(O,/ (1) dt), B ~ N(O,/ / min(s,t)dg(s)dg(t)).
0 0 Jo

(1.12)
Here are two examples of (1.8).

1 1
Ay :/ dw(t), Ay =/ (1 —=1)dW(r).
0 0

Then A; and A; are well defined with g(r) = 1, 1 — ¢, respectively, in (1.8).
Thus we have, from (1.10),

1 1 1
E(A%):E(/ / dW(s)dW(t)):/ dt =1,
0o JO 0

E(AZ) —E(/1 /1 (1 —s)(1 —t)dW(s)dW(t)) = /1 a —Z)zdt _l
2) — = = —.
0 Jo 0 3

Here the Riemann—Stieltjes double integral appears, although its definition is
deferred until the next section. In any case the above computation entails the
following relation:

dt (s =1),
E(dW(s)dW (1)) = 8y dt =
0 (s#1).

An important and useful property associated with the two integrals in
(1.8) and (1.9) is that the existence of one integral implies the other and
vice versa, and they can be combined together in the following theorem for
integration by parts (Soong, 1973, theorem 4.5.3; Kuo, 2006, p.9; Klebaner,
2012, p.12).
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1.2 Mean Square Integral Associated with Brownian Motion 15

Theorem 1.4 If either A in (1.8) or B in (1.9) exists, then both integrals exist,
and

1 1
/0 g)dW(t) = [g(t)W(t)](l)—/O W) dg(r). (1.13)

For example, we have

1
A3 =f0 dW () = W1, = W),

1 1 1
A4=/ (l—t)dW(t)=[(1—t)W(t)](l)—/ (—1)W(t)dt=/ W (1) dt.
0 0 0

As another example, let us consider, for ¢ € [0, 1],

"t —s)8
Fg(t)zfo 4V =120, RO=Wo. 014

This integral can be transformed into

_ t t (M_S)g—l _ t u (u_s)g—]
ro= [ ([ G ave = [ ([ G ave) a

t t n (7881
:/ Fe 1(u)du :/ / / Witg)dtgdty 1 ---dty. (1.15)
0 0 Jo 0

The stochastic process {F,(?)} is called g-fold integrated Bm because of this
last expression, and it holds that

t2g+l
0, ——m8M8M8M —
(2g + D(g!)?2

which means that the variation becomes smaller quickly as g gets large. Note
that, unlike the Bm Fy(¢) = W (z), Fy(t) for g > 1is m.s. g-times continuously
differentiable, and it holds that

Fg(t)~N< ) (g=0,1,...), (1.16)

dFy(t)
e~ ¢

! 1
1(1), /0 Fy(s)dFy(s) = 5 Fe)  (g=1).

Figure 1.1 draws sample paths of Fy(¢), F1(¢), and F>(t) with variations
adjusted allowing for (1.16) so that the three sample paths can be compared
on the same sheet without the vertical axis. These were generated by using
the Karhunen—Loeve expansion for Bm given in (1.1). It can be seen that the
sample path of F>(#) is quite smooth and that of F;(¢) is moderately smooth,
whereas the Bm exhibits a zigzag fluctuation.
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16 Quadpratic Functionals of Brownian Motion

0.0 0.5 1.0
t

Figure 1.1 Sample paths of { F, (¢)} for g =0, 1,2.

g-fold integrated Bm arises from the discrete-time process { y;g )} generated
by

(I-LFy® =e;  (G=1....n), (1.17)

where L is the lag-operator with the effect of lagging a variable Ly; =
Yi—1 L2yj = yj-2, and so on, whereas {¢;} ~ i.i.d.(0,0%). We assume that
y(_gk) =0fork=0,1, ..., g — 1. The process {yj(.g)} is called the I(g) process,
where “I” stands for “integrated.” Note that the random walk corresponds to

the case of g = 1. It follows from (1.17) that

-1 —1 -1 0
y](‘g)zylgg_)ley](g )nyg )+m_|_y;_g )’ y;)=8j~

Roughly speaking, the process F, (¢) is related to yﬁg) in the following way. For
Bm it holds that

t J
W(r)=f AW & ¥ =0-0DTle=)" g,
0 i=1

where (1 — L)~ ! is interpreted as a cumulative sum operator. Similarly it holds
that, for Fi (1),

t t ]
f W(u)du:/ t—wdWw) &y =0-L)2~) (j—ie.
0 0 i=1
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1.2 Mean Square Integral Associated with Brownian Motion 17

In general, we have, for F, (1),

fa—wt (g+D) ~(g+D) Ly g
W e T =0 gj ~ g—Z(]—Z)e,

The above relationship between F,(¢) and y](.g) can be made exact in the
following way. Let us put, forg > land (j — 1)/n <t < j/n,

@ _ 1 ) Jj—1 1 g-1)
Y =g Yie 1+"< » ) 1725 i

i—1
L e (i J—1 1 (s=1).
_;X;Yn ;L +n I—T my
1=

Then it was shown by Chan and Wei (1988) that

(rPo} = (o) =12, (1.18)

which is an extended version of Donsker’s FCLT in (1.5).

Exercises for Section 1.2
Exercise 1.2.1 If Li.m. X,, = X and l.i.m.Y,, = Y, prove that
n—0oo n—oo
Lim. (aX, + bY,) = aX + bY, lim E(X,Y,) = E(XY),
n— oo m,n— 00
where a and b are constants.

1
Exercise 1.2.2 Show that the m.s. integral f X (t) dt is well defined if X (¢)
0

is m.s. continuous.

Exercise 1.2.3 Show that, if X (¢) is m.s. continuous, it holds that

1 1
E(/ X(t)dt):f E(X (1) dt,
0 0
1 B 1 pl
E (/ X(t)dt) 2/ / E(X(s)X(t))dsdt.
0 o Jo

Exercise 1.2.4 Prove that, if {X,(¢)} is a Gaussian process and l.i.m. X, (¢)
n—oo

exists, then {X (¢)} is also a Gaussian process.

Exercise 1.2.5 Compute the means and second moments of

1 1 1
h= | W@adr, 12:/ (W(n)ldt, I =/ eV dr.
0 0 0
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18 Quadpratic Functionals of Brownian Motion
Exercise 1.2.6 Compute the means and second moments of

1 1
14=f W2t dt, Is =/ (W) —tW(1))*dt,
0 0

2

1 1
16:/ (W(t)—/ W(s)ds) drt.
0 0

1 1
Exercise 1.2.7 Prove that/ g(t)dw(t) ~N (0, / gz(t) dt).
0 0

1.3 Statistics of Quadratic Functionals of Brownian Motion

Here we extend the m.s. Riemann—Stieltjes integral discussed in the previ-
ous section to the corresponding double integral, which will be frequently
used in subsequent discussions. Let the partition p,,, of the unit square
[0, 1] x [0, 1] be

Pmn - 0=so<s1<--<sp=L0=n<t1<- - <t, =1,
and put
A = max ($; —sj—1,t; —1ti_1).
m,n lfi,jfn(! i—1s Lj J l)

Then we consider, for a symmetric function K (s, ) defined in [0, 1] x [0, 1],

1 pl
X :/ / K(s,t)dW(s)dW (1)
o Jo
m n
= Lim. Y " K(s).1}) AW(si) AW ()), (1.19)
App—0 i=1 j=I1
where Sl{ € [si—1,5), l‘} € [t];],l‘j), and AW(s;) = W(s;) — W(s;—1). The
integral in (1.19) is called the m.s. Riemann—Stieltjes double integral, whereas
X is referred to as a quadratic functional of Bm. In Section 1.2.1 we dealt with
the m.s. Riemann integral of the quadratic functions of Bm. There is a close
relationship between the two integrals, which will be explained later.

A sufficient condition for the existence of the integral in (1.19) is that K (s, ¢)

is continuous in [0, 1] x [0, 1]. If K (s, ¢) is symmetric and continuous, it holds
(Exercise 1.3.1) that

1
E(X):/ K(t,t)dt,
0

1 1 1 t
Var(X) = 2/ f K2(s,t)ds dt = 4/ / K2(s,t)dsdt.  (1.20)
0 0 0 0
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1.3 Statistics of Quadratic Functionals of Brownian Motion 19

Moreover, the c.f. of X in (1.19) is given by

1 1
E(emx) =E|:exp{i9/ / K(s,1) dW(s)dW(t)}:| = (D(2i9))_1/2,
0 JO

(1.21)
where D(X) is called the Fredholm determinant (FD) of K (s,t). This result
originates from Anderson and Darling (1952), whose proof will be given in
Theorem 2.3 under an additional assumption on K (s, ¢). It holds that the FD
of K(s,t) is the same as that of K(1 — 5,1 — t) because of Mercer’s theorem
(Theorem 2.2). Thus we have

1 1 1 1
/ / K(s,0)dW(s)dW () 2 / / K(1=s,1—1)dW(s)dW (),
o Jo o Jo 1.22)

where 24 stands for distributional equivalence. The results described in (1.20)
will also be derived easily via the properties of the FD (see Theorem 2.4).

Let us deal with some examples of (1.19). For this purpose we put, for
j=12,...,

1 pl 1 pl
X,:// Kj(s.t)dW(s)dW(r) 2 / / Kj(1—s,1—=1)dW(s) dW (¢).
0 JO 0 JO

(1.23)
Consider first X; with
n
Ki(s,0) =) g($)ge(),
k=1
where gi () (k = 1, ..., n) are continuous and linearly independent on [0, 1].

