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Abstract

Let V be an n-dimensional inner product space over C, let H be a subgroup of the symmetric group
on {l , . . . ,m( , and let x '• H ->• C be an irreducible character. Denote by V™(H) the symmetry
class of tensors over V associated with H and x- Let K (T) e End(KJ"(//)) be the operator induced
by T € End(V), and let DK(T) be the derivation operator of T. The decomposable numerical range
W(DK(T)) of DK(T) is a subset of the classical numerical range W(DK(J)) of DK(T). It is shown
that there is a closed star-shaped subset S? of complex numbers such that

& £ W*(DK(T)) C W(DK(7)) = conv^7,

where conv S? denotes the convex hull of 5?. In many cases, the set S? is convex, and thus the set
inclusions are actually equalities. Some consequences of the results and related topics are discussed.

2000 Mathematics subject classification: primary 15A69,15A42.
Keywords and phrases: symmetry class of tensors, numerical range, induced operator, derivation, con-
vexity.

1. Introduction

Let V be an n-dimensional inner product space over C. Let Sm be the symmetric
group of degree m on the set { 1 , . . . , m). Each a e Sm gives rise to a linear operator
P(a)on<g>mV:

P ( ? ) ( V \ ® v 2 ® • • • ® v m ) : = v a - , 0 ) <g> t v - i ( 2 ) ® • • • ® v a - > ( m ) , V i , . . . , v m e V .
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Let H be a subgroup of Sm and let x '• H -*• C be an irreducible character of H.
The symmetrizer

Sx := 7 ^ r x W ^ W eEnd(<g>mV)

is an orthoprojector with respect to the inner product on ®m V induced by the inner
product on V via

( « ! ® • • • ® M m , U| ® - - - ( 8 > u m ) :

The range of Sx

V™(H):=Sx(®
mV)

is called the symmetry class of tensors over V associated with H and x- The elements
in V™(H) of the form SX(U! <g>- • -®um) are called decomposable symmetrized tensors
and are denoted by i>i * • • • * vm.

Let T e End(V). There is a unique induced operator K(T) acting on V™(//)
satisfying

---*vn = Tvi*---* Tvm.

Furthermore, one can define the derivation operator DK (T) of T by

dt ,=o

which acts on V™(H) in the following way:

* v m = ^ v i * • • • * v 7 -_!

Clearly 7 H> Djf(r) is linear. See [16,17] for general background on K(T)
and DK(J).

Define the numerical range and the decomposable numerical range of a linear
operator L acting on V™(H) by

JC) :X e V?(H), (x,x) = 1},
and

W*(L) = {(Lx, x):xe V™(H) is decomposable, (x, x) = 1),

respectively. The numerical range and the decomposable numerical range are useful
concepts for studying linear operators, and they also have applications to other areas
such as quantum physics (see [2,3,13-15,19]). Clearly

W*(L)c W(L).
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[3] Numerical range of derivation 327

However, since a unit vector in V™(H) need not be decomposable [16,17,20,25],
one cannot expect that the above set inclusion is equality in general. Nonetheless, in
this paper we show that there is a closed star-shaped subset 5? of C such that

& 9 W*(DK(T)) c W(DK(T)) = convj^.

We give several examples for which 5? is actually convex so that all of the above
sets are equal. For instance, this is the case when H = Sm (see Theorem 4.2). In
particular y — conv y when x is the alternating character of Sm with m < n. In
this case V™(H) is the mth exterior space AmV, which has the special feature that
each unit decomposable vector u\ * • • • * um is equal to some V\ * • • • * vm with
v\,... ,vm orthonormal vectors in V. Consequently, the decomposable numerical
range W*(DK(T)) of DK{T) is equal to the mth higher numerical range of T [19]

i, ..., vm) is an orthonormal set in V

which is convex by a result of Berger [19].
We present some preliminaries in Section 2, and prove the set inclusion result in

Section 3. In Section 4 we discuss the situation where H is the dihedral group, the
alternating group, or the full symmetric group (or, more generally, a Young subgroup).
Some consequences are deduced in Section 5 and related results are discussed in
Section 6.

2. Preliminaries

In this section, we present some preliminary results for induced operators; see
[16,17,20,25] for general background.

