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When projective covers and injective

hulls are isomorphic

Ann K. Boyle

It is shown that rings in which the projective cover and

injective hull of cyclic modules are isomorphic are equivalent

to uniserial rings. Further, i t is shown that rings for which

the top and bottom of finitely generated modules are isomorphic

also are equivalent to uniserial rings.

In this paper we examine the condition that the injective hull and

projective cover of a module are isomorphic. Since over a quasi-Frobenius

ring R , this holds for injective and projective modules, as well as

i?/Radff , one might suppose that this holds for any i?-module. However,

this is not the case. Requiring this condition to be true of just finitely

generated i?-modules is a necessary and sufficient condition that R be

uniserial.

We also consider here when the top and bottom of each i?-moftule are

isomorphic. Again this condition holds for certain modules over a quasi-

Frobenius ring but is true for all i?-modules only when R is uniserial.

In fact this condition is equivalent to uniserial.

1. Preliminaries

Throughout this paper each ring R will be a ring with an identity

element 1 , and each right i?-module M will be unitary in the sense that
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xl = x for al l x € M . Mod-i? will denote the category of a l l right

R-modules.

A ring R is completely primary in case i t is a local ring which is

right (or left) artinian. A primary ring is a ring which is isomorphic to

a full ring of n x n matrices over a completely primary ring.

A uniserial ring is a ring R in which each principal indecomposable

right, and left ideal has a unique composition series as an i?-module and

where R is a direct product of finitely many primary rings. Faith [6]

has characterized these rings as right artinian rings in which the

injective hull of cyclic right modules are cyclic.

A right Kb'the ring is a ring in which every right i?-module is a

direct sum of cyclics. Kothe [9] has shown that every uniserial ring is a

Kb'the ring.

A quasi-Frobenius ring (QF) is a right, and left , artinian ring in

which every left (respectively right) ideal is an annihilator ideal. I keda

[£] characterized these as artinian rings which are right (or left) self

injective. If if is a ring in which every cyclic right, and cyclic left,

i?-module is contained in a protective i?-module, then Faith [5] has shown

that this ring is QF.

Let J be the Jacobs on radical of the ring R . Then if M € Mod-i? ,

the top of M is the right i?-module M/MJ . The bottom of M is the sum

of a l l i ts simple right submodules, denoted SocA? .

Given a right module M , the injective hull of M will be denoted

E(M) and is defined as by Eckmann und Schopf [4].

2. Uniserial rings

THEOREM 2 . 1 . The following conditions on a ring R are equivalent:

(1) R is a uniserial ring;

(2) the injective hull and protective cover of each right and left

finitely generated R-module are isomorphic;

(3) the top and bottom of every right and left finitely generated

R-module are isomorphic;

(U) the top and bottom of every right and left R-module are
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isomorphie.

Proof. ( l ) implies (2). Since R i s un iser ia l , i t is a product of a

f in i te number of primary r ings , and hence i t suffices to consider the case

when R i s primary. However, by the equivalence of categories Mod-i? and

Mod-i? , i t suffices to consider a local r ing , a primary ring being a ful l

ring of n x n matrices over a local r ing. Further, since R is a Kothe

ring [9 ] , we only need to consider cyclic i?-modules. Let C be a cyclic

if-module, say C ty R/I for some right ideal J . R local implies that

J c Radff and hence that if with the canonical map R •* R/I is the

projective cover of C .

Since R i s a r igh t , and l e f t , principal ideal ring [ ' , 2]

annD(J) = Rx for some x € R and thus there exists an injection
n

0 •* R/I •* R ,

r + I •* xr , r (. R .

Since R i s self inject ive, R contains E(R/I) . So E(C) is

isomorphie to a summand of R and by indecomposability of R , E(C) = R .