In this case K (s,?) is said to be degenerate. To obtain the c.f. of X, we have

n 1 1 ;
X = Z/ / gk g @) dW (s)dW (1) = Z Ykz’
k=170 7O P

where
1 1
vo= [ amawo ~x(o [ goa).
0 0
1
Cov (Y, Ye) = [ 8k (1) ge(r) dt.
0
Each Y, kz is a constant multiple of a Xz(l) random variable, where Yy, ..., Y,

are not independent. We can compute the c.f. of X following

n
E<ei9X1) = I, —2i0%|7V/? = 1_[ (1 —2i0x) "2,
k=1
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20 Quadpratic Functionals of Brownian Motion

where I, is the n x n identity matrix and ¥ is the covariance matrix of
Y = (Y1, ..., Y,), whereas Aq, ..., A, are the eigenvalues of X, which are
all positive. It holds that

n
D
X1 =) MZin Z=(Zi....Zs) ~NO. 1.
k=1
According to the result in (1.21), the FD of K (s, t) is given by

I, —,\2) - ﬁ (1 _ Mk), (1.24)

Di(») =

where it is noted that Aj, Ao, ..., A, are the solutions to Dy (A‘l) =0.
As a simple example of X, let us consider X, with

Ka(s,t) =1+st, g1(t)=1, gt)=t. (1.25)

Then we obtain (Exercise 1.3.2)
E(X?) ! Var(X>) i
= 3> ar = >
Y73 ¥~
' ] 1 —-1/2
E(e/22) = (D, i0) 7 = (1 — 0~ 502> :

2 VI3
X2 2022+ 0,22 (xl,x2=517>,

where Dr(A) = 1 —41/3 + k2/12, which is the FD of K;(s,t), whereas A
and A, are the solutions to D) (A‘l) =0.
As another example, consider X3 with

K3(s,t) =1+st+5%, g =1, g) =t g@)=r> (1.26)

We have

23 1199
E(X3) = 15 Var(X3) = 300

. 46 127 1 -2
E (el9X3) _ (D3(2i9))_1/2 — <1 _ E 0 — @02 + ﬁ 193) s

D
X3 = MZ7 4+ MZs +AsZ3,

where D3(A) = 1 — 23Ax/15 + 1274%/720 — 13/2160, which is the FD of
K3(s,1), whereas A1, A2, and A3 are the solutions to D3 (A~1) = 0.

https://doi.org/10.1017/9781009567008.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009567008.003

1.3 Statistics of Quadratic Functionals of Brownian Motion 21

In the above examples, the number of solutions to D; (1) =0 (j = 1,2,3)
is finite. For these cases the functions K (s, ) (j = 1,2, 3) are degenerate.

The next example deals with the case where the function K (s,t) is non-
degenerate, that is, the case where the number of zeros of the FD is infinite.
Consider

i Ja() o).

n

Kui(s,t) = (1.27)

where A, is positive for all n and the sum converges absolutely and uniformly
in the unit square. It is also assumed that { f,,(¢)} is an orthonormal sequence
of functions on [0, 1] that satisfies

1 1 (m=n),
/ fm(t) fn(t)dt =5mn =
0 0 (m#n).

Then we can change the order of the sum and integration to get

fn(S) Jn () =1
X4 _/ / AW (s)dW (1) = ; Ez},,
where
! =1 =2
Zn =/0 f2@)dW(t) ~NID(©,1), E(X4) =) —. Var(Xs) = > =
n=1 " n=1"T"

The c.f. of X4 is obtained as
00 00 AN\ —1/2
: 1 2i0
i0X4\ _ : 2 _ _
E (e 4) =E |:exp {10 ng_] _)»n Z, }:| = nl_ll (1 " ) .

According to the result in (1.21), the FD of K4(s, ) is given by

D) =[] (1 — %)

n=1

where the solutions to D4(A) = 0are A, (n = 1,2,...).
As a specific example of K4(s, 1), let us take up

> 2cos (n — %) TS COS (n — l) Tt
Ks(s,1) :Z

12 2
(n-1)'

=1 —max(s,1), (1.28)
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22 Quadpratic Functionals of Brownian Motion

where {\/5 cos (n — %) nt} is orthonormal on [0, 1], and this last equality

is ensured by Mercer’s theorem (Theorem 2.2). Then we have, for the
corresponding Xs,

o0

1 ! 1
E(XS)ZZWZ/O (1=ndt =,

n=1 — =

> 2 Lopr 1
Var(Xs) =Y ———— = 4/ / (1 — max(s,1))? dsdt = 3

=N

The c.f. of X5 is given by

—1/2
o

E (ef9X5) =TI |- _H - (cos 21'9)_1/2, (1.29)

1 2
n=1 (I’l—j) 7T2

where this last equality comes from the infinite product expansion formula for
the cos function:

00
22

cosz:l_[ 1-—= 1. (1.30)

1 2
n=1 (n—z) 7T2

Thus the FD of Ks5(s,t) = 1 — max(s, t) is given by

= A
D5(A):cos«/_:l_[ 1——2 ,
n=1 (fl — %) 7'[2
where the solutions to Ds(A) = O are (n — 1/2)?72 (n = 1,2,...).
We note here that

1 pl
/ / Ks(s,t)dW(s)dW(t)
0 Jo

1,1
= / / [1 — max(s,1)]dW(s)dW(t)
0 JO

1 t 1
=/ (W(l)—t/ dW(s)—/ de(s)) dW (1)
0 0 t
1 1 1
=/ (/ W(s)ds) dW (1) =/ W2(t) dt.
0 t 0
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1.3 Statistics of Quadratic Functionals of Brownian Motion 23

This relation may be established in a reversed direction in a general form as

1 1 t t
/ (1) Wz(t)dtzf 2(t) (/ / dW(u)dW(v)) di
0 0 0 JO
1 1 1
:/ / (/ g(t)dt) AW () dW (v),
0 JO max(u,v)

where it is justified to interchange the order of integration (Exercise 1.3.3). For
example, we have

1 1 1 1
2% 72 _ _ 2%+1
/O 2k w (t)dt_/o /0 T [1 (max(s, 1)) ]dW(s)dW(t),

where k > —1/2.
It is noted that, because of the distributional equivalence described in (1.22),
the distribution of X¢ with

o 2sin (n — %) 7 sin (n - %)m
Ke(s.) = Ks(1=s.1=1) =)

1 2
i=1 (n—i) 772

=1—max(l —s,1 —¢t) = min(s, t) (1.31)

is the same as that of Xs5. Moreover, for Xg, it holds (Exercise 1.3.4) that
1,1 1
X6 = / / min(s, ) dW(s)dW(t) = / w1 — W(1))? dt.
0o Jo 0
Thus it follows that
1 1,1
/ Wz(t) dt = / / [1 — max(s,?)]dW(s)dW (t)
0 0o Jo
» (1!
= / / min(s, ) dW (s) dW (t)
0o Jo

1
- / (W(1) — W())? dt, (1.32)
0

which shows a close relationship between the m.s. Riemann integral of squared
functions of Bm and the m.s. Riemann—Stieltjes double integral with respect to
Bm. More generally, it will be shown in Theorem 2.11 that any zero-mean
Gaussian process {X (¢)} defined on [0, 1] satisfies

1 1 1
f xz(t)drE/ / Cov (X (s), X (1)) dW (s) dW (1) (1.33)
0 0 JO
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24 Quadpratic Functionals of Brownian Motion

Let us consider another example of the nondegenerate case for which
o . .
2sinnws sinnmwt .
K7(s,t) = E —————— = min(s, ) — st, (1.34)

n2r?
n=1

where this last equality also comes from Mercer’s theorem. Note here that
K7(s,t) = K7(1 —s,1 —1t), unlike K5(s,7) = 1 — max(s, 7). Then it is shown
(Exercise 1.3.5) that the corresponding X7 has the following properties:

ad 1

1 1 — 2
BN =2 iz =5 V=) e =g

n=1 n=1

00 . -1/2 . —\ —1/2
. 2i6 sin+/2i6

E (%) = 1— —— = — , 1.35

(e ) 1_[( n2n2> ( V2i6 ) (13

n=1

where this last equality comes from the infinite product expansion formula for
the sin function:

sin z e 72
—=H (1—ﬁ>. (1.36)
Z il nemw

Thus the FD of K7 (s, t) = min(s, ) — st is given by

sin\/x > A
D7()~)= «/X =1_[(1—n2—n2>,

n=1

where the solutions to D7(A) = 0 are given by n?7? (n=1,2,...). Itis also
shown (Exercise 1.3.6) that

1 1 2 1 1 2
/ (W(t)—/ W(s)ds) dt=/ W2(@t) dt — (/ W(s)ds)
0 0 0 0

1 pl
= / / [min(s, ) — st]dW(s) dW (1),
0 JO

where the integrand on the left-hand side is the square of demeaned Bm.
The next example gives the same FD as K7(s, t), which is given by

>\ 2cosnms cosnmt 1 s2 412
Kg(s.t) =) 2 =3 - maxs,n+——,  (1.37)

n=1
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1.3 Statistics of Quadratic Functionals of Brownian Motion 25

where this last equality comes from Mercer’s theorem. Using the relation
described in (1.33), we can relate the distribution of X7 with that of Xg as
follows (Exercise 1.3.7):

1 rl
/ / K7(s,t)dW(s)dW(t)
0o Jo

1, 1 1 2
= / / [min(s, 1) — st]dW(s)dW (1) = / (W(t) —f Wi(s) ds) dt
o Jo 0 0

1 1 pl
2 / (W () —tW(1))? dt :/ / Kg(s,t)dW (s)dW (1), (1.38)
0 0 Jo

where {W(t) — tW (1)} is the Bb.

The next example is concerned with the quadratic functional of the g-fold
integrated Bm {F,(¢)} discussed in the last section. Consider here the case of
g = 1. Then we have

1 1 t 2
x9=/ Ff(t)dt:/ (/ (t—s)dW(s)) dt
0 0 0

1 1
= / / Ko(s, 1) dW (s)dW (1) (1.39)
0 0
D 1 1
= X0 = / / Kio(s, 1) dW(s) dW (1), (1.40)
0 JO
where, fors < ¢,
Ko(s,t) = é(l — 0%t + 2 — 3s), (1.41)
Kio(s, 1) = Cov (Fi(s), Fi (1)) = —é 53+ %szt. (1.42)

The c.f. of this statistic cannot be obtained by the approach discussed so far.
However, it can be obtained by the method we shall use later, which yields

' ' 1 —-1/2
E <6’9X9> —E (e'9X10> - [5 (1 + cos(2i6) /4 cosh(2i9)l/4>i|
Thus the FD of Ko(s, ) is equal to that of K1o(s,?) and is given by
1
Do(A) = Dio(2) = 5 (1 + cos A /4 cosh)»l/4) )

The computation of the c.f. becomes more complicated as g becomes large,
which we discuss in detail in Chapter 2.

The class of quadratic functionals of Bm is quite large. We shall examine
many quadratic functionals in later chapters.
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26 Quadpratic Functionals of Brownian Motion
Exercises for Section 1.3

Exercise 1.3.1 Suppose that

1 1
X = f / K(s,t)dW(s)dW(t),
0 JO

where K (s, t) is symmetric and continuous in [0, 1] x [0, 1]. Then prove that

1
E(X)=/ K(t,t)dt,

0
1 pl 1t
Var(X):Z/ / Kz(s,t)dsdt=4//Kz(s,t)dsdt.
0 JO 0 JoO

Exercise 1.3.2 For X, and X3 defined in (1.23) with Ky(s,7) = 1 4 st and
K3(s,t) = 1 + st + 522, show that

4 29 0%, _ 8 1 ,\'?
E(X2) = 3. Var(Xy) =G, E(e )_ 1-3i6—36 ,
23 1199
E(X3) = —5, Var(X3) = W,

E (ei9X3) _

Exercise 1.3.3 Justify the following computation:

1 1 1 1
/ g(t)Wz(t) dt =/ f (/ g(u) du) dW(s)dW(t),
0 0o JO max(s,t)

where g(t) is continuous on [0, 1].

