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ON MENNICKE GROUPS OF DEFICIENCY ZERO II

MUHAMMAD A. ALBAR AND ABDUL-AZIZ A. AL-SHUAIBI

ABSTRACT.  Let M be the group defined by the presentation (x,y,z | ¥ = x™,y* =
Y, Z¥ = 2'),m,n,r € Z. M is one of the few 3-generator finite groups of deficiency
zero. These groups have been considered by Mennicke [3], Macdonald, Wamsley [10],
Johnson and Robertson [7], and Albar. Properties like the order of M, the nilpotency
and solvability were studied. In this paper we give a better upper bound for M than the
one given by Johnson and Robertson [7]. We also describe the structure of some cases
of M.

Introduction. The Mennicke groups are defined by the presentations:
M(m,n,r) = (x,y,z | ¥ = 2",y =y, 7" =7
where m,n,r > 2.

LEMMA 1. The defining relations of M imply that y™“x'y* = x'™ for any integers
u,v with u > 0, together with two cyclic permutants.

REMARK 1. The following identity holds in any group G: (xy)" = y"II}_, 2 for
any x,y € G where

1
e e S B e

We write the relations of M in the forms:

(@ yly=x" x =D
b Tly=y, ylay=z Y
) Ta=7, z7xz=x0D.

We begin this paper by using Lemma 1, Remark 1 and relations (a), (b) and (c) to find
different bounds for the orders of x, y,z. We then use these bounds to find a bound for
the order of M.

Conjugating (a) by z we get (y 1xy)* = (X)%.

Using (b) and (c) we obtain y "xz~"—Dy* = z=1x"z,

Using the lemma we have

‘x}nny—nz—(r—l)yn — Z_I.X}"Z
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which implies
A}"n _my—n Z—(r—l))/l — x"”z_lx’"z.
Using (c) and the lemma we get

xm"—m —n_—(r—1). n r"+1

y 'z y = T z=17"
= J\}n"—my—n — z—r”‘+1y—nz(r—l)
=>xmn7my—n — Z—r"‘+rz—(r—l)y~nz(r—1)‘
Using (b) and the lemma we get
xm"—my—n — Z—r”‘+ry~n'

= XTI = e,
Weletd =r"—r,f =m" —m, g = n" — n. So we have
(*) Ay =e
Using equations (), (b) and the lemma we get

(@)= )
= 777279 2 = @A)y !

= x 77 W= @)L

Now using (c) with the lemma we get:

Z—r’+1 — (def)nvl.

We use the identity in Remark 1 to obtain:

1 1 1
— — k — —
z A+l _ (AJ()" 1 H (zd)(xf) — xf(n 1) H (Zd)xﬂ‘ — kj(" 1) I'I Zd'ﬁ.
k=n—1 k=n—1 k=n—1
This implies that ¥~ = 7/ for some integer /.
Conjugating by x and using (c) we get ¥ = 77 = J=Ur o Jfe=bo-D —
Therefore, we obtain x"*~D=Dm"=m) — » Now using (a) we get

(1) x(n—l)(r—l)(m""Al) =e.
Similar arguments give us:

() y(r#l)(m—l)(n’“l—l) -
(3) Z(n~1)(mf1)(t"'"—1) = e.

Johnson and Robertson [7] used relation (*) to show that

(ll) x(m—l)z(m"“—l) -

e
%) y(n—l)z(n'—‘—l) =e
3" z(r—l)z(f”“—l) = e
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r—1)m—1)n"~ ! = . . .
Using relations (a) and (2) we get x™ Y1 — ¢ which we simplify as follows:
m(m—l)(r—l)(n’“'—l) 1= m(m—l)(r—l)(n—l)(n’_2+~~~+n+l) ~1

— [mn—l](m—l)(r—l)(n"2+~~+n+l) -1

— (mn—l _ 1)[(mn—l)(m—l)(r—l)(n"2+~~+n+l)—l +oet (mn—l) +1].
Hence we get

n—1_ A1\ m— X1 2 4etnt D=1 i1
1" X = Dlem™) LA L o )

Using similar arguments we get

(1,,) y(n'—l_])[(n'—l)(m—l)(n—l)("”‘2+--+nl)—l o™ 41] _ e

3" B it [

Using relations (2') and (a) we get )c"'("_”z("’_l_”“1 = e which we simplify as follows:
mr D=1 o (m —l)(n—l)(n'_'—l) _1

— (mn—l _ 1)[(mn—l)(n—l)(n’_l-l)—l +oe- +mn—1 + 1]

Therefore we get

(1,”) x(m —l_l)[(mn—l)(n—l)(n’—l D=l gam 4] —e
Similar arguments give

(2,,,) y(nr—l_l)l(nr—l)(r—l)(r"‘_l_l)—l+,,.+nr—l+1| —e
and

(3,,,) Z(,m—l_1)[(/n—l)(m—l)(m"—!_1)—1+,,,+,m—|+” —e

We summarize equations (1) to (3), (1) to (3'), (1”) to (3”) and (1) to (3") in the theorem
in the following section.

A bound for the order of the group.

THEOREM 1. (i) " ~VKi = ¢ where 1 < i < 4, Ky = (r— 1)(n— 1),Kip =
m — 1)2, K3 = [mn—l](r—l)(m—l)(n’_2+-~~+n+l)—l + o+ m 4 1, and K14 =
[mn—l](n—l)(n"'—l)—l oot mn—l +1.