Let / ( / / ) be the set of irreducible characters of H < Sm. If x, H 6 I(H) and
X ^ £, then SXS^ = 0. Moreover Ylxei(H) $x iS t n e identity operator on <g>m V. So we
have the orthogonal sum

Let F m n be the set of sequences a = ( a ( l ) , . . . , a ( m ) ) with 1 < a(J) < n
for j = \,...,m. Two sequences a and fi in F m n are said to be equivalent
modulo H, denoted by a ~ fi, if there exists a e H such that fi — aa, where
ota := (or(cr(l)) , . . . , a(p(m))). This equivalence relation partitions Fm-n into equiv-
alence classes. Let A be a system of representatives for the equivalence classes such
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that each sequence in A is first in its equivalence class relative to the lexicographic
order. Define A as the subset of A consisting of those sequences a e A such that

where Ha := {o e H : ao = a} is the stabilizer subgroup of a.
Let SS = {e, en\ be a basis for V. Then {ef := eaW <g> • • • <g> ea(m) : a e Tm „}

is a basis for <g>m V. Let

for each a e Fm-n. Then [e*a : a e VmJ is a spanning set for the space V™(//), but
it may not be linearly independent. Indeed some of these vectors may even be zero.
It is known that e* / 0 if and only if the restriction of x to Ha contains the principal
character as an irreducible constituent [20, page 163]. Let

Note that A = Anf l and

(2.1) Q. = [J{aa : a e H}\
O S A

see [20, Equation (6.15), page 164]. The set {e* : a e Q] consists of the nonzero
elements of {e* : a e Fm n}. Moreover

(2.2) V

where Oa :— (e*a : a e H) (called an orbital subspace). Freese's theorem [20,
page 165] asserts that

(2.3) sa := dim Oa = ^] Y X(a) = X(e)(x, 1)«,.

We now construct a basis for V™(H). For each a € A, we find a basis for the orbital
subspace Oa: choose a lexicographically ordered set {ai , . . . , aSa} from {aa : a e H)
such that [elt,..., e*Oi } is a basis for Ott. Execute this procedure for each y € A. If
[a, ft, ...} is the lexicographically ordered set A, take

A = { « „ . . . , a,., £ , , . . . , & , , . . . }
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[5] Numerical range of derivation 329

to be ordered as indicated. Then {e* : a e A} is a basis for V™(H) (but the elements
of A need not be lexicographically ordered). Clearly A c A c fj. Although A is
not unique, it does not depend on the basis £S since A and A do not depend on B§.
Thus if £§' — {/i, . . . , / „} is another basis for V, then {f* : a e A} is still a basis
forV?(H).

The inner product of V induces an inner product on V"{H):

(2.4) (iT, v*) =

Let SB — {e{,..., en] be an orthonormal basis for V. Then

fo ifa/£,

and thus
,,...,2 X(e)

Hence (2.2) becomes V™(H) — ̂ 2a€^(e*a : a e H), an orthogonal sum. However,
those e*'s of {e* : a e A) belonging to the same orbital subspace need not be
orthogonal.

It is known [25, page 103], and also follows from (2.3), that A = A if and only if
X is linear. In such cases, {e* : a e A} is an orthogonal basis for KJ"(//).

We give several common examples of symmetry classes of tensors and induced
operators.

EXAMPLE 1. Assume 1 < m < n, H = Sm, and x is the alternating character, that
is, x(&) = sgn(ff). Then V™(H) is the mth exterior space AmV, A — A = Qmn,
the set of strictly increasing sequences in Fm>n, A = Gmn, the set of nondecreasing
sequences in Fm „, and K(T) is the mth compound of T e End(V), usually denoted
byCm(7).

EXAMPLE 2. Assume H = Sm and x = 1, the principal character. Then V™(//) is
the mth completely symmetric space over K = C , A = A = A = GOT>n, and K(T)
is the mth induced power of T € End(V), usually denoted by Pm{T).

EXAMPLE 3 (see [13]). Assume H = {e}, where e is the identity in Sm (and x = 1.
which is the only irreducible character). Then V™(H) = <g>mV, A = A = A = Fm,n,
and K(T) = <8>mT is the mth tensor power of T e End(V).

We now provide an example with nonlinear irreducible character.
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EXAMPLE 4 (see [13]). Assume H = S3 and x = Xi (notation as in [12, page 157]),
the only nonlinear irreducible character. We have x(e) — 2, ;<"((12)) = 0,
X((123)) = - l . Assume n := dim V = 2. Then

A = {(1, 1, 2), (1, 2, 2)}, A = {(1, 1,2), (1, 2, 1), (1,2, 2), (2, 1, 2)};

see [20, page 164]. Let SS = {eu e2] be a basis for V. Then

is a basis for V™{H), and (see [25, pages 98-101])

Let T 6 End(V) be defined by

and

p* — — p*
^(2,2,1) ~~ e(l,2.2)

a b

S d

By direct computation,

fa2d-abc 0 abd - b2c 0 \
0 a2d-abc abd - b2c b2c - abd

acd-bc2 0 ad2-bed 0
\acd — be2 be2 — acd 0 ad2 — bed)

(2a + d 0 b 0
0 2a +d b -b
c 0 a + 2 d 0

\ c -c 0 a + 2dj

Observe that 3§* is not an orthogonal basis even if 3) is an orthonormal basis, since

Let m,(or) denote the number of occurrences of j — 1 , . . . , n in the sequence
a s rm,„. The vector m(a) = (mi(a), • • •, m,,(a)) is called the multiplicity vector
of a.