46 127 5 1 S\ 2
- —i0— — 6>+ —if :
15 180 270

A~ =

Exercise 1.3.4 Prove the following equality by showing that (i) the left-hand
side leads to the right-hand side and (ii) the right-hand side leads to the left-
hand side:

1 1 1
/ / min(s, ) dW (s) dW (t) =/ (W(1) — W())? dr.
0 JO 0

Exercise 1.3.5 For X7 defined in (1.23) with

o0

2sinns sinnt
Ko(s,r) = 3 2508 sinnt

n?m? ’
n=1
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show that
oo o0
1 1 2 1
BN =) =g VM=) aa=gs
n=1 n=1
—-1/2
E( i9X7> IO—O[ <1 2i6 >_1/2 sinv2ig\
e = —_—— = _— .
ol n’n? V2i6

Exercise 1.3.6 Show that

1 1 2 1l
/ <W(t)—/ W(s)ds) dt:/ / [min(s, 1) — st]dW(s) dW (2).
0 0 o Jo

Exercise 1.3.7 Show that

1
f(W(t)—rW(l))2 dt
0
1L rlrg S2+t2
zf / [——max(s,t)+ }dwmdwm
o Jo L3 2

p !
= / / [min(s, 1) — st]dW(s) dW (t).
0o Jo

1.4 Mean Square Ito Integral

Here we discuss the m.s. [t6 integral in connection with quadratic functionals
of Bm. Let {X (r)} (¢ L) be a stochastic process that is m.s. continuous and
independent of W(v) — W(u) forall0 <t <u < v < 1. Let the partition of
[0,11bep, : 0=ty <t;] <--- <t, =1,and put A, = max (t; — t;_1).

1<i<n

Then the m.s. Itd integral of X (¢) with respect to W (¢) is defined by

1 n
Y = / X()dW(t) = Lim. Z X(ti—)W(@) — W(ti-1)). (1.43)
0 n—o00

Ap—0 i=1

The It6 integral defined in this way exists and is unique. For the proof, see
Jazwinski (1970, theorem 4.2), Soong (1973, theorem 5.2.1), Kuo (2006,
theorem 4.7.1), and Klebaner (2012, theorem 4.3). It evidently holds that

1
E(Y)=0, Var(Y)= / E(Xz(t)) dt.
0
We notice in (1.43) that the value of X (¢) taken in the interval [#;_1,¢;) is

X (ti—1), unlike in the m.s. Riemann or Riemann-Stieltjes integral. If we take
t{ (# ti—1)in [t;—1,t;), then the m.s. limit is different, which will be shown later.
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According to the definition of the It integral, the following relations can be
established (Exercise 1.4.1):

1
1 | / Xwdt (j=2),
/ X)) dW (@) = 0 (1.44)
0
0 (Jj =3).
In particular, putting X (1) = 1, we formally have
di (j =2),
dw () = (1.45)
0 (=3

To examine some other properties, consider the stochastic process defined by

t
Y(t) = / X (s)dW(s), (1.46)
0

which is well defined for each ¢ € [0, 1]. Itis clear that {Y (¢)} is m.s. continuous
because, forO <t <t+h <1,

t+h 2
E [(Y(f +h) — Y(t))z] =E |:</ X(S)dW(S)) :|
1

t+h
= / E(X?(s))ds
t
<h max E(X?(s)).
t<s<t+h
The m.s. differentiability of Y (¢) is not ensured, but we express (1.46) as

t
Y(t):/ X (s)dW(s) & dY() =XB)dW(@). (1.47)
0

The differential expression on the right is called the stochastic differential,
which is always taken to imply the left-hand integral. It also holds that {Y (¢)}
is a zero-mean martingale, that is, E(Y (z)) = 0 and, for s <1,

E[YO|Y(s)]=Y(s) +E[Y () — Y ()Y ()] = Y (s).
As an example, let us consider
t
Yi(t) =/ W(s)dW (s). (1.48)
0

We cannot apply Theorem 1.4 for integration by parts to Yy (¢). If it is applied,
we have Yi(t) = W) /2, which is evidently incorrect because {Y1(¢)} is
a zero-mean martingale, whereas E(W?(¢)/2) = t/2 # 0. Let the partition
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of [0,#] be pp(t) : 0 =19 < 11 < -+ < t, = t, and put A, (t) =

max (t; — t;_1). Then, as m — oo and A,,(t) — 0,
1<i<m

Yur(6) =Y Wti)(W () — W(ti1))
i=1

- _% |:Z(W(ti) — W) =Y WA + Y Wz(ti—n]

i=1 i=1 i=1

1 1 &
=3 W2(t) — 5 E(W(”) - W(ti—1)?
! W2() — 1t

where the last result follows from the quadratic variation property of Bm
described in Section 1.1. Thus it holds that

t
Yl(t)=/ W(s)dW(s) = Lim. le(t)zé(Wz(t)—t), (1.49)
0 Am(D)0

and formally we have

d <%(W2(t) - t)) =W(@)dW(@) < dW @) =2W@1)dW (1) + dt.

(1.50)
This is a simplified version of the Itd calculus discussed below. In connection
with the random walk {y;} defined in (1.3), it holds (Exercise 1.4.2) that, as
n — 0o,

1 & o 1, !
n?;y,_w,:i(w (1)—1)_/0 W () dW (1), (1.51)

where y; = yj_1 +¢&j, y0 = 0 and {e;} ~i.i.d.(0,02). Because of the
continuous mapping theorem (CMT) and joint weak convergence (Billingsley,
1999, chapter 2; Phillips, 1987a), it also holds that

1
J—
‘Z~_2 Vioie] /W(t)dW(t)
— n J= = 0 )

=T S T
52 Vi /OW(t)dt

(1.52)
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30 Quadpratic Functionals of Brownian Motion

The distribution of this last random variable is called the unit root distribution
because

S _ Z’}:Z ylfly]
n =n Zn 2
=2 Yj-1

where p is the least squares estimator (LSE) of p for the model y; = py;_1 +
&, with the true p being unity.

It was mentioned above that the m.s. limit of the sum that defines the It
integral crucially depends on the choice of the value of the integrand on each
interval. For example, we have (Exercise 1.4.3)

- 1) =n(p—1),

Lim. Y W(@-)(W) = W(i-1) = %(Wz(r) — 1)+,

A0 i=1
where 7,1 = (1 — A)t;—_1 + At; for 0 < A < 1. The case of L = 0 corresponds
to the Itd integral, whereas the integral with A = 1/2 is called the Stratonovich
integral. When A = 0, the above quantity becomes a zero-mean martingale.
We now discuss the It6 calculus. Let {X (t)} be a stochastic process on [0, 1]
that belongs to L;, and consider the integral equation of the form

t

t
X (1) :x<0)+/ u(X(s),s)ds—}-/ o (X (s),5) dW(s). (1.53)
0 0

Notice that there are two types of m.s. integrals. One is the Riemann integral
and the other the It6 integral. Whether these integrals can be defined in the m.s.
sense, and, more importantly, whether this integral equation has a unique m.s.
solution X (¢), can be answered in the affirmative by the following theorem
(Jazwinski, 1970, theorem 4.5; Kuo, 2006, theorem 10.3.5).

Theorem 1.5 Suppose that

(i) X(0) is any random variable that belongs to L> and is independent of
W) — W(s) forall0 <s <t <1.
(ii) There is a positive constant K such that

lw(x, 1) —pu(y, 0l = Klx —yl, lo(x, 1) —o(y,0)] = Klx —yl,
ln(x,s) —p(x,0)| < Ki|s —1|, fo(x,s) —o(x,1)| < Kl|s —1],

(e, 0] < KA +xHY2 Jox, 0] < K1 +x%)2

Then (1.53) has a unique m.s. continuous solution X (t) on [0, 1] such that
X (t) — X(0) is independent of W(v) — W(u) forall 0 <t <u <v <1.
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This theorem ensures that the two integrals appearing in (1.53) are well
defined in the m.s. sense. Note also that the solution process {X (¢)} is not m.s.
differentiable in general. Nonetheless we write (1.53) as

dX(t) = u(X @), 0)dt + o (X (1), 1) dW (2). (1.54)

Here dX () is called the stochastic differential of X(t), and we call this
equation the Itd stochastic differential equation (SDE), which is always
understood in terms of the integral equation (1.53).

The idea of stochastic differentials can further be developed for functions of
X (t) and t. Namely, we can consider another SDE that f (X (¢),t) satisfies on
the basis of the following theorem (Jazwinski, 1970, lemma 4.2; Kuo, 2006,
theorem 7.4.3; Klebaner, 2012, theorem 4.16).

Theorem 1.6 (Itd’s formula) Suppose that X (t) has the stochastic differential
(1.54), where the conditions (i) and (ii) in Theorem 1.5 are satisfied. Let f(x,t)
denote a continuous function in (—oo,00) x [0, 1] with continuous partial
derivatives fr = 3f (x,1)/dx, frx = 82f(x,1)/3x>, and f, = df (x,1)/dt.
Assume further that f; (X (t),t) and fvx(X(2),1) o2(X(t),1) are m.s. Riemann
integrable. Then f(X(t),t) has the stochastic differential

1
df (X(0),1) = fu(X(0),0)dX (@) + (fz(X(l‘),f) + 5 fxx(X(t),f)Uz(X(f),f)> dr.
(1.55)
Some important implications of Itd’s formula follow.
(a) If we expand df (X (), t) formally as
1
df ~ fedX (@) + frdt + 3 (fex d*X () + 2 fr dX () dt + for d*1),

then (1.55) implies that we may put d*X(t) = o2(X (@), t)dt, dX (1) dt =

0 and d*t = 0.
(b) The integral equation corresponding to (1.55) may be written as

b
/ fo(X(@),0)dX (1) = f(X(b),D) — f(X(a),a)

b 1
—f (fz(X(t), 1)+ 5 Sax (X (1), 1) UZ(X(I‘)J)> dt,
a
where 0 < a <t < b < 1. The integral on the left-hand side has never

appeared before, and may be called the extended It6 integral. The above
relation tells us that the extended It integral can be computed via the
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32 Quadpratic Functionals of Brownian Motion
Riemann integral on the right-hand side. In particular, for f(x,t) = x2,

we have
t 1 1 t
/ X(s)dX(s):—(Xz(t)—X2(O))——/ o2(X(s),s)ds. (1.56)
0 2 2 Jo

(c) For any integer n > 2, the following stochastic differential can be derived
from (1.55) as

W' 2(t) dt. (1.57)

AW (1)) = nW" () dW (1) + "("—2_1)

In particular, when n = 2, we have

dW2(1)) = 2W (1) dW (1) + dt,
which was earlier presented in (1.50) as a simplified version of the It
calculus. The relation (1.57) is equivalent to

Wi aws) = ——wrtia — [ Wl ds,  (158)
/0 SN =T _2/0 (s) ds, :

which reduces to (1.49) when n = 1. We see that the formulas (1.56) and
(1.58) enable us to convert (extended) Itd integrals into the usual Riemann
integrals.

