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Near-rings that reduce to rings

S.D. Scott

It is shown that a near-ring is a ring if it is generated by a
group of automorphisms of its additive group that contains all

inner automorphisms.

Iet N Dbe a near-ring and A a group of automorphisms of the
cos + .
additive group ¥ of N . Let I denote the group of inner auto-

+
morphisms of N .
We prove the following theorem.

THEOREM 1. If N <is additively generated by A and I <4 , then
N 1is a ring.

Proof. Our assumption implies (see [1]}, p. 76) that N is
distributively generated. We shall assume that N satisfies the left
distributive law. By [I], Theorem 4.4.3, it then suffices to show that 'l

is abelian. ILet o &and B be elements of N . We have
o= Uy U, b+ W,
and
B = Al + A2 + + Am N
where y, or -p. is in A4 for < =1, .o m , and Aj or -A. is in
A for g4 =1, . m
Now
(1) o+ B = By b e bW 4 Al + ... 4+ Am
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Suppose for A and u in A , it is shown that A +u =u + A then it
follows that —u + A

il

A + (1) and, by continued application to (1), we
conclude that o +8 =R +a . Thud it remains to show that for A and

in 4 , A +p =p +2A

The identity automorphism 1 , which is an element of A4 and thus of

N , is the unit element of N (see [1], 1.3.1).
We have that there exists y in I and thus in & such that
(2) -1+ p+1=py

for all p in N . Let 8 be an N-homomorphism of v into ¥
Applying & +to {2) we conclude that

(3) (-1)8§ +pd +18 = -1 +p8 + 1 .

+ . + . =1
Now let & be the map of N into N defined by né = A "un for all
n in N . It is easily checked that &§ is an ~N-homomorphism and, on
application to (3), we conclude that

-X'lu + A'lup + k'lu =1 + A'lup +1

for all p in N . If we take p =1 then it follows that

A'lu = -1 4 A_lu +1
or

1 +)\'lu=)\'lu+1 .
Now it follows that A + U = |4 + A and the proof is complete.

This theorem has a straightforward generalisation which we now

state.

THEQOREM 2. If N 1is a near-ring and I = N , then the subgroup of
Tl generated by the units of N <is abelian.
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