Recall that £1 := {a € Tm,n : Of, l)Wo ^ 0). Let m(fi) := (m(a) : a e S ) c N "
be the collection of multiplicity vectors of all a e fi.. A vector k € Nm is said
to be admissible if k e m(£2). We claim that m(£2) is invariant under the usual
action of Sn on N" given by kx — (kr{[),..., kTln)) for k e N", r € Sn. Let a e £2
and T e 5n. With the definition xa - (r(or(l)),..., t(a(w)), we clearly have
// r a = //o so that xQ — Q. One easily checks that m(a)r = m(r~'a). Thus,

= m(r~'f2) = m(£2), as desired.
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3. Set inclusion and convexity

Let T 6 End(V) have eigenvalues A.,(T) Xn(T) and let <% = {vu ..., vn] be
an orthonormal basis of V. One calls 38 a Schur basis for T if the matrix representa-
tion A of T with respect to 38 is upper triangular and diag A — (A.] (7"),..., An(7)).
According to the Schur Triangularization Theorem, a Schur basis always exists no
matter how the A., (7") are preordered.

Assume that 38 is, a Schur basis for T. The matrix of DK(T) relative to the
basis {v* : a e A) of V™(H) is upper triangular. Moreover, the diagonal entries
of this matrix are ka = YTj=i mj(a)^j(T), a e A. So, in particular, these are the
eigenvalues of DK(T). We point out that it might not be possible to choose A for
which {v* : a e A) is orthogonal [8,9,26] and thus this need not be a Schur basis for
DK{T).

Denote by Spec(L) the spectrum of a linear operator L. The following is an
extension of the well-known result SpecL c W(L); see [7].

PROPOSITION 3.1. Let T e End(V). Then Spec(DK(T)) c W*(DK(T)).

PROOF. Let x u • • -,xn e V and let a e £1 W e have

(3 .1 ) ( D K ( T ) x * , x * ) = { D K { T ) x a m * • • • * x a { m ) , x a m *••••* x o ( r a ) )

= (YX X ) * - - - T X

\H\
7 , x(a)(Txa(j), xaa(i)) | |(^o(;),

Now suppose {xi,..., xn] is an orthonormal basis for V. Let a e H and suppose
that \\jlti(,xaU), xaa(j)) ^ 0. Then a(j) — ao(j) for all j ^ i. However since
m,(a) = m,(aa) for t — 1,...,«, we also have a(i) — aa{i). So a € Ha. Thus

m

(3.2) ( ^ ( 7 ) ^ , *„•) = E TZTT E X^Xr**/). *«(/>)

X(e)

Since |K| | 2 = (X(e)/\H\) J^aeHa x(a) = (X, \)H. £ 0, the desired result follows if
{^i,..., xn) is a Schur basis. D
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Since Re W(L) = W(Re(L)) where Re denotes the real part of a complex number
as well as the Hermitian part of an operator, the right vertical support line of W(L)
equals {/x e C : Re/A — max Spec(ReL)}.

Given c = (c i , . . . , c n ) e C , the c-numerical range of T e End(V) is the
following subset of C:

WC(T) := | yjCJ(TXJ, Xj) : {x\,..., xn) is an orthonormal basis for V > .
I j=\ J

It is known that WC(T) is convex if c e K", but it can fail to be convex if c e O ;
see [27] (see [21] for another proof and [23] for a generalization in the context of
compact Lie groups).

We say that c — (c,, . . . , cn) e R" is majorized by d — (d\, ..., dn) 6 W, written
c -< d, if for each 1 < k < n the sum of the k largest entries of c is not larger than
that of d, and 2Z"=1 cj = X^=i dj. Majorization induces a partial order on the set
of orbits (under the entry permutation action of Sn) of those vectors in R" having the
same entry sum. Two vectors x, y e K" are said to be comparable if either x -< y or
y < x. Clearly not all pairs of vectors are comparable; for example, x — (4, 1, 1) and
y = (3, 3, 0) are not comparable.

It is known that if c is majorized by d, then WC(T) c Wd(T); see [1,6].

THEOREM 3.2. The set

^ - { J WmW(T) = | J Wmia)(T) = ( J Wmia)(T)
« e n aeA oeA

is star-shaped with (m/n) tr T as a star-center. Moreover,

•P 9 W*(DK(T)) c W(DK(T)) =

All these sets are equal to WmiS)(T) if there is 8 e £1 such that m(<5) majorizes m(a)
for all a 6 £2 (respectively, or € A).

PROOF. Recall (2.1) £2 = UceAt"0 : CT e ^ } - Clearly m(a) = m(aa) and thus
Wm(a)(T) = Wn(aa)(T) for any a € Tm,M, a e Sm. So ^ := (Jo e n Wm(a)(r) =
UaeA ^m(O)(7"). Since « D A 2 A, we have ^ = U0£A Wm (o(n as well.