(d) Itd’s formula is useful for solving SDESs in conjunction with the uniqueness
property of the solution described in Theorem 1.5, which will be exempli-
fied shortly.

Two examples follow in connection with quadratic functionals associated
with the Itd integral.

Example 1.7 Let us consider the SDE

d (sW20)) = 26OW O W) + (8 OW (1) + g1)) dr,

which yields (Exercise 1.4.4)
1

1 1 1
f g(t)W(z)dW(t):l/ / g(max(s,t))dW(s)dW(t)—l/ g(t)dt.
0 2 0o Jo 2 0

In particular, we have

1 | !
k — — k Y NEEY
/0 " W(t)dW(l)—/O /(; 2(max(s,t)) dW(s)dW(t) 2+ 1)
(1.59)
where k > 0.
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Example 1.8 Consider the SDE

t
dX) =y XO)dt +dW(#t) < X(@)=e""X(0)+e" f e " dW(s),
(1.60)
which is called the Ornstein—Uhlenbeck (O-U) process defined on [0, 1], where
X (0) is independent of {W(¢)}. Then it follows from (1.56) that

t
/ X(s)dX(s) = % (X2(t) — X*(0) — 1), (1.61)
0

which is of the nature of the It6 integral. The O-U process has the following
moments:

E(X(1)) = ¢"'E(X(0)),

1— e—2y min(s,t)
Cov(X (s), X(1)) = ¢’ | Var(X (0)) + 3 .
Y

It turns out that, if y is positive, {X (#)} is explosive and Var(X (z)) increases
with . On the other hand, if y is negative and X (0) ~ N(0,—1/(2y)), then
{X (1)} is stationary with E(X (1)) = 0 and Cov(X (s), X (1)) = —e? 5711 /(2y)
so that Var(X (t)) = —1/(2y) (Exercise 1.4.5).

The O-U process {X(z)} in (1.60) arises from the near-random walk
defined by

Vi =pYyj-1+Ej (G=1,....,n), y =0, (1.62)

where p =1+ y/n and {¢;} ~1.1.d.(0, o?). In fact, if we construct the partial
sum process

1 Yintl+1 = Yint]
X, (t) = — 1 — [nr]) =2 1.63
n(1) ﬁd Vint] + (n [nt]) \/ﬁ()_ ( )
it holds (Bobkoski, 1983; Phillips, 1987b) that
t
X0} = (X©O), X1 =e" / T AW, (164)
0
In particular, the CMT gives
1 ! ?
Fy,%:Xﬁ(l) = X*(1) = fo I aw(s) | . (1.65)
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34 Quadpratic Functionals of Brownian Motion

Let us consider the asymptotic distribution of the LSE p of p in (1.62), where

1

n n
Z iy Yim1Yj - Z —y Vi1 = ¥j-1)
np—H=n|—"0—— —1|=2"7Z .

n 2 1
D Vie n—zzljzz i

The FCLT and CMT lead us to

1 n 1 n 5 n 5 n )
Py Z Vji-1(yj = yj-1) = ) (Z j—yj-D"— Z yi+ Z Yic1
j=2 j=2

j=2 j=2

1 (Y 2 2 2
= 33 (Z (vt es) =i+

j=2
1 1

= 5()(2(1)—1)=/ X(@)dX (1),
0

1

n n . 1
1 J
2 2 2
- = X-1=) = X“(t)dt.
202 jz:;y/ n; n<n> /o Q)

Thus, because of joint weak convergence (Phillips, 1987b), we have

1
f X (6)dX (1)
0

1
X%(t)dt

np—1) = R= (1.66)
0

The distribution of R in (1.66) is called the near-unit root distribution, which
will be examined in detail in Chapter 7.

To describe an extended version of 1td’s formula, we introduce

Definition 1.9 (Vector Brownian motion) A multiple stochastic process
W(t) = (Wi(1), ..., Wy(r)) is g-dimensional Bm that satisfies

(H) P(W(0) =0) = 1.

2) W(t1) —W(ty), W(tr)—W(t1), ..., W(t,) — W(t,—1) are independent for
any positive integer n and time points 7y < f; < - -+ < f,,.

3) W(t) — W(s) ~N(, (t —s)ly) forany0 <s <7t < 1.
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We now extend It6’s formula to the vector case (Jazwinski, 1970, lemma 4.2;
Kuo, 2006, p.107; Klebaner, 2012, p.119).

Theorem 1.10 (An extended version of 1t0’s formula) Let the p-dimensional
stochastic process {Y (t)} be the unique solution of the It6 SDE :

dY(t) = p(Y (1), t)dt + G(Y (¢),t) dW (1), (1.67)

where pis px1and G is pxq. Let g(y, t) be a real-valued function of y: px1
and t € [0, 1] with continuous partial derivatives gy, = 0g/dy: p X 1, gyy =
3%g/(3ydy"): p x p, and g = 3g/dt. Assume further that g, and GG'gyy
are m.s. Riemann integrable. Then g(Y (t),t) has the stochastic differential

1
dg = g,dY (1) + (g, +5 tr(GG’gyy)) dt. (1.68)

Some applications of Theorem 1.10 follow. Putting g(Y(#),t) =
W'(t)HW (¢t) with H being a ¢ x ¢ symmetric matrix, it follows from (1.68)
that

dW'()HW (1)) =2W'(t)HdW (t) + tr (H) dt,
which yields
1
S1 :/ W (O HdW(t) = % (WHHWQ) —tr (H)). (1.69)
0

Thus it is easy to derive the c.f. of 1 (Exercise 1.4.6). Note that, if H = I,
we have

1 9 1
/0 W’(t)dW(t):Z/O Wi(1) dWi (1)
k=1

q
I A PR W pp _
_;:1:5 <Wk(1) 1) =5 (WOWD) —q).

which may be established from the scalar Itd integral in (1.49).
As another simple case of (1.69), consider the case of ¢ = 2, where

5y = fo W’(r)( - ) AW (0) = /0 (W1(0) dWa (1) + Wa(t) AW, (1))

(1.70)
Then we have (Exercise 1.4.7)

(le(l) _ sz(l)).

N =

1, 0 1 B D
S = EW(l)( 1 0 )W(l)— Wi(Hwa (1) =
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36 Quadpratic Functionals of Brownian Motion

If the matrix H is not symmetric, the formula (1.69) is invalid. As an
example, consider the case of ¢ = 2, where

b 0 1/2
53=/0 W(t)<_1/2 0 )dW(t)

1 1
= 5/ (Wl(l)dWZ(f) - W2(t)dW1(t)), (1.71)
0

which is called Lévy’s stochastic area. If we apply the right-hand side of (1.69)
to this integral, it reduces to 0, which is evidently incorrect.

To derive the distribution of S3, we note that the conditional distribution of
S3 given {W1(¢)} is normal with mean 0. Since it holds that

0 (s<t),
E(Wa(s)dWa (1)) =
dt (s >1),

we have

var( 851 (W1 0)))
1 1 1

_ ZE[] f (Wl(s)dWZ(s) - Wg(s)dWl(s)>
0 0

x (W10 dWa(r) = W) dWi o)) | (W4 <r)}}

1
_! [/ Wf(z)dt—zf/ Wi(s)ds dW(t)
4 0 0<s<t<l

1 pl
+/ / min(s, 1) dWy(s) dW; (f):|
0o Jo

1 1
= Z\/O I:le(t) - 2(W1(1) - W] (t))Wl (t) =+ (Wl(l) _ Wl (t))Z] dt
:/ (Wl(t) - _Wl(l)) dt
0 2
p ('t
Z/ / 31— 2= afamano. (1.72)
0o Jo 4

Thus it is possible to obtain, using the conditional argument and the result in
(1.21),
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Il
t

E (ei653>

_E ( 1053

02
winy)] = E[exp{—; Var(Sﬂ{Wl(t)})”
0% 1 1 :
—?/0 (Wl(t)—§W1(1)> di
B 92 1 1 1
—E exp{—zfof() Z[l—2|s—t|]dW1(s)dW1(t)”

-1

_ (D(—92)>_1/2 - <cosh g) :

2
where D(A) = (oos(ﬁ/2)> is the FD of K (s, 1) = (1 —2|s —t])/4, and this
last result will be proved in Section 2.4. Assuming this result, it can be shown
that

I
sl
¢
ol
o

00 2 2 2 2
D 1 Zn] +Zn2_Zn3_Zn4
B i e

n=1 n—sx

where (an, Zna, Zn3, Zn4)/ ~ NID(0, I4). It is interesting to note that S and
S5 resemble each other closely, but the two distributions are totally different.
The distribution of S is that of the weighted sum of a finite number of Xz(l)
random variables, whereas that of S3 is the weighted sum of an infinite number
of x2(2) random variables.

If we consider a simplified version of S3 defined by

1 1 1
S, =/ W/(t)< 8 1(/)2 ) AW (1) = E/ Wi dWa(t),  (1.73)
0 0

it can be shown (Exercise 1.4.8) that, for (Z,1, Z,,z)/ ~ NID(0, I»),
0© 52 2
D1 Zo—Zi
s 2oy Sm e
n=1 n 3 T

Thus we conclude that S5 is a convolution of Sy, which gives

1 1
53 2 E/ (Wl(t)dwz(t)+W3(t)dW4(t)),
0

where (W1 (1), Wa(t), Wa(t), Wy (t))/ is four-dimensional Bm. The c.f. of Sy is
given by
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38 Quadpratic Functionals of Brownian Motion

- —1/2
. i6/2 i6/2
By = ] 122 (1o 02
1 1
n=1 (I’l—z)f[ (n—z)f[
-1/2
_ﬁ X 02 /4 B A
= + — = coshz S
n=l1 (n — %) 7'[2

so that the c.f. of S3 is given by
-1

B <6i953) - [E (ef954)]2 = (cosh g) . (1.74)

Exercises for Section 1.4

Exercise 1.4.1 Prove that

| |
f X0 @yl = o
0

0 (J=3.

