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A THEORETICAL MODEL OF GLACIAL ABRASION

By BERNARD HALLET
(Department of Geology, Stanford University, Stanford, California 94305, U.S.A)

ApsTRACT, Preliminary results of a quantitative model of glacial abrasion are presented. The analysis,
which is constructed within a framework of modern glaciological views of processes near to the bed, is aimed
at modeling abrasion under a temperate glacier whose basal layers contain only occasional rock fragments.
It does not simulate abrasion by debris-rich ice or by subglacial drift. Calculations of abrasion-rates reduce
to evaluations of the forces pressing rock fragments against the glacier bed and of the rates at which they are
moved along the bed. The estimated viscous drag induced by ice flow toward the bed due to basal melting
is generally the dominant contribution to this contact force. Although the analysis shares several important
elements with the pioneering study of Boulton ([°1974]), sufficient fundamental differences in the modeling
lead to distinctly different conclusions. Several new results are noteworthy: (1) other parameters being
equal, abrasion will tend to be fastest where basal melting is most rapid, (2) glacier thickness does not affect
abrasion through its influence on basal pressures, and (3) lodgement of rock fragments is only possible if the
sliding velocity is very low, equivalent to the rate of basal melting.

RESUME. Un modéle theorique de !abrasion glaciaire, On présente les résultats préliminaires d’un modéle
quantitatif de I'abrasion glaciaire. 1 analyse, qui est conduit dans le cadre des perspectives glaciologiques
modernes sur les phénoménes au voisinage du lit, a pour but de modéliser I’abrasion sous un glacier tempéré
dont les niveaux de base ne contiennent qu’occasionnellement des fragments rocheux. Il ne simule pas
I'abrasion par une glace riche en matériaux minéraux ou par 'entrainement sous-glaciaire. Les calculs de
vitesses d’abrasion se réduisent 4 des estimations des forces qui pressent les fragments de rocher contre le lit
du glacier et de la vitesse avec laquelle ces fragments sont déplacés le long du lit. L’estimation de la trainée
visqueuse provoquée par le courant de glace vers le lit en raison de la fusion a la base constitue en général le
facteur dominant a cette force de contact Bien que 'analyse distingue plusieurs éléments importants avec
I'étude pionniére de Boulton ([c1974]), des différences fondamentales suffisantes dans la modélisation
conduisent a des conclusions distinctement différentes. Plusicurs résultats nouveaux valent d’étre notés:
(1) & égalité des autres parameétres, Pabrasion tendra a étre la plus rapide lorsque la fusion 2 la base sera la
plus active, (2) Iépaisscur du glacier n'affecte pas 'abrasion par Iintermédiaire de son influence sur les
pressions a la base, et (3) le dépat d’un fragment de roche n’est possible qui si la vitesse de glissement est
trés faible, équivalente a la vitesse de la fusion a la base.

ZUSAMMENFASSUNG.  Fin theoretisches Modell der glazialen Abrasion. Es werden vorldufige Ergebnisse cines
quantitativen Modells der glazialen Abrasion vorgelegt.  Die Analyse, die sich im Rahmen moderner
glaziologischer Ansichten iiber die Vorginge nahe am Untergrund hilt, zielt aul die Modellierung der
Abrasion unter einem temperierten Gletscher, dessen unterste Schichten nur gelegentlich Felsstiicke
enthalten; es simuliert nicht die Abrasion durch schuttreiches Eis oder subglazialen Schutt. Berechnungen
von Abrasionsraten beschrinken sich aul die Auswertung der Kurifie, die Felspartikel gegen das Felsbett
anpressen, und der Geschwindigkeit, mit denen sie ober das Bett bewegt werden,  Die geschitzte viskose
Schleppkralt, hervorgerufen durch den Eisfluss gegen das Bett infolge von Schmelzvorgangen am Untergrund,
ist im allgemeinen der wichtigste Beitrag zu dieser Kontaktkraft, Obwohl dieses Modell einige wichtige
Elemente mit der grundlegenden Studic von Boulton ([*1974]) gemeinsam hat, fithren wesentliche Unter-
schiede im Modellaufbau zu erheblich verschicdenen Folgerungen.  Einige neue Ergebnisse erscheinen
bemerkenswert: (1) Bleiben andere Parameter unveridndert, so erreicht die Abrasion ihre Haéchstwerte dort,
wo das Schmelzen am Untergrund am schnellsten vor sich geht; (2) Die Gletscherdicke wirkt sich auf die
Abrasion trotz ihres Einflusses auf den Druck am Untergrund nicht aus; (3) Die Anhiufung von Felsstiicken
ist nur moglich, wenn die Gleitgeschwindigkeit sehr niedrig ist, entsprechend der Geschwindigkeit des
Schmelzens am Untergrund.