For any a € £2, we have (m/n) tr 7 6 Wm(o)(7). This is because there is an ortho-
normal basis {wi, . . . ,«„} of V such that (Tit,, «,•) = (l/«)tr 7 for all / = 1 , . . . , n
(see [5]), and m — Yl"=\ mi(°0- Thus the set S? is star-sliaped with (m/n) tr T as a
star-center by the convexity of each. WmM(T) for a e fi (also see [24]).

Each element of Wm(o) (T) is of the form 2Z"=i mt(oi)(Tx,, x,) for some orthonormal
basis {*,, ...,xn}. By (3.2),

Wm(a)(T) c W*(DK(T)).
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Hence
y c W*(DK(T)) c W(DK(T)).

Next, we are going to prove that W(DK(T)) — corwY. Since W(DK(T)) is
convex [7, page 110] and contains y , we get W(DK(T)) D conv^\ Therefore, it
remains to prove the other inclusion, and for this it suffices to prove that every extreme
point of W(DK(T)) belongs to Wm(a)(T) for some a € A.

First, we consider an exposed boundary point /x e W(DK (T)). By definition, there
exists a support line of W(DK(T)) intersecting W(DK(T)) at the point \x alone. Then
there is r 6 [0, In) such that eir^ is the only point of W(eirDK (T)) = eir W(DK (T))
on the right vertical support line of W(eirDK(T)). Since T v-> DK(T) is linear,
£>*(Re(e'T)) = Re(eirDK(T)). By the discussion before the theorem,

= maxSpec(£V(Re(e"T)))

Let {vi,..., vn] be an orthonormal basis of eigenvectors corresponding to the eigen-
values X1(Re(el> T)) >•••> Xn(_Re(eirT)) of the Hermitian operator Re(e'r T). Then

kj(Re(eirT)) = (Re(eirT)Vj, v}) = Re(eirTvj, vj), j = 1, . . . , n.

So there is or € A such that

Reeirn = R

Hence, the point

j(a)(eirTvj, vj) € Wm(a)(e
irT) c W(DK(eirT)) = W(eirDK(T))

lies on the right vertical support line of W(e'rDK(T)). Since e'rix is the only point of
W(e'rDK(T)) lying on the right vertical support line, e"> = Yl"=i mj(a)(e'rTvj, Vj)
and hence /x = YTj=] mj(a)(Tvj, vj) € Wm(a)(T).

Straszewicz's Theorem [22, page 167] asserts that the set of exposed points of any
closed convex set C is a dense subset of the set of extreme points of C. The convex
hull of two circular disks in C of the same radius, but of different centers, is a simple
example for seeing how an extreme point is the limit of a sequence of exposed points.
Now Wm(a)(T) c C, a € A, are finitely many closed sets. So y = (JaeA Wmia)(T)
is closed and contains all the exposed points of the closed convex set W{DK(T)). We
conclude that every extreme point of W(DK(T)) belongs to y .
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Finally, suppose there is 8 e Q such that m(<5) majorizes m(a) for all a e Q
(respectively, a e A). Then Wm(i)(JT) 2 Wm(a)(T) for each a e Q (respectively,
a € A), whence S? = Wm(S)(T). Since Wmm(T) is convex, we have c o n v ^ — S?
and so the inclusions in the statement of the theorem are all equalities. The last
assertion of the theorem follows. •

4. Largest multiplicity vector and convexity

A vector x e m(£2) is said to be a largest vector of m(£2) \fy<x for all y e
A largest vector of m(£2), if it exists, is unique up to permutation of its entries.

In this section, we give examples for which the set equalities

(4.1) y= W\DK(T)) = W{DK(T)) = corny

hold. We establish the indicated equalities in each case by showing that either Q is
empty, so that these sets are all empty as well, or m(£2) has a largest vector k, so that
these sets all equal Wk(T) by Theorem 3.2. We also give examples to illustrate that
some of these equalities can fail to hold (see Theorems 4.5 and 4.6). We point out that
in all of the examples in Section 2 there is a largest vector of m(£2), so (4.1) holds in
those cases.

Our first example was already observed in [3, Theorem 8.1].

PROPOSITION 4.1. Suppose x is the principal character of the subgroup H of Sm.
Then m{Q.) has a largest vector, namely (m, 0 , . . . , 0), and so (4.1) holds. Moreover
the sets in (4.1) all equal mW(T).

PROOF. AS observed in [3, Theorem 8.1], (m,0, . . . ,0 ) = mO5), where S =
(1, 1, . . . , 1) e Q, so (m, 0 , . . . , 0) is in m(fi), and it is clearly a largest vector
of m(ft). Therefore, Theorem 3.2 states that the sets in (4.1) all equal Wm{S)(T) —
{m(Tx,x):xeV,(x,x) = \}. •

THEOREM 4.2. IfH = Sm, then (4..1) holds.