1
X(0ydt (j=2),

Exercise 1.4.2 Prove that
R 1 1
i L T
— X;yf—ng = WX H-1D _/0 W) dW (2),
j:

where y; = y;j_1 +¢&j, yo = 0 and {g;} ~i.i.d.(0,0?).

Exercise 1.4.3 Show that

Lim. > W)W () — Wti-1) = l(Wz(t) — 1) + A,
A ()—0 i=1

where 0 = 19 < 11 < -+ < t, = t, Ap(t) = max (t; — t;—1) and
1<i<m
t/ =0 =Mt 1+ for0 <A <1

Exercise 1.4.4 Show that
1
/0 gW(@)dW (1)

1 1 1
= l/ / g(max(s,1))dW(s)dW(t) — l f g(t)dt,
2Jo Jo 2 Jo

where g(#) is an ordinary Riemann integrable function.
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Exercise 1.4.5 For the O-U process dX(t) = y X(t)dt + dW(t) with
X (0) = 0, prove the following relations:

1 1 1 ey(27s7t) _ eylsft\
/ X*(t)dt = / / dW (s) dW (1)
0 2y

ey(s+t) — evls—l
/ / ————dW(s)dW ().

Exercise 1.4.6 Derive the c.f. of

1
S = / W (t)H dW (1),
0
where W (t) is g-dimensional Bm, and H is a ¢ X g symmetric matrix.

Exercise 1.4.7 Show that

(W - wio).

1
$:= [ (W0 dwio + mindwan) 2 3
0

where W (1) = (Wi (1), Wz(t))/ is two-dimensional Bm.
Exercise 1.4.8 Using (1.29) and the conditional argument, show that
72 -7

/ W () dWa(t) 2 IZ ﬁ
n—§ T

n=1

where (an, ,12) ~ NID(0, I»).

1.5 Statistical Examples and the Fredholm Determinant

In this section we explore various statistical examples where quadratic func-
tionals of Bm are used, among which are (1) goodness-of-fit tests and Darling’s
formula, (2) LBI tests for parameter constancy, (3) LBIU tests for the moving
average unit root, and (4) LBI and LBIU tests for the autoregressive unit root.

1.5.1 Goodness-of-Fit Tests and Darling’s Formula

Let X1, ..., X,, be a random sample from the common distribution G(x)
assumed to be absolutely continuous. The testing problem considered here is to
testif G(x) = F(x;&), where F(x; &) is a distribution function parameterized
by &. For illustrative purposes we concentrate here on the case where & is a
single parameter. The multi-parameter case will be examined in Chapters 3
and 4. Depending on whether & is specified or not, we deal with two cases.
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40 Quadpratic Functionals of Brownian Motion
Case 1.1 The testing problem considered here is
Hy: G(x) = F(x;§),

where & is a nuisance parameter to be estimated. This case was discussed in
Darling (1955), where the test statistic is a modified version of the Cramér—
von Mises—Smirnov statistic and is given by

~ e A\ 2 ~
Wie =n [ (R - Fusb) areib, (1.75)
—00
where é‘ is a suitable estimator of &, and F),(x) is the empirical distribution
function defined by
Lo I (x=0),
F = — — ; =
) = - Ye(r-x). e
j=1 0 (x <0).
For practical computation of W,%(é ), we rearrange the sample Xy, ..., X, to

get X| < --- < X, so that (Exercise 1.5.1)

R Sl (AL ey
niss I’ 2n 12n°

j=1

Let us consider the asymptotic distribution of W,%(é ) under Hy. Suppose
that é is the maximum likelihood estimator (MLE) of & that satisfies some
regularity conditions. Here we exclude the super-efficient case such that
nE[(g — 5)2] — 0 asn — oo. Putting

_AF(x38)
- Yeh

Darling (1955) considered

) x(t;8) =inf{x : F(x;§) =1},
x=x(t;§)

8e (1)

. o0 . AF (x:£%)\ 2 .
an(E):/ (x/ﬁ(Fn(X)—F(x;é“))—x/ﬁ(é—é)%) dF(x;§)

1 . 2
=f0 (1) = Vi G =9 g:)) di +3,
1
=/ ZX(t)dt +68,,  plim,_, 8, =0,
0

where £* lies between & and § and plim stands for convergence in probability,
whereas

Zu(t) = Yo (1) — /1 (E — &) ge (1),
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and

Y, (t) = ~/n (Ha(1) = 1), H,(1) =

S| =

Z e(t — F(Xj;g)).
j=1

Since F(X1;&), ..., F(X,; &) are independent and uniformly distributed over
[0, 1], it follows (Exercise 1.5.2) that

E(H, (1) =1, Cov(H,(s), Hy (1)) = ! (min(s, ) — st),
n
so that
E(Y,(t)) =0, Cov(Y,(s), Y,(t)) = min(s,t) — st.

Then it was shown by Darling (1955) that
1
Wb = [ Zwd = wie,

1 pl
w2 2 / f K (s.1)dW(s) dW (1), (1.76)
o Jo
where {Z(#)} is a zero-mean Gaussian process and

K(s,t) = Cov(Z(s), Z(t)) = min(s,t) — st — 02(5) ge(s) ge (1), (1.77)

dlog f(X1:6)\° < (91 16\’
a—2<5)=E{<—°gJ;§ 1 9) }=/ (—(’gé’;(x 9) fx:8)dx,

with f(x;&) = dF (x;&)/0x.

It must be ensured that o (§) g¢ (1) does not depend on &. If it does, the present
test is useless because we cannot compute significance points. It was shown in
Darling (1955) that, if £ is a location or scale parameter, o (§)gg (t) does not
depend on &, so that the W,%(é ) test is parameter free. In fact, it holds (Exercise
1.5.3) that, when F(x;&) = R(x — &) and r (x) = R'(x),

1/2

o0 / 2 -
a(s)gg(m:—( / () dx) r(R™1 (1)),

—o (X))

and, when F(x;&) = R(x /&),

00 / 2 —1/2
o) ge(t) = — (/ Grx) ., _ 1) R (1) r(R™\(1)).

oo T'(x)

It also holds (Exercise 1.5.4) that, when F (x;£) = (R(x))¢ (¢ > 0),

o0(§)ge(t) =1t logt.
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As a specific example, let us consider

1
F(x;§) = 15 G B’

which is the logistic distribution function with location parameter £&. We have

CELC i Fx;8)=1t & ¢ 079 = 1—1
—(y— 2° > ,
9% (14 e==9) —
which yields
o0F (x;&)
ge(l) = —— =—t(1—1).
9 x=x(t:€)
Since
f(x:8) e P dlog f(x:8) _ 2= (=)
X5 = , o P
(14e76=9)” 08 [ +e 00
we have

2
00 De—(x—§) e~ (x—8)
-2
o = 1 - dx
© /_OO < T+em070 | (1 4 e--0))?
! 1
— 2 g —
_/ 2t — 1)*dt = .
0 3

Thus the distribution of W2(£) in the present case is given by (1.76), and it
follows from (1.77) that

Cov(Z(s), Z(t)) = min(s,t) — st — 3st(1 —s)(1 —1). (1.78)

The computation of the c.f. of W2(£) can be carried out using Darling’s
formula (see Darling (1955, theorem 6.5) and (2.83)), which gives the FD of
Cov(Z(s), Z(t)) in (1.78) as

sin /A 1 t
D(}) = -6 <f g4 (s) cos v/As ds) gr(t) cos VA(l — 1) dt
NA) 0 0 : 5
_ L (2(1 —cosv) Si“*/x) . (1.79)
A ) J
Thus we obtain
—1/2
; 1-— 2i in /2i
E (elng(g)) _ (D(2i0))_1/2 _ E C(.)S 2i6 _sin i0
i i0 V2i6
(1.80)
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As another example, consider

1 1 X
F(X;$)=§+;tan £ (& >0),

which is the Cauchy distribution with scale parameter £&. We have

IF (x;€) X 1
08 Em 1+xEY
Fx;6) =t & §=tann(t—1/2)=—cotm,

which yields
oF (x; tt 1 |
ge(1) = IFE) e = —— sin2mt.
I  |imes) Emr 14cot2mt 2w
Since
1 1 dlog f(x;&) 1 2x2 /&3
f(x’é)z_ 2 /20 = -7 2 /27
Er 1+x7/§ 9§ £ 14+x°/¢
we have

D N A I L
d (S)‘/w<_§+1+x2/sz> tr Traze

_ 1 i/m( —u’ u' )d
“ete ), \arer taraes)
1

=5

where we have used the fact that
00 xa—l 1
/(; mdx:;B(b—a/c,a/c) (@a>0,b>ajc,c>0).

Here B(p, q) is the beta function defined by
1
B(p.q) =/ Pt —nrtdr (p>0,q>0).
0

Thus the distribution of W2 (&) in the present case is given by (1.76) with

1
Cov(Z(s), Z(t)) = min(s, 1) — st — 772 sin27s sin27wt. (1.81)
T
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Then, using Darling’s formula in (2.83), the FD of Cov(Z(s), Z(¢)) in (1.81) is
given by

DG = sin «/_

1 t
—4 (/ cos 27rs cos v/As ds> cos 2t cos VA(l — 1) dt

sin f
= / 4712 (1.82)

Thus we now obtain

12
E<ei9W2(§)) = (D(2i0))"1/? = |:s1n 2i0 / :| . (1.83)

Case 1.2 Here we deal with the testing problem

Hy: G()=F(xi&) versus Hi: G(x)=F(x:§). &=+ =
Jn
where & is a specified value and y is a constant. This case was discussed in
Durbin (1973). Using the Cramér—von Mises—Smirnov statistic

W2(E0) = n /

—00

o0

2
(Fo) = Forig) aFeigo),  (184)

the null hypothesis Hy is rejected if an (&o) is sufficiently large.
Let us consider the limiting distribution of an (&0) as n — oo. We first deal
with the distribution under Hy. Putting G (x) = F(x;&p) = f, we have

2
o) 1 n
Wi =n [ |23 ewxp - Fouto) | dFcigo)
o \n %
. 2
1 n
:n/o ;Ze(t—F(Xj;Eo))—t dt
j=1

1
= / Y2 (1) dt,
0

where

Y, (1) = /n (Hy () — 1), Hy (1) =

> e(t = FXj:80).