INTRODUCTION

Erosion by glaciers is conventionally atwributed to at least three basic mechanisms:
abrasion, quarrying, and subglacial fluvial activity. For glaciers in calcareous terrains,
subglacial dissolution of the bed is also a significant erosive mechanism, which often leaves a
clearer imprint on the glacier bed than abrasion (Hallet, 1976). There are numerous discus-
sions of the relative importance of these erosional mechanisms in the literature (for summary
see Flint, [¢1971]; Andrews, [¢1975]; Vivian, 1975), but they all suffer from a lack of experi-
mental data.

A fundamental understanding of the mechanics of glacial abrasion is essential for the study
of erosion by glaciers. The intent of this paper is to present preliminary results of a quantita-
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_tive model of glacial abrasion constructed in the context of modern glaciological views of
processes occurring close to the bed. This model shares several important elements with the
pioneering and comprehensive study made by Boulton ([¢1974]). He discusses the principal
facets of glacial erosion and presents observations and theoretical considerations of the
abrasion process and its dependence on the size distribution of debris in basal ice. In the
present paper, a more complete view is developed of abrasion by single particles lodged in the
ice; 1 arrive at quite different conclusions because there are fundamental differences in the
modeling, particularly in the evaluation of forces between rock fragments and the glacier bed.
This analysis models the abrasion under temperate glaciers. with basal layers which contain
only occasional rock fragments, as is often observed in subglacial cavities and as is reflected by
the common scarcity of debris on extensive rock surfaces exposed by glacial retreat. There
are, however, numerous examples of glaciers with considerable debris in basal ice (Boulton,
[c1974]) and even with a subglacial drift (Kamb and others, 1979); the model does not
simulate abrasion by such glaciers because it neglects particle interactions and the effect of
debris on sliding.

It has long been recognized that glacial abrasion is due to rock fragments forced against,
and dragged along, the glacier bed by sliding ice. The rate of abrasion depends primarily
on the effective force with which individual fragments are pressed against the bed, the flux of
fragments over the bed, and the relative hardness of rocks in the ice and of the bed. In the
model presented here, the rate of abrasion is taken to be proportional to the flux of rock
particles that make contact with the bed. and to the particle-bed contact forces. Effects of
relative rock hardnesses and the geometry of contact arcas are incorporated in an effective
constant of proportionality which is to be determined empirically. The analysis yields
estimates of the rate of abrasion for a glacier bed of arbitrary, but low, roughness by rock
fragments of a particular size. The more realistic case, in which rock fragments which vary
widely in size abrade the bed, could be modeled by considering the effective abrasion-rate
due to each narrow size range of particles and by summing the individual rates to obtain a
total as in the study of Boulton ([¢1974]). ‘T'he interdependence of the concentration of frag-
ments dragging on the bed and the rate of basal sliding and, hence, the rate of abrasion will be
discussed in a subsequent paper.