PROOF. Assume H = Sm and let nx be the partition of m corresponding to x [20].
lfnx has greater than n parts, then Cl is empty [20, Corollary 6.38, page 169]. Assume
TZX has at most n parts, so that, in particular, it is a multiplicity vector. It is known that
a multiplicity vector k e N" is admissible if and only if k is majorized by nx [13],
[20, page 169]. It follows that nx is a largest vector of m(Q,). •
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For a partition /n = ( ^ , . , . , / i , ) of m, the corresponding Young subgroup of Sm

is the internal direct product 5M = SMl x • • • x SWi., where SWi. is the subgroup of Sm

consisting of those permutations that fix every integer not contained in the set

f
I

(an empty sum being interpreted as zero).

THEOREM 4.3. Let n = (fj,u ..., fir) be a partition of m. If H = 5M (Young
subgroup), then (4.1)

PROOF. Assume H = 5M = rj (
r
= 1 ^w, (notation as above). Then x = Y\i=\ X

with Xi an irreducible character of SMj (1 < / < r).
Denoting by rMi,« the set of functions from M, to { 1 , . . . , n}, we have a bijection

rm,n —• n,=i ^M.-.n g'ven by a H-> (orI , . . . , ar), where a, denotes the restriction of a
to Mt. F o r a e Tm,n we have Ha = n^=i(5«,)a, s o t n a t

1=1

Therefore, a e £2 if and only if a, € £2, := {)S 6 FMi „ : (x,, l)(5M/)/, ^ 0} for each /.
Clearly m(a) = ^ ( . m(a,) (a € F m n ) , so it follows from the observations above that
m(£2) — Yii m(^2,). Identifying SMi with 5M;. in the natural way, we have that x<
equals x^ for some partition nt of /x,. If some 7r, has greater than /x, parts, then fi,
is empty, whence Q is empty and (4.1) holds. Assume each n, has at most /x, parts.
Then the proof of Theorem 4.2 shows that nj is a largest vector of m(£2,) and thus
JT := J^; 7r, is a largest vector of m(£2). D

PROPOSITION 4.4. Ifm < 5, then (4.1) holds.

PROOF. Assume m < 5. Then majorization is a total order on the set of partitions
of m. Since each vector in m(£2) lies in the orbit (under the entry permutation action
of Sn) of some partition of m, it follows that m(£2) either is empty or has a largest
vector. D

In each of the examples so far, m(fi) has had a largest vector (or it has been empty).
We next give an example for which m(Q) is nonempty and has no largest vector.

Assume H = Dm (m > 3), the dihedral group, which is generated by

\ 2 ••• m - \ m \ , (\ 2 3 ••• m - \ m

2 3 ••• m l ) a"d S = { l m m - X ... 3 2 )
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If m is even, there are 4 irreducible characters of degree 1, given by the following
table:

fa fa fa fa
rk 1 1 (-1)* (-1)*

srk 1 - 1 (-1)* (-l)*+l

If m is odd, then fa and fa are the only irreducible characters of degree 1. The other
irreducible characters of Dm are of degree 2 and are induced by certain irreducible
characters of the cyclic subgroup Cm ={r).

THEOREM 4.5. Assume H = Dm and let the notation be as above.

(1) Assume x — fa, m > 5, and n > 3. Then m(Q) contains (m — 2, 1, 1, 0, . . . , 0)
and (m —3,3,0, ... ,0) and each vector in m(£2) is majorized by one of these vectors.
In particular, there is no largest admissible vector. In fact, there exists T e End(V)
for which 5? is not convex and hence for which (4.1) fails to hold.

(2) Ifx ¥= fa or m < 5 or n < 3, then (4.1) holds.

PROOF. We first prove (1). We claim that (m - 1, 1, 0 , . . . , 0) is not admissible.
Otherwise there is a y e £2 such that m(y) = (m — 1, 1, 0, . . . , 0). We may assume
y = (2, 1, . . . , 1) since r e Dm. However now

(X, O«, = [*(!) + X(s)]/2 = (1 - l)/2 = 0,

contradicting that y e Q.
We next claim that (m — 2, 2, 0 , . . . , 0) is not admissible. Otherwise there is

a 0 e Q such that m(y3) = (m - 2, 2, 0 , . . . , 0). We may assume that fi =
(2, 1, . . . , 1, 2, 1 , . . . , 1), where the second 2 is in the tth position for some / ^ 1.
Then Hp = {e, srm-'+1} and Of, \)Hf = (1 - l)/2 = 0, a contradiction.