S| =
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It follows that {Y,,(t)} = {Y (¢)}, where {Y (z)} is the Bb. Thus it holds that
2 2 ! 2
W, (60) = W*(0) =f0 Y<(r)dt

D 1 1
= f f [min(s, ) — st]1dW (s) dW (1), (1.85)
0 JO

and the c.f. of W2(&) is given from (1.35) by

-1/2
. sin /2i6
E(ezew2(go)> — (DQie) 1?2 = [ VT ’
/20
where D(}) is the FD of K (s,t) = min(s, 1) — st.
We next consider the limiting distribution of an(éo) under Hy : £€ = &) +
v /+/n. Expanding F (x; &) around & = & + y//n, we consider, in place of

W2 (&),
2
o OF (x;§)
R? =/ Fo(x) — F(x; +L—‘ dF(x;
(60) =n " ( (%) (x38) Vi e (x38)
1
:/0 (Yo(t) + yge, (D) dt, (1.86)

where

1 n
Ya(t) = Vn(Ha(®) = 1), Ha() =~ 3 €t = F(X;58)),
j=1
OF (x;§)
0

It follows from Durbin (1973) that, under H; and some regularity conditions,
the limiting distributions of W,% (&0) and R,Zl (&o) are the same and

, x(t;&0) = inf{x : F(x; &) =1}.
x=x(:50)

g&'o(t) =

1
R = RXE) = /O (Y () + yge, () dr. (187)

where {Y (1)} is the Bb. Unlike the previous statistics, the statistic R?(£p) is a
quadratic functional of a nonzero-mean Gaussian process {Y (¢) + y gg,(1)}. To
derive the c.f. of such a functional, it is not sufficient to compute the FD of
K(s,t) = Cov(Y(s), Y(t)); we also need to deal with the resolvent associated
with K (s, 1) and the function m(t) = ygg, (¢).

Discussions on the resolvent are deferred until Chapter 3. Here we take
up two examples only for demonstration purposes. Consider first the logistic
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distribution function F(x;&) = 1/(1 4+ ¢~ *~%)) dealt with in Case 1.1. Then
we have

9 (1+e =)
= —t(1 —1).
0§
x=x(t;5)

Thus (1.87) holds under H; with gg,(t) = —1(1 —t). The corresponding c.f. of
RZ(SO), the derivation of which involves the resolvent and will be explained in
Section 3.2, is given by

E (ei0R2(50)>

1
=E |:exp [i@/ (Y () — yt(1 —1))? dt”
0

—1/2
sinv2ia\ y2 [ cos/2i0 —1 o 62 (1.88)
=|— exp|l =|———+i0——]|. (1L
V2i6 P192 \Gin V2i0//2i6 6
It can be seen that R%(&)) does not depend on &y and tends to normality as
ly| — oo.

As the second example, consider the Cauchy distribution F(x;&) = 1/2 +
tan~ ' (x/&)/m also dealt with in Case 1.1, where & > 0. We have

t_a 1+1t7]x
géO()_£<§ p an g)

g%'o(t) =

sin2rmt,

x=x(g) 2507

1 2
E (eieRz(a))) —E <exp {l‘g/ <Y(t) + 2;’” sin 2m> dt}>
0 0

. —\ —1/2 2 .

sin+/2i6 y i (1.89)
= — exp| &5 —=———— |- .

Jai6 Pl 2anr—in)

The derivation of this c.f. also involves the resolvent and will be demonstrated
in Section 3.2. Unlike R%(&)) in (1.88), the present statistic R2(&)) depends on
&o, although it also tends to normality as |y| — oo.

Goodness-of-fit tests will be discussed in more detail in Chapter 4, dealing
with the multi-parameter case.

and

1.5.2 LBI Tests for Parameter Constancy
Let us consider the following state space model:

vi=Bj+ej, Bi=Bji-1+n; (G=1...,n), (1.90)
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where

(1) {y;} is an observable sequence, whereas {;} is an unobservable sequence
starting from an unknown constant So;

(ii) {e;} ~ NID(0,02), {n;} ~ NID(0,0;), and these are independent of each
other.

The state space model is composed of two equations. One is a measurement
equation that describes the relation between the observed variable y; and the
unobserved state variable ;. The other is a state equation that reflects the
dynamics of the state variable ;.

Our concern is to test if B;, the level of the process, is constant, that is,
Bj = Bo for all j. This is equivalent to testing

Hy:p= =0 versus Hy:p>0. (1.91)

“"QN | sQl\)

The present testing problem was first discussed in Nyblom and Mikeldinen
(1983) and Tanaka (1983), and was generalized by Nabeya and Tanaka (1988)
and Nabeya (1989) to various cases, which we shall deal with in subsequent

chapters.
Since y; = Bo+¢&;+n1+---+n;, the observation vector y = (y1, ..., yu)
follows
y = Boe + & + Cn ~ N(Boe. o2 (p)). (1.92)
wheree=(1, ..., 1) :nx1l,e=(e1, ..., &) 0 =1, ..., ny), and
1 1
- 0 —1 0
Q(p) =In+pCC', C=| - : L=
1 - - - 1 0 -1 1
(1.93)
Defining the parameter vector § = (p, Bo, 052)’ , the log-likelihood for y is
given by

1 1
L) = —% log 207 — > log |2(p)] — 270 Boe) 2™\ (p) (v — Poe).

(1.94)
The matrix C necessarily arises from the random walk process 8; = B;_1+17;
and may be called the random walk-generating matrix. Note that the (j, k)th
element of CC’ is min(j, k), and the eigenvalues of CC" were obtained by
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Rutherford (1946) as

-2
1. j-3 .
A‘/:Z(Sm%—i—ln (G=1,....n).

For the present problem there exists no uniformly best test. Here we consider
the locally best invariant (LBI) test (Ferguson, 1967). It follows from (1.92)
that the testing problem (1.91) is invariant under the group of transformations:
y — ay+be and (p, Po, ‘752) — (p, afo+0b, azagz), where a > 0. Following
Kariya (1980), choose an n x (n — 1) matrix H such that H'H = I,,_; and
HH =1,—ee/n=M=M =M Letusputw = H'y = H' (Boe + € +
C1). Noting that Me = HH’e = 0 and thus H'e = 0, we have

w~N (0, aﬁH/sz(p)H) , (1.95)
and the statistic s(w) = w/+~/w’w is a maximal invariant under the above

group. Let P,(-) be the distribution of s(w), and put

"H'Q H)-! —(n—1)/2
wi uff;))) "’] . (1.96)

Fu(s(w)lp) = |H'Q(0)H|~'/? [

which is the probability density of P,(-) with respect to Py(-). The rejection
region of the LBI test is now obtained (Ferguson, 1967, p.235) as

dlog fu(s(w)|p)

> constant, (1.97)
dp

p=0

which leads to the rejection region given by
wH'CC'Hw  yMCC'My

R, =
n w'w yMy

> constant. (1.98)

The derivation of the LBI test is somewhat complicated. It can be shown
(Tanaka, 1996, chapter 9) that the LBI test for the present problem is equivalent
to the Lagrange multiplier (LM) test, which is easier to derive. In fact, the
rejection region of the LM test is given by

dL(d)

> constant, (1.99)
ap

Hy

where the partial derivative is evaluated at the MLE § = (5, Ao, 532)/ of § under
Hp. Note that p = 0. We also have

M e | T , 1,
= - ] = = N = - Ly e M .
Po= - ,2—1 yj =€y, 0= /'E—l j =" =_yMy
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Then, using
dlog|2(p)] 1, . dp) dQ 1 (p) _1, dQ(p)
gd=tr<52 L(p) ) = - ' (p)——=Q (p),
P dp dp dp
we have
L@ _ —ltr(CC/) + 'MCC'M
9 ) 2527 Y
0 Hy O
1 '"MCC'M
__rntDh ny . (1.100)
4 2 yMy

Thus it is seen that the LM test is equivalent to the LBI test. An interesting
feature of the present test is that d L (8)/dp| g, does not tend to normality, which
will be seen below. This contrasts with the standard situation.

Let us derive the asymptotic distribution of the LBI statistic R, in (1.98)
under Hy : p = 0. For this purpose we can assume that 082 = 1 without any
loss of generality and consider

1 1yMCcC'M
Spt=— Ry = -2~ (1.101)
n n yMy
Under Hy, it holds that y = Bpe + € and
1 1
~y'My=—-¢'Me — 1 inprobability, (1.102)
n n
L / L, / 1,
— YMCC'My=—¢eMCC'Me =—¢B,1¢e
n? n2 n
1 n n
== Bul.beser, (1.103)

j=1k=1
where B,1 = MCC'M/n, and By1(j, k) is the (j, k)th element of B,,; given by
1 1 1
Bui(jok) = ~ min(j,k) — 5 j@n — j+ 1) — = k@n —k + 1)
n 2n 2n
1
+—nn+1)2n+1). (1.104)
6n3

To derive the limiting distribution of the quadratic form in (1.103), we can
use the following theorem. Its extended version is given in Nabeya and Tanaka
(1988) and will be proved in Chapter 5 (see Theorem 5.1).

Theorem 1.11 Consider

1 1 n n ‘
Sn = ’—le/Bn€ = ; Zl]; Bn(],k)é‘jgk,
l: =

https://doi.org/10.1017/9781009567008.003 Published online by Cambridge University Press


https://doi.org/10.1017/9781009567008.003
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where {g} ~1.i.d.(0,1) and B, is an n x n symmetric and nonnegative definite
matrix. Assume that, for the (j,k)th element B,(j,k) of By, there exists a
symmetric and continuous function K (s, t) satisfying

Pk
lim max Bn(j,k)—K(i,—>' —0. (1.105)
n—00 1< k<n nn
Then it holds that, as n — 00,
1 1
Sy = S=/ / K(s,)dW(s) dW (1) (1.106)
0 0

Note that, because B, is nonnegative definite and the condition (1.105) is
imposed, the statistic S is nonnegative. This can be weakened to the extent that
the matrix B,, is indefinite so that S is not necessarily nonnegative to deal with
more general cases, which will be discussed in Chapter 5.

Let us return to (1.103) and (1.104). It holds that the matrix
B, = MCC'M/n with B,(j,k) in the (j, k)th place is nonnegative definite
and the function

2412 11 s2 412
> g_g—max(s,t)+ >
is the uniform limit of B, (j, k) in the sense of (1.105). Thus Theorem 1.11
leads us to establish that

Ki(s,t) = min(s,t) —s —t +

1 1 n n '
S YMCC'My = — 3> Bu(j,kejex
j=1k=1

1 1
= / / Ki(s,t) dW(s)dW (7). (1.107)
0 JO

Therefore it follows that

1 yMCC'My Lot
Spp=—-"—r—" = S = Ki(s,t)dW(s)dW (). (1.108)
n yMy o Jo

The c.f. of §; is given from (1.35) and (1.38) by (D;(2i0))~!/?, where
D1 () = sin+/A/v/A is the FD of K (s, ).