In the abrasion process, striations are formed by the motion of rock asperities that locally
deform and fracture the rock of the glacier bed and remove the debris. The deformation and
fracture of rock requires large stress differences between the contact point and areas im-
mediately adjacent to it. Where abrasion occurs, rock fragments are likely to be completely
enveloped by pressurized ice or water except where they contact the bed. This implies that
the basal pressure does not affect the stress differences which are important in the striation
process, because it contributes equal stresses to contact areas and to the adjacent zones. The
effective force of contact is then independent of basal pressure and, hence, of the glacier
thickness; it is only dependent on the buoyant weight of rock particles and on the viscous
drag induced by ice flow towards the glacier bed due to basal melting and longitudinal
straining of basal ice. For particular rock types and concentrations of rock particles in
the ice, calculations of the abrasion-rates reduce to evaluations of the effective force pressing
particles against the bed and of the particle velocity. These assumptions render this model
markedly different from and considerably more realistic than the analysis of Boulton
([(c1974])-

After a brief introduction to the quantitative characterization of glacial abrasion, the
analysis presented here proceeds from an evaluation of the contact force between rock frag-
ments and the glacier bed to an estimate of the rate at which rock fragments are transported
along the bed, and then to an expression for the rate of abrasion. Finally, the abrasion of a
simple sinusoidal bed is discussed to shed light on the relative rates at which bed irregularities
of different sizes would disappear under sustained abrasion.
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QUANTITATIVE CHARACTERIZATION OF GLACIAL ABRASION

The rate of abrasion of the bed depends on the flux of particles in contact with the bed,
on the force with which rock particles press against the bed, and on the relative hardness of
the bed and the abrasive particles. Therefore, the simplest general expression for the rate of
abrasion 4 of any portion of the bed, is

4= aDF", (I)
where « and n are empirical constants, D is the number of particles dragging along the bed
per unit time and unit length perpendicular to the ice flow direction, and F is the effective
force pressing particles against the bed. Simple experiments to simulate the abrasion of a
rock surface by single rock fragments suggest that Equation (1), which is similar to that used by
Boulton ([€1974]), is valid. These, and similar experiments, can provide numerical values for
« and n that depend on the hardnesses, and hence on the lithologies of the striator and the rock
which is being striated, and on the shape of the striator point. Reliable and realistic values of
these constants are, however, difficult to determine empirically because the experimental
results are likely to depend sensitively on the experimental apparatus. Rock-to-rock friction
experiments designed to study faulting (e.g. Dieterich, 1972), show that accumulations and
sudden releases of stress, which are responsible for the stick-slip behavior, are sensitively
dependent on the effective stiffness of the apparatus as well as on the pressure, temperature,
and rates of displacement. Because such behavior is probably related to the fracturing,
chipping, and gouging of striated rocks, realistic experiments to simulate abrasion should be
conducted under conditions representative of those at the glacier bed, using fragments
embedded in temperate ice moving at reasonable rates. A few experiments of this type have
been conducted by Boulton ([¢1974]) in subglacial cavities and have yielded very interesting
data on rates of abrasion. More such experiments ought to be conducted in a variety of
subglacial situations, and special care ought to be given to determining the force with which
particles press against the bed. The results of Mathews (1979) will be difficult to apply to
actual abrasion by temperate glaciers because his experiments were conducted at temperatures
well below zero, the sliding velocities were very high, and the confining pressures were low.

The particle flux D is the product of the particle velocity v, and the number of rock
asperities protruding from the basal ice per unit area of the glacier sole, a measure of the rock
concentration Cr. Thus, the average thickness of rock removed by abrasion per unit time can
be expressed as

4= erl-va“. (2)
All parameters in this expression are, in general, functions of position along the bed. In the
analysis, expressions for v, and F will be obtained for particles of specific sizes. The abrasion-
rate due to each particle-size fraction can be obtained using the surface concentration of
particles of that size range. The total abrasion-rate can then be obtained by summing
individual rates.