Let 8 = (3, 2, 1, . . . , 1). Then Hs = {e} and thus Of, 1)«, = 1. So (m - 2, 1,
1, 0 , . . . , 0) = m(5) is admissible.

Let £ = (2, 2, 1, 2, 1 , . . . , 1). Any element of H^ must fix 3, since this is the
only position i for which £, = 1 and £,_, = 2 = £,+i (subscripts modulo m), so that
HH c {e,srm-4}. However 5rm"4(l) = 5, so H^ = {<?}. Thus Of, OH, = 1 and
(m — 3, 3, 0 , . . . , 0) = m(£) is admissible.

Using these observations, we see that all possible admissible vectors are majorized
by either m(<5) or m( | ) and, since these two vectors are admissible and not com-
parable, we conclude that there is no largest admissible vector. Moreover, since
WC(T) c Wd(T) whenever c •< d, we find that

•= U WMa)(7) = Wm(S)(T) U
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Suppose T = diag(2 + /, 1) © 0n_2. It is a normal operator acting on V = C . Let
t := ( r i , . . . , tn) = (2 + /, 1, 0 , . . . , 0). Then (for example, see [18])

Wc(J)=cam{clt:ozSn],

where ca = (cam,..., caW) for real c e W. So

{u, v, w] is a three-element 1
subset of {1,.. . ,«} j '

and
f {«, u} is a two-element)

V W r ) = conv((m-3)rH + 3^ s u b s e t o f { 1 n] ) •

In particular, z\ = (2m - 3) + (m - 2)/ is a vertex of W ^ ^ r ) and z2 = (2m - 3)
+ (m - 3)/ is a vertex of Wm(f)(7"). However z! is the only vertex of WmW(T) with
real part 2m — 3 and clearly 2m — 3 is the largest possible among the real parts
of vertices of Wm(S)(T). A similar statement holds for z2 and Wm^(T). Therefore
(zi + z2)/2 = (2m — 3) + (m — 5/2)/ is a point on the segment joining z\ and z2 that
does not belong to Wm(S)(T) U Wm(?)(r). We conclude that 5? is not convex.

Now we prove (2). If m < 5, then the claim follows from Proposition 4.4. Assume
X ^ fa and m > 5. We consider cases:

(a) (x is the principal character). This case is handled by Proposition 4.1.

In the remaining cases, Q is empty if n = 1, in which case (4.1) holds. So we
assume « > 1.

(b) (x is of degree 2). Since x is induced from a character of the normal subgroup
Cm of H, it vanishes on the complement of Cm. Let y = (2, 1 , . . . , 1). Then clearly
Hy — {e, s] and hence (x, \)HY — 1. Thus (m — 1, 1, 0 , . . . , 0) — m(y) is admissible
and it is clearly a largest such vector. Our claim now follows from Theorem 3.2 as
usual.
(c) Or = fa). Lety = (2, 1 , . . . . 1) as before. Then Of, 1)//, = ix0) + x(s)]/2 =

(1 + l)/2 = 1. Thus, (m - 1, 1, 0 , . . . , 0) = m(y) is admissible and it is a largest
such vector.
(d) (x = fa). First, (m - 1, 1, 0 , . . . , 0) is not admissible by an argument similar

to that in the proof of (1). Let /3 = (2, 2, 1 , . . . , 1). Then Hfi = {e, srm-\} and
(X, 1)HS = (1 + (—l)m)/2 = 1, using that m must be even in this case. Thus,
(m — 2, 2, 0 , . . . , 0) = m(/5) is a largest admissible vector.

Finally, assume n < 3, x — fa, and m > 5. Since n < 3, (m - 2, 1, 1, 0 , . . . , 0)
cannot be admissible. Therefore, in view of the proof of (1), we have that (m — 3, 3,
0 , . . . , 0) = m(£) is a largest admissible vector, where £ = (2, 2, 1, 2, 1 , . . . , 1). This
completes the proof. •
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For the T in the proof of part (1) of the theorem, we know only that one of
the first two equalities of (4.1) fails to hold, in view of Theorem 3.2. That is, either
y # W*(DK(T))orW*(DK(T)) ^ W(DK(T)). It would be interesting to determine
whether the line segment joining n and z2 in the above proof belongs to W*(DK(T)),
since an answer in the negative would imply that W*(DK(T)) ^ W(DK(T)).

Assume H = Am (m > 2), the alternating group. Suppose the irreducible char-
acter x of H is invariant under the conjugation action of Sm, that is, a x = X f°r aH
cr e Sm, where CTx(r) = x(rCT) = x(p-lra) (r e H). Then xSm = X* + A> for
some partition n of m (written n \- m) with n' £ n, where n' denotes the conjugate
partition of n (see [10, (6.20), (6.17)] and [20, Theorem 4.47]).

Now suppose x is not invariant. Then xSm — Xn for some n \- m with n' — n.
Moreover, Cx)5"1 = X* for every a e Sm (see [10, (6.11)] and [20, Corollary 4.48]).