In the present case there is a simpler way of deriving the limiting distribution
of S,1. Noting that

o, y l ' p 1l
—zyMCCMyz—eMCCMe':—eCMCe
n

=—e B*le——ZZB LGk,

j=1k=1
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where B}, = C'MC/n and B}, (j,k) is the (j, k)th element of B, defined by

nl —
1 1
B} (j. k) = - min(n+1—j,n+1—k)—ﬁ m—j+Dm—k+1), (1.109)

we can find the uniform limit K (s, ) of B, (j, k) as

Ki(s,t) =min(l —s,1 —1) — (1 —s)(1 —¢) = min(s, 1) — st.

Thus it follows that

1 1
Sl = S 2/ / [min(s, 1) — st]1dW (s) dW (t). (1.110)
0 0

In the present model (1.92), the initial value By was unknown. If Sy is
assumed to be known, in which case we can put Sy = 0, then the above results
hold true by replacing K (s, ) by min(s, #) (Exercise 1.5.5).

Nabeya and Tanaka (1988) extended the present model to

yi=xiBj+z;y +ej Bi=Bi-1+n; G=1..,n),

where x; and z; are scalar and vector deterministic regressors, respectively.
We shall deal with this extended case in Chapter 5.

It is also interesting to examine the power of the LBI test. For this purpose
we consider the distribution of the LBI test statistic under the local alternative

C
Hi(c,k): p=

ne’

where ¢ and « are positive constants. We shall discuss the local alternative in
Chapter 5.

1.5.3 LBIU Tests for the Moving Average Unit Root

In this section we deal with the first-order moving average (MA(1)) model
given by

Vi—M=¢& —agjq (G=1,...,n), (1.111)

where p is an unknown mean and o (0 < o < 1) is the coefficient parameter,
whereas {¢;} (j =0,1,...,n) is an error sequence following NID(0, 082).
Our concern here is to consider testing

Hy: a=1 versus H :a<l, (1.112)

which was initially discussed in Tanaka (1990b) when = 0. The MA(1)
model (1.111) is said to be noninvertible under Hy. The log-likelihood for

y=0ny2 .., ) is
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L(d) = —% log 270, — % log [Q2 ()| — ;182()’ — pe) Q@ (@) (y — pe),
(1.113)
where 8 = (o, 1, 02), e = (1, ..., 1) : n x 1, and
14> —«a 0
—a 1 +a?
Q) =
. —a
0 —a 1+4a?

Proceeding in the same way as in the last section, the testing problem (1.112)
is shown to be invariant under the group of transformations: y — ay + be and
(o, 1, 082) — (a, ap—+b, azaf), where a > 0. Letus put w = H'y, where H
isthe n x (n — 1) matrix suchthat H'H = I,_jand HH' = I,, —ee’/n = M.
Then we have

w ~N<0, afH’sz(a)H), (1.114)

and the probability density of the maximal invariant s(w) = w/vw'w is
given by

/

17222 —1 —(n—1)/2
fn(S(w)la)z|H’Q(a)H|_1/2[w(HQ(a)H) w] (1115

ww
Using
di;“) = Q) =Q, dzji(f) - 21, (1.116)
we obtain
dlog fuls(w)le) o,
Jda =1
82 log f,(s(w)|a) n—1yHHQH)2H'y
a2 wel 2 yHH'QH) " 'H'y’

where ¢ is a constant. Then we can conduct the unbiased locally best invariant
(LBIU) fest (Ferguson, 1967, p.237), which rejects Hy when

3% log fu(s(w)e)
da?

YHH'QH) *H'y
>c < Rp= -
YHH'QH)"'H'y

a=l1

> C3,

(1.117)
where ¢ and c3 are constants. We can rewrite the LBIU statistic R, so that it
does not depend on H. For this purpose we have (Rao, 1973, p.77)
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Lemma 1.12 Let R = (P Q) be an n x n orthogonal matrix, where P and Q
aren x (n— p) and n x p matrices, respectively. Then, for any n X n nonsingular
symmetric matrix A, it holds that

P(P'AP)'P =A"'N=NA""=NAIN, (1.118)
P(P'AP)™?P' = N'A>N, (1.119)
where N = I, — Q(Q'A~1O)"1o'A—L.
Proof Let us consider
P'A P'A P'AP P'AQ
G= , GR= (P 0)=
o’ 0’ 0 I,
It follows from the assumption that the n x n matrix G is nonsingular. Then,
noting that P’Q = 0 and Q' P = 0, the first equality in (1.118) is established
because
G [P(P/AP)—IP/ _ (A—l _ A—IQ(Q/A—IQ)—I Q/A—l>]
-G [P(P’AP)_IP’ _ A—lN] —0.
It can be checked that A='N = N’A~! = N’A~'N, which proves (1.118).
Since

P(P'AP) 2P = P(P'AP)"'P'P(P’AP) 'P = NAT"A"'N = NA2N,

the relation (1.119) is also established. O

Note that the above lemma holds if P and Q are replaced by P Fj and Q F»,
respectively, where F| and F, are any nonsigular matrices of size (n — p) x
(n — p) and p x p, respectively. Using this fact, the LBIU statistic R;> in
(1.117) can be expressed (Exercise 1.5.6) as

'N'Q72N
Rp=2—"% (1.120)
YN'Q Ny
where N =1, —e(eQ le) 1eQ L, NQ IN=Q IN=NQ ! and
_ _ -1 1
Q! = [(Cc/) Ly ene;] = CC'— — CedC

- [(C’C)*‘ + eleq] =C'C— s CledC. (1121)

Heree, = (0,...,0,1) : nx1,e; = (1,0,...,0) : n x 1, and C is
the random walk-generating matrix defined in (1.93). Note that the (j, k)th
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element of Q! is min(j,k) — jk/(n + 1), and the eigenvalues of Q! are
given (Anderson, 1971, theorem 6.5.5) by

ji= 1 (sin 27 N G=1,....n).
1Ty 2(n+1)

The present LBIU test can also be derived on the basis of the log-likelihood
L(8) defined in (1.113). Using the relations in (1.116) and tr(Q~') =
n(n + 2)/6, we obtain

1

oL(3)
oa

92L(8)
Ho da?

nn+5  yNSQ Ny
= — n N
Ho 6 YN'Q Ny

(1.122)

where the derivatives are evaluated at the MLE of § under Hy. Then it is seen
that the resulting statistic is the same as the LBIU statistic R,;» in (1.117) and
(1.120). It is also recognized that « = 1 gives a local maximum of L(§) when
32L(8)/da? |, < 0, which will be discussed in Chapter 6.

Let us consider the asymptotic distribution of R;> as n — oo under Hp. We
can assume that ‘752 = 1. Putting ¢ ~ N(0, 1), we have

1 YN'Q Ny 2 1 e 2Na-INg! 2y B 1 e PNaN QP
n n n

1 ~
~¢'M¢ — 1 inprobability,
n

19

1 1 1
n_zy/N/szNy n_ZC/Ql/zN/szNQuzc D E;/QANQN/Qq;

1 /

- C B}’l2 C?
n

where

M=1,—Q "eQ ey eQ? =M = M?,

1 1
Bn=-Q 'N=— (Q‘l — Q_le(e’Q_le)_le’Q_l>.
n n

Here tr(M) =n—1land Q!is given in (1.121), whereas

Qle=Cd - gC’e, Qe = nn+ D +2)

12 ’
whered = (1,2, ..., n)’. Then we have
. 1 Lo jk 3jkn —j+1)(n—k+1)
B 9k = - 9k - - s
nZ(] ) n (mln(] ) n+1 n(n + 1)(1’1 +2)
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which has the uniform limit
K>(s,t) = min(s, 1) — st — 3st(1 — s)(1 —1). (1.123)
It follows from Theorem 1.11 that
1 1 y/ N'Q2N y 1 rl
Sa= ko= e 5 n= [ [ Kenaveave.
(1.124)
It is interesting to note that the function K;(s,t) in (1.123) was earlier
presented in connection with goodness-of-fit tests in Section 1.5.1, and its FD
is given in (1.79) together with the c.f. of S in (1.80).
In this section we have dealt with the MA(1) model with unknown mean. If
the mean is known and assumed to be 0, the analysis is easier (Exercise 1.5.7).
In Chapter 6 we shall deal with more general models and derive the
asymptotic distributions of the LBIU statistics under the local alternative
Hi(c,k): a=1-— i,
nK
where ¢ and « are positive constants. We shall also deal with the conditional
model where the initial value g¢ of the error process {e;} is set at 0. The LBI
test is derived for that model, and the power performance of the LBI test is
compared with that of the LBIU test discussed in this section.

1.5.4 LBI and LBIU Tests for the Autoregressive Unit Root

Let us consider the following model:
ijﬂ/xj'—l—uj, uj=puj1+e; (GJ=1,...,n), (1.125)

where B and x ; are p x 1 coefficient and regression vectors, respectively, and
{u} is an error term that follows the first-order autoregressive (AR(1)) process
with {g;} ~1.i.d.(0, 052). The AR(1) coefficient parameter p is assumed to take
any value, and the initial value u of {u;} is assumed to be ug = 0.

Our concern here is to conduct the test

Hy: p=1 wversus H :p<1 or H: p#l. (1.126)

Dickey and Fuller (1979) first suggested the unit root test using the following
three models:

pPYj—1+E¢&j,
yi=1{pyj-1ta+t+e;, (1.127)

pyj-1+B+vJ,
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where it is assumed that p is close to unity and the true value of («, y) is (0, 0),
while 8 is arbitrary. This seemingly curious restriction may be understood from
the model in (1.125). In fact, when x ; = (1, )" in (1.125), we have

vi=bBi+Bjtuj=pyj-1+pi(l—p)+pp+ (1 —p)j+e;,

and it is recognized that the above restriction is imposed on this model when
p =1
The unit root test applied to the model (1.125) is based on n(p — 1), where
0 is the LSE of p computed from
n ~ A
N Zj=2 Uj—1u; R N
2 i
j=2 7
Here B is the LSE of B obtained from the regression of {y;} on {x ;}, where we
consider three cases for x ;:

Case l:x; =0, Case2:x; =1, Case3:x;=(l, j)’.