(i) y VK = o where 1 <i <4, Ky = (r—1)m—1), Ky = (n— 17, Kp3 =
[nr—l](m—l)(n—l)(r'"_ +~--+r+1)—1+~ . _+nr—1 +1 andK24 — [nr—I](r—l)(i"‘_l—l)—l_'_' . ‘+nr—1 +1.

(iii) 2" =DKs = o where 1 <i<4,Ky=m—Dmn—1),Kp=r—-12%Kp3=
[’m—l](n—1)(r—1)(m"_2+~~~+m+1)—1+. " 41 and Ky = [,m—l](m—l)(m"—'—l)—l_'_, 4l

COROLLARY 1. (i) X" ' =DK1 = ¢ where K, = gcd{ Kyi|1 < i < 4}.
(ii) " "DK = ¢ where Ky = ged{ K|l <i < 4}.
2" DK — e where K3 = ged{ K31 <i < 4}.

PROOF. Follows easily from the fact that g = g’ = e in a group implies g = e.
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COROLLARY 2. |M(m,n,r)| < K\KK3(m"™' — D(n™™! — (™' = 1).

PROOF. The relations of the group imply that any element has the form x'y/z* for
some integers i,j and k. Since the integers (m" ™! — 1K), (n"~! — 1)K, and (/"' — 1)K3
divide the orders of x, y and z respectively the result follows easily.

REMARK 2. When we apply Corollary 2 to special cases of M(m,n,r) we notice
that the integers K13, K14, K23, K24, K33, K34 are usually very large. A weaker form of the
corollary could be used where K, is the ged of Ky and K, and similarly for K, and K3.

REMARK 3. If Ky, K and K3 are all one, we have |[M(m,n,r)] = (m"™! — 1)(n"~! —
D"t —1).

REMARK 4. We notice that the bound of the order obtained by Johnson and Robert-
son is
[M(m,n,r)| < KipKnKsp(m"™' — (™™ — D' = 1)

and so the bound given in Corollary 2 is an improvement to the bound given by them.
We now use Theorem 1 to investigate some cases of M. Before that we begin by some
preliminaries.

Some special cases.

DEFINITION. A group G is an n-generator group if it can be generated by n elements.
The rank of G is the least n for which the group is n-generator.

We observe that M is a 3-generator group but does not have the rank 3 in general.

We let G be the finite split metacyclic group (x,y | ¥ = y* = e, = x’) where
=1 (mod m).

THEOREM 2 [6]. G is the split extension Z,, by Z,,.

THEOREM 3 [6]. The derived subgroup of G is cyclic of order —2—

(m,r—1)"
REMARK 5. It follows from Theorem 2 that |G| = mn.
We now consider general cases of M(m, n, r).
a) M(m,n,0)m > 2, n > 2: Using Tietze transformations together with Lemma 1,

we get the following presentation for M = (x,y | x™ ~' = y»~! = ¢, 2 = x™).
Hence M is a finite metacyclic group. Therefore M = Z; x Z,_,|M| = (n—1)d,
M’ is cyclic of order Zd,_md—T) and M is metabelian of rank 2 where d = m"~! — 1.

b) M(m,2,rym,r > 3 and (m — 1, r — 1) = 1: Using The Reidemeister-Schreier
process we find that M’ = (a,y | y*"'~' = a? = e,ay = ya) wherea = 7' and

d=". r__'l‘l . Therefore M is a metabelian group of order (m—1)(¥* ' —1)(2"~' 1)
and rank < 3.

To explore the structure of M we use Theorem 1 to write the following presenta-
tion for M = <x’y’z | ¥ = .x{"’yz = yz’ = Zr, Xln—l — y2”‘——l — Zr’”—l_l — e>.

— —1_ —1_
Thus we get ¥ = x, @1 = x, ¥ = 2, %' =y 7 = »" 7. Hence
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the subgroup H = (y | y*"'~! = &) of M is normal. Using the presenta-
tions of group extensions [2] we easily see that M is the split extension of H
by K = (x,z | ¥* ' = 2"'~1 = ¢, 2" = ). Since K is metacyclic of order
(m—1)(¥"~1—1), this also shows that the order of M is (m—1)(¥" ' —1)(2"~1—1).
Note. The results of case (b) hold for M(m, 2, 2).

¢) M(n,n,n): We notice that M’ = (x"~!,y"~1, 2=}, Using the Witt identity [10]
we find that M is abelian if "™ '~D = 1[mod(n—1)*(n"~! — 1)]. This con-
gruence relation holds only if n = 1,2 or 3. It is easy to see that M(1,1,1)
ZXxZxZand M(2,2,2) = E [3]. If n > 3 the group M is 3-generated because
Y Znt X Zn_y X Zn_1. M(3,3,3) is metabelian of order 2! [3]. We observe
that in Mennicke’s paper [8] the order of M(3,3,3) is incorrectly found to be
210, 1t follows easily from Mennicke’s work that M(n, n, n) is metabelian exactly

when n — 1 is prime to 3.

REMARK 6. Using Tietze transformations it is possible to show that M(—m, 2,3) =
M(m+2,2,3)and M(—m, 2,2) = M(m+2,2,2) form > 2.
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