CONTACT FORCE BETWEEN FRAGMENTS AND THE GLACIER BED

The density difference between rocks and ice leads to a downward force on rock fragments
equal to their buoyant weights. Basal melting, as well as longitudinal extension of basal ice,
causes the ice to flow toward the bed, thereby moving fragments to the ice-rock interface and
forcing them against the bed. An effective viscous drag is exerted on these particles as tem-
perate ice moves around them by deformation and regelation. Where basal freezing occurs
along lee surfaces, the ice flows away from the bed and decreases the force pressing particles
against the bed; it could also lift particles from the ice-rock interface. '

The drag on a particle, as temperate ice moves around it by regelation as well as by
deformation, is analogous to the drag on a sphere moving slowly through temperate ice, a
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problem studied by Watts (unpublished). He shows that the drag force per unit cross-sectional
area & on a rigid isolated sphere forced through temperate ice, with Newtonian viscosity, is

A

Rt 1) .
where 7 is the effective viscosity of the ice, vy is the velocity of the particle relative to the ice,
R is the radius of the spherical particle, and Ry is a parameter, analogous to the transition
wavelength in the bed-slip theory, which is referred to as the critical radius at which the
drag per cross-sectional area is greatest. The motions of smaller and larger spheres through
temperate ice are made easier by melting-regelation and viscous deformation, respectively.
For rock particles, Ry is typically about 11 cm (Watts, unpublished). It is noteworthy that the
drag expression reduces to 47y Ru; for a large sphere when regelation is ineffective (Ry? € R?).
Stokes’ law for the viscous drag on a slowly moving sphere yields a similar result, but 1}
times as large because, unlike the temperate-ice case. a no-slip boundary condition is imposed
on the sphere surface,

The evaluation of the force exerted on a particle against the glacier bed as ice flows
toward the bed is a problem which is similar to, but much more complicated than. that of
drag on an isolated particle forced through an infinite body of temperate ice. Morris (1979)
recently showed that the analogous problem of the motion of a rigid cylinder near a rigid
houndary through temperate ice cannot be solved with the boundary conditions conventionally
used in glacier sliding and other regelation problems. Morcover, additional complications
arise near to the bed because ice flow around particles is affected by steep velocity gradients
associated with active sliding over a rough bed, the irregular shape of rock fragments in basal
ice. and the likelihood of their being in close proximity to, and hence interfering with, other
rocks. Nevertheless, it appears reasonable to assume, as a first approximation, that for basal
ice with a fairly low debris concentration, the drag on a fragment at the glacier bed will be of
the same order of magnitude as that on an isolated fragment forced through temperate ice
with a velocity equal to the mean velocity around the fragment in basal ice. Making this
approximation, the viscous drag on particles at the glacier bed can be expressed by Equation (3).

More refined calculations do not seem warranted, especially in view of the fact that even
for the simplest problem involving regelation —the motion of wires forced through temperate
ice—the drag predicted by the same theory that leads to Equation (3) can differ greatly from
observed values (Drake and Shreve, 1973).

Using Equation (3), the force with which a rock fragment presses against the bed can be
approximated as

T

4 R3
- — Un.
Ry*+R2"
The fragment is taken to be equivalent to a sphere of radius R, pr and p; are the densities of
rock and ice, g is the gravitational acceleration, zy is the velocity component of the ice normal

F x §mR¥pr—pi) g cos O+ '4)