Note that p computed for the three cases is asymptotically equivalent to
the LSE computed from the three models in (1.127). Then it can be shown
(Phillips, 1987a; Nabeya and Tanaka, 1990a) that, as n — oo under Hy,

1
/ G(t)dW(r)
0

np-1) = Lo (1.129)
G*(t) dt
0
where
W), (Case 1)
1
o= | Wo - [ weras (Case 2)

1 1
W(t) + (6t — 4)/ W(s)ds — (12t — 6)/ sW(s)ds. (Case?3)
0 0
We already presented an expression for the limit in distribution of n(6 — 1) for

Case 1, which is the unit root distribution given in (1.52). Note that G(¢) in
Case 2 is referred to as demeaned Bm, which comes from

PSR S 12": & W) le()d
\/ﬁo'su]_\/ﬁo's K n e 0 e
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whereas G (¢) in Case 3 is detrended Bm, which comes from (Exercise 1.5.8)

1 1
Jnoe = Jnoe ¢

1 1
& W(t) + (6t — 4)/ W(s)ds — (12t — 6)/ sWi(s)ds.
0 0

uj_Bl —Baj)

The limiting distributions of n(p — 1) under Hy can be expressed as
F@):hm]%ﬂﬁ—Dfx):PUﬂﬂiOL
n—oo
where
1 1
Hu):x/ G%Wﬁh—f G(t)dW(1).
0 0

The distribution function F (x) can be computed by deriving the FD associated
with H(x). The limiting local powers of the unit root tests can also be
computed by deriving the associated FD, which was discussed in Nabeya and
Tanaka (1990a, 1990b). This topic will be discussed in Chapter 7.

In subsequent discussions, as a continuation of the last two sections, we
consider the LBI or LBIU type tests, assuming that {¢;} ~ NID(O0, 052). The
model (1.125) can be expressed as

y=XB+u, u=~C(pe, (1.130)
where
Vi x| ui €1
» x) us &
y= , X=1 .1, u= , €= ,
Yn x;L Un En
whereas
1
0 1 0
C(p) = : ' :_ . (1.131)
pn_l . . . p l

Here C(1) = C is the random walk-generating matrix defined in (1.93).
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Putting ®(p) = C(p)C'(p), ® = ®(1) = CC’, and noting (Exercise 1.5.9)
that

1

d®(p) , 2
=dd —®, d=| |, (1.132)

dp |,= :

n

it follows from (1.97) that the LBI test rejects Hy when

1 1

y'H(H'®H)  H'dd'H (H'®H)  H'y

R,z =
" yH(H®H) " "H'y

(1.133)

takes small values, where H is an n x (n — p) matrix such that H'H = I,,_ P>
and HH' = I, — X(X'X)"' X’ = M. It follows from Lemma 1.12 that

HHOH) 'H =o' - 'xXo ') X0 =M,
which gives

_ y'Mdd' My

= 1.134
ity ( )

n3

It is recognized that R,3 in (1.134) reduces to O if Md = 0. This occurs if
d belongs to the column space of X because it holds that MX = 0. Avoiding

this case, let us consider the case where X = (1, ..., 1)’ = e. Then we have
n n
YMy=> (j—yi-)*=)_ ;j—uj 1)
j=2 j=2

y/Md:yn_yl =Up — Uy,

so that
_yMdd'My  (w,—u)* U,

~ n - 9’
y'My ijz wj—uj—)* Va

n3

where U, = (u, — u1)? and V,, = 2?22 (uj — uj,l)z. It follows that, as
n — oo under Hy, R,;3 = xz( 1). The power performance of the present LBI
test is found to be quite poor and is not recommended; this will be clarified in
Chapter 7.

We next consider the LBIU test for the case where d = (1,2, ..., n)
belongs to the column space of X. To derive the test, it iS more convenient
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to use the log-likelihood for y ~ N(X 8, 082<I>(,o)). Noting that |®(p)| = 1, the
log-likelihood is given by

1
2%2

L) = —g log2762 — —(y — XB)® ' (p)(y — XB).  (1.135)

where § = (p, B/, 02)/. Then the LBIU test rejects Hy when
3 )

32L(8) 1 A2 (p)
=0 -XB) ——0u—XB)
0 |y, 202 d?p Ho
1, d*d (p)
=—yN—=| N
2&82y d?p p=1 '

becomes large, where N = I, — X(X'®~'X)"!X’®~! and 552 = yN'o!
Ny/n. We also obtain (Exercise 1.5.10)

d*o!
—z(m =2(I, —ene)), e, =(0,...,0,1) : nx1,
dlo p:l
which yields
92L(8 'N'(1, — e e, )N
@ _ a2 (I, — eney) y (1.136)
0% |y, y'N'®~INy

Since it holds that N'®~!'X = 0, y'N'e, reduces to 0 if e, belongs to the
column space of ®~!X or if ®e,, = CC’e, = d belongs to the column space
of X. In that case we have the LBIU statistic

YN'Ny  y'N'Ny
y/N/(D—lNy y’]\7ly >

Ry = (1.137)

and Hy is rejected when R4 takes small values.

Consider X = (e, d), which yields (Exercise 1.5.11)

n

. 2
j—1
YN'Ny=>" (yj —n =i On - y1>)

j=2

—En u~—u—j_1(u —M)2
—‘ j 1 n—1 n 1 P

Jj=2

$ w3\ _ ¢ un —uy\’
/M:§ oy 2t L oy ,
ymy <YJ Yj—1 n—l) ‘2<Mj Uj—1 P

j=2 j=
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where it holds (Exercise 1.5.12) that, as n — oo under Hy, y’]\;ly/(nogz) — 1
in probability and
1 y'N'Ny/(n*c?)
Sn4 = - Rn4 = T = i
n yMy/ (nagz)

1 1 1
S =/ (W) —tw())? dr 2 / f [min(s, 1) — st]1dW (s) dW (1).
0 0 0

= Sy,

The c.f. of S is (D(2i6))~!/2, where D (%) = sin v/A/+/A.
The performance of the LBIU test is found to be quite good, unlike the LBI
test; this will be clarified in Chapter 7.

Exercises for Section 1.5

Exercise 1.5.1 Show that the modified Cramér—von Mises—Smirnov statistic
W,% (é) defined in (1.75) can be rewritten as

Wz(é)_i: (F(X’-'é)_zj_l)z_'_L
ner J? 2n 12n°

j=1

where X| < X} < ... < X, are ordered observations of X1, X, ..., X,,.
Exercise 1.5.2 Let X, ..., X,, be a random sample from the continuous
distribution F'(x). Prove that

E(H, (1)) =1, Cov(H, (s), Hu(1)) = % (min(s, 1) — s1),
where H,(t) is the empirical distribution function defined by

| I (x>0),
Hy(t) ==Y e(t = F(X))), e(x) =
n j=1 0 (x <0).

Exercise 1.5.3 Let F(x; &) be the continuous distribution function of X with
a parameter &, and f(x;&) be its probability density. Put

00 . 2
0—2(5):/ <3logf()€,§)) Fei8) dx.,

. &
JdF (x; .
ge(t) = F&:5) , x(1;8) = inf{x : F(x;§) =1}.
3 x=x(t;§)

Then prove that, when F(x;&) = R(x — &) and r(x) = R'(x),

NN )
o(E)gs(t)=—</ @) dx) FR™V (1)),

—o  T(X)
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Prove also that, when F(x;&) = R(x/&),
0 / 2 —-1/2
o(€)ge(t) = — (/ OO g - 1) Ry r(R71(@)).
—o0 r(x)

Exercise 1.5.4 For the distribution function F(x;&) = (R(x)) (¢ > 0), prove
that

o (&) gz (1) =1 logt,
where o (£) and gg (¢) are as defined in Exercise 1.5.3.
Exercise 1.5.5 Consider the model
yi=Bj+¢j, Bi=Bji-1+n; (G=1...n),

where By = 0, {¢;} ~ NID(0,67) and {n;} ~ NID(0,0.2), with {&;} and {n}
being independent of each other. Putting p = 0'772 /082, show that 9 L (p, %2) /0p
does not tend to normality when p = 0, where L(p, %2) is the log-likelihood

fory = (y1, ..., yn).

Exercise 1.5.6 Prove that
HH'QH)'H =N'Q™'N, HHQH)?H =N'Q’N,

where €2 is any n X n nonsingular symmetric matrix, H is an n x (n — p) matrix
withrankn — p, N = I, — X(X’Q'X)"'X’Q~!, and X is an n x p matrix
with rank p such that H'X = 0.

Exercise 1.5.7 Consider the testing problem Hp : « = 1 for the MA(1) model
yj=¢&; —agj_ (G=1,...,n),

where {g;} ~ NID(0, 082). Derive the LBIU test statistic and its asymptotic
distribution under Hy.

Exercise 1.5.8 Consider the model
yi=B1+Bjtuj, uj=uj1+¢; (G=1,....,n),

where {¢;} ~ 1.1.d.(0, 082). Denote by ii; the residual obtained from the least
squares regression of {y;} on (1, j) (j =1, ..., n). Prove that

1 <& 1 1
m;'@i/o (W(t)+(6t—4)/0 W (s)ds

2
1
—(12t—6)f sW(s)ds) dt.
0
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Exercise 1.5.9 Define the n x n matrix C(p) by (1.131), where its (j, k)th
element is p/ % for j > k and O for j < k. Show that

1

2
=|.|,2 ...,0)—CC ).
p=1 :

dC(p)C'(p)
dp

n
Exercise 1.5.10 For the matrix C(p) given in Exercise 1.5.9, show that

{(coce) )
dp?

- 2(1n —ene;), en =100, ...,0,1) nxl
p=1

Exercise 1.5.11 Consider the model
y=XB+u, u=Ce, e~N(0,021,),

where X = (e,d),e = (1,...,1) : nx1landd = (1,2, ..., n), whereas
C(p) is as given in Exercise 1.5.9 with C = C(1). Then show that

n . 2
j—1
y/N/Nyzz (uj—ul—n_](un—m)) ,

j=2

n 2
~ Uy, — Ul
y/My=Z<Mj—Mj—1— 2_1),

j=2

where N = I, — X (X' (CC)~'x)"'x'(cC’) ' and M = N'(CC’)"!N.

Exercise 1.5.12 Prove that
1< i—1 2 !
=2 <”j_”1_n 1<un—u1>) = / (W(r) — tW(1))* dr,
- - 0
j=2

where uj =u; 1 +¢;,up =0and {¢;} ~ NID(0, 1).
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