In summary, there exists iz \- m such that for every a € 5m,

where
_ JO, JV'^TT,

Note that f is 0 or 1 according to whether x is or is not invariant. By Frobenius
Reciprocity, n may be taken to be any partition of m for which x is a constituent of
the restriction of Xn to H.

THEOREM 4.6. Assume H is the alternating group Am with n := dim V > m > 2,

and let n and n' be described as above.

(1) Then y= WAT) UWn,(T).
(2) If n andn' are comparable, then (4.1) holds. In particular, if x is not invariant,

then (4.1) holds.

PROOF. We begin by establishing a formula. Let x \- m and assume x ^ [lm].
Then Sx (Young subgroup) contains an odd permutation, whence HSX = Sm. There-
fore, Mackey's Subgroup Theorem [10, page 74] states ((Is,)5™)// = Os,ntf)H- Using
this observation together with Frobenius Reciprocity and linearity of the inner product,
we obtain for each a e Sm

0 ~ ' \ ( v M r i ' 1 ) 4 - ( v , (\e\Sm\ 1 — ( C Y~\S" f l r ) S " \ — (" Y (\c\Sm\
*• \Ani \lSI) )§ T \A.n'i \lSiJ /5 — \ ^ "• ' ' \iSi' )sm — V ^ ' v ĵr' Ju

= {"X, VsxnH)")H = ("X, l)s,nH-

Next, we claim that m(£2) = {x e N": x •< n or x < n'}. Put

M — {xz : x h m, x e Sn, and either x •< n or x < n'}.
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Since n > m and x \- m has at most m parts, one can view x as an element of N"
so that the expression xr — (xrW,..., xT(n)) (T € 5n) is defined. According to our
definition of majorization, we have M = {x e N" : x -< n orx -< n'}. So it suffices
to show that m(£2) = M.

Let*i 6 m(S2). Then^i = mCor^forsomeai e £2. Now A: := xiT'1 hmforsome
T 6 Sn. We have* = m^Or" 1 = m(rari) = m(a), where a — rai 6 Q. Since the
stabilizer in Sm of a is conjugate to S,, it follows that Ha — (Sx)

a n H = (Sx f~l H)°
for some a e Sm. Then

CX. Dvw = (X, D(s,n//)» = Of. !)«„ ^ 0.

If x ^ [lm], then the computation above implies that either (Xn,0sx)
Sm)sm or

(AV. (ls,)5")sm is nonzero (because each of them is a nonnegative integer) so that
x < n or x •< n'\ see [11]. Since [lm] -< n, it follows that in all cases x < n or
x < n'. Thus*, e M.

Now let x\ e M. Then X\ = xr for some x \- m and r € 5« with * -< 7r or
x < n'. Set a = (V, 21- , . . . , tXl), where ? is the length of x. Note that a is in
Fm „ by the assumption n > m and since t < m. Then Ha = Sx C\ H. Assume
x ^ [I™]. Since x •< n or * < n', we see (by [11]) that the first member in the
computation above (with a = 1) is nonzero. Thus Of, 1)HO ^ 0, implying a € £2. If
x — [1"'], then a = (1 ,2 , . . . , m), so Ha = {e}, whence a e Q. Thus, in all cases
x = m(a) e m(£2). Finally, JCI = m(a)r = m(r~'a) 6 m(S2) as desired.

Now we prove (1). Since WC(T) c Wd(7") whenever c < d,v/e have

:= U Wm(a)(T) = WAT) U

Finally, we prove (2). If n >• n', then n is a largest vector in m(£2) and (4.1)
follows from Theorem 3.2. The same holds with n and 7r' exchanged. Finally, if x 's

not invariant, then n' = n, so jr and 7r' are comparable and the proof is complete. D

If 7T = [5, 23] h 11, then n' = [42, I3] so that n and nr' are not comparable and
there is no largest admissible vector (see proof of theorem). It is easy to check that 11
is the least m for which there exists a partition of m not comparable to its conjugate.

5. Some consequences

Using Theorem 3.2, we extend some results on the classical numerical range to
the decomposable numerical range. The irreducible character x is said t 0 ^e °f
determinant type [13] if K(S) — (dttS)m/nl for all 5 e End(V), or equivalently,
each or € A satisfies mi (a) = • • • = mn(a) (in which case each m;(a) = m/n). In
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this case, DK{T) = (m/n)(trT)I, and W*(DK(T)) = W(DK(T)) = {(m/n)(tr 7)},
which does not convey much information about T. Otherwise, we have the following.