(2) implies ( l ) . By [6] i t suffices to show that R i s r ight

artinian and that the injective hull of each cyclic right Z?-module is

cyclic. Let C be any cyclic i?-module. Let P be the projective cover

of C . Since C i s cyclic, P is cyclic. Then E(C) ^ P implies that

E(C) i s cycl ic . Further, since every cyclic r ight and every cyclic lef t

i?-module is contained in a projective i?-module (namely i t s projective

cover), R is quasi-Frobenius by [5] and hence is right ar t in ian.

(2) implies (3). Let {e±R, ..., e^R] be the set of principal

indecomposable r ight ideals . We f i r s t show that the top and bottom of each

of these are isomorphie and then proceed to the case of any f in i te ly

generated module. Let J = Radff . Since e . / c J , e^R is the project-

ive cover of e-R/e.J . By hypothesis the projective cover and injective

hull of e.R/e.J are isomorphie. So there exists an injection

0 -»• e-R/e.J •* e.R . Since e .R contains a unique simple

e.R/e.J % Soce.R .
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Now let A be any finitely generated /f-module. Then since R/J is

semisimple, A/AJ is semisimple and thus

A/AJ %l® e.R/e.J
If If

and the projective cover of A is

P = I @ e .R .
It

/

Thus

SocP % I © e .R/e .J % P/PJ .

Since P ̂  5(̂ 4) ,

Soc4 £ SocP % I @ e J?/e .</ .
If U

Hence, 4//1J- % Soc4 .
(3) implies (2). We first want to show that R is QF and hence right

and left self-injective. For any finitely generated right i?-module A ,

A/AJ + 0 and thus, Soc4 t 0 . So every right i?-module has a nonzero

socle. Let \e . \ i € 1} be a set of orthogonal idempotents in R .

Since Y e.R/e.J c Soci? and Soci? is cyclic, this set must be finite.

Thus by [3], R is right perfect. Similarly i t is left perfect. The top

of R/<J , and hence SocR/<T , is cyclic. Thus J/d % SocR/cT is

finitely generated. By [10] perfect plus J/J finitely generated implies

that R is artinian. Further, since for any primitive idempotent e ^ R ,

eR/eJ % Socei? and Re/Je % Socfle by [7], R is self-injective.

Let A be any finitely generated /?-module. Then the projective

cover of A is P = \ ® e .R for some finite index set I where

A/AJ % I ® e.R/e.J c SocA . Since R is self-injective, P is injective.

Further, A/AJ £ Soc-4 and e.R/e.J ^ Soce.R c e.R implies that
% 1* if If

P £ E(SocA) . Hence P £ E(A) .

(3) implies (k). Since R is un iser ia l , every r igh t , and l e f t ,
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i?-module is a direct sum of cyclics. Let M € Mod-if . Then

M = I mM , mi d M .

SocM = 7 Socm.if £ I m.R/m.J

% I m--R I I m-J =
{k) implies (3). Clear.

Wote that for the proof of ( l ) , i f and only i f (2) , i t suffices to

have the injective hull and projective cover of cyclic r igh t , and l e f t ,

i?-modules isomorphic.

We can derive similar characterizations using indecomposable

i?-modules.

COROLLARY 2.2. if is unisevial if and only if R is noetherian and

the injective hull and projective cover of each right, and left,

indecomposable R-module are isomorphic.

Proof. Let D be any indecomposable right fl-module. Since if is

uniser ia l , every module i s a direct sum of cyclics . Hence D i s cyclic,

and by Theorem 2.1 i t has isomorphic projective cover and injective hu l l .

Conversely, i t suffices to show that the injective hul l and projective

cover of every cyclic if-module are isomorphic. Since if i s noetherian,

every cyclic can be written as a direct sum of f in i te ly many

indecomposables. The conclusion then follows from the theorem.

COROLLARY 2.3. if is uniserial if and only if R is noetherian and

the top and bottom of every indecomposable right, and left, R-module are

isomorphic.

Proof. Let if be uniserial. The result follows from the theorem.

Conversely, since if is noetherian, every finitely generated right,

and left, if-module is a direct sum of finitely many indecomposables.
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