THEOREM 5.1. Suppose x is n°t of determinant type. Then DK(T) is scalar
(respectively, Hermitian) if and only ifT is scalar (respectively, Hermitian). Conse-
quently,
(a) W*(DK(T)) or W(DK(T)) equals {fx} if and only ifT = (fx/m)I;
(b) W*(DK(T)) or W(DK(T)) is a subset ofR if and only ifT = T\

PROOF. If T is scalar or Hermitian, then clearly DK(T) has the corresponding
property. Suppose DK(T) = \xl. We claim that both ReT and Im7 are scalar
operators. If Re T were not a scalar operator, then the spectrum of Re DK(T) =
DK (Re T) would not be a singleton set. It is because it contains £™=i n\j (a)kj (Re T),
a € A. Since x is not of determinant type, we may assume that m^a) > m2(a) for
some a e A and A, (Re T) > A2(Re T). Thus

m,(a)A,(Re T) + m2(a)A2(Re T) + ] P mj(a)Xj(Re T)

> m2(a)X1(ReT) + m,(a)X2(Re 7) + ^m;(«)A.7-(Re 7"),

since (m,(a) - m2(a))(A,(Re T) - A2(Re T)) > 0. Notice that (m(a))(12) is still a
multiplicity vector, where (12) denotes the transposition in Sn. So DK(T) would have
more than one eigenvalue. Thus DK (T) would be non-scalar, which is a contradiction.
Applying the same arguments, we see that Im 7" is a scalar, and the result follows.

Suppose DK(T) is Hermitian. Then Im DK (T) is the zero operator. By the previous
argument, we see that Im T is a scalar and thus the zero operator.

Now, (a) and (b) follow from the fact that Spec Re *>"•£* (7) c W*(Reeir DK(T))
for any r e [0, 2;r). •

THEOREM 5.2. Suppose x is not of determinant type, and a, /3 e C. The following
conditions are equivalent.

(a) W*(DK(T)) = W(DK(T))£{a,+ p:teR}.
(b) DK (T) — aH + pi for some Hermitian operator H.
(c) T = aH + (fi/m)I for some Hermitian operator H.

PROOF. The equivalence of (a) and (b) is well known. That (c) implies (b) is clear.
Suppose DK(T) = aH + /3I for some Hermitian operator H. Consider two cases.
(1) a £ 0. DK[(T - Q3/m)/)/a] = (DK(T) - pi)/a = H is Hermitian, since
DK(I) = ml. Thus, [T- (/3/m)/]/a is Hermitian by Theorem 5.1 (b). Condition (c)
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follows. (2) a = 0. Then DK(T) = pi and W(DK(T)) = {£}. By Theorem 5.1 (a),
. D

6. Related topics

Suppose m < n. Researchers also consider

an orthonormal set in V

Using (3.2) with or = (1, 2, . . . , m), so that m,(a) = 1 for all r = 1 , . . . , m, we have
the following.

THEOREM 6.1. Suppose m <n. Then

I ( \2 m 1

*¥1- X^(TVJ, Vj) :{v\,...,vm\ is an orthonormal set in V \ .|7/| 1^ J
Thus, Wl(DK(T)) is, up to a scalar, the mth numerical range of T as defined by

Halmos [7].

Another generalization is

W*(L) := {(L(ut * • • • * um), MI * • • • * um) : Mi um are unit vectors in V].

Clearly W*(L) c W*(L).

THEOREM 6.2. Suppose 1 < m < n, H = Sm, and x is the alternating character.
Then W*(DK(T)) equals the convex hull of(l/n\)Wm(T) U {0}.

PROOF. Assume 1 < m < n and put L = DK(T). Let n e (\/n\)Wm(T). By
Theorem 6.1, fx e W±(L), so/i = (Lx*, x*) where x* — x\ * • • • *xm with xu ..., xm

orthonormal. Let 0 < t < 1. Set «i = *Jt xx + y/\ — t x2 and uj — Xj, j — 2,..., m.
Then u* = y/tx* and thus tfx = (Lu*, u*) e W*(L). Since Wm(T) is convex [7], the
convex hull of (\/n\)Wm(T) U {0} is contained in W*(L).

Conversely, let (j. e W*(L). Then fx = (Lx*, x*) with x\,..., xm unit vectors.
If X],...,xm are linearly dependent, then x* — 0 and /x, — 0. Assume x\,..., xm,
are linearly independent and let {MI, . . . , um) be an orthonormal basis of the linear
span of X\,..., xm. Then, for i = 1 , . . . , m, we can write *, = XT"=i auuJ Wlt^
au e C, and x* = (det A) u*, where A = (a,7). So n — \ det A\2(Lu*, u*). However
| det A |2 = det(AA*), which is less than or equal to 1 by the Hadamard inequality [4],
so \x is contained in the convex hull of W*X(L) U {0}. Since W*L(L) = (\/n\)Wm(T)
by Theorem 6.1, we have the desired result. D
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REMARK. AS pointed out by the referee, it would be interesting to find a non-convex
example of W*(DK(T)).
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