Fig. 1. Coordinale system. In a vertical cross-section parallel to the ice flow, the gently-undulating glacier bed slopes down-valley
at a mean angle & from the horizontal.
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to the bed (positive toward the bed). The coordinate system used in these calculations is
shown in Figure 1. The local down-glacier inclination of the bed 8 depends on its overall
slope ¢ averaged over tens of meters, as well as on the local slope y, which is equal to
tan—' dz/dx, of the rough surface. # can be characterized as

il dz
0 =¢—y=¢—tan =P (5)

where z(x) is the two-dimensional glacier bed profile. The first term in Equation (4) repre-
sents the buoyant weight of the fragment and the second is the approximate force contribution
due to ice flowing toward the bed with a velocity vy. The ice velocity normal to the bed can
be expressed as
Un = Wre+Wo—+ W, (6)

where wye, w,, and ws are the normal velocity components due respectively to regelation
sliding, uniform melting (resulting from geothermal heating and sliding friction), and
longitudinal straining. Assuming that, for ice with low debris content, glacier sliding is not
appreciably affected by the rock fragments in the ice, w;, can be expressed in terms of the
velocity components parallel to and perpendicular to the overall trend of bed, u and w, as
obtained in glacier-sliding theories. In terms of the formulation due to Nye (196g),

Wre = —W COS y—u sin y, (7)
where y is the deviation of the local bed slope from the overall trend of the glacier bed.
Geothermal heating and sliding friction are assumed to cause fairly uniform melting of the basal
ice; reasonable estimates of the resulting melting-rate are on the order of 10 to 100 mm a~!
for normal glaciers (Weertman, 196g).

In addition to the plastic deformation associated directly with glacier sliding, basal ice
may, in general, be straining on a large scale. The mean convergence rate of ice toward the
bed due to large-scale uniform longitudinal extension of basal ice is

dU
wy = LE cos y (8)

(assuming that the ice is incompressible and that the deformation is two dimensional), U is
the mean sliding velocity and L is the distance from the bed. For this abrasion problem a
suitable L is on the order of the radius of the abrading fragments.

PARTICLE VELOCITY

A particle embedded in basal ice will move when the viscous drag due to ice flowing past
the particle at a velocity ¢, together with the down-slope component of the buoyant weight
exceeds the resistive frictional drag due to the fragments rubbing against the bed, that is,
when

4 R3 .

Rt re T imR(pr—p) gsin 6 > pF, (9)
where p is the effective coefficient of friction. Once in motion a rock fragment will -tend to
move at a rate vy such that the equality in Equation (g) is satisfied ; the viscous forces urging
the particle forward will then be exactly compensated by the frictional drag of the particle on
the bed. The velocity component of the ice tangential to the bed is

v = u+w sin y. (10)

The following equation for the particle velocity is derived from Equation (g), noting that
Uy — Yi—Ugpy
(Re*+R?)

T N T - s )
vp = v—[p §mRg(pr— pi) sin 0] 4R

(11)
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A general expression for the abrasion-rate can be obtained using Equations (2), (4), and
(11) together with values of the ice velocity components locally tangential and normal to the
bed, vy and vy, respectively. These can be readily obtained using Nye’s bed-slip theory and
Equations (6), (7), (8), and (10). Consider a temperate glacier sliding over an arbitrary bed
whose profile parallel to the ice flow is defined as

o

z(x) =€ Z ay sin nkyx, (12)

R=1
where ¢ is a dimensionless number much smaller than one which is used to ensure that the
roughness of the bed is sufficiently low for the theory to be valid, 2, are the Fourier amplitudes
of the bed harmonics, and £, is the wave number. Assuming a Newtonian viscosity for the ice,
the velocity component in the x direction, parallel to the overall trend of the bed is to first

order (Nye, 1969, p. 454)

x

u=U+elUz Z anBulnk,)? exp (—nkyz) sin nkyx, (13)

n=1
where U is the mean sliding velocity. The velocity away from the bed, the z component, is

o

w = eUZ anBnnky)(1+nkyz) exp (—nkyz) cos nkyx, (14)
n=1
where
kx?
P = B (ko)

k, being the transition wave number, a fundamental material constant whose value is charac-
teristically around 10 m~! using a value for the effective viscosity of the ice of 105 Pa a (1 bara).

In as much as the ice velocities vary with distance from the bed, the rate of ice flow around
particles will not be uniform. A formal treatment of the drag on a particle as straining
temperate ice moves past it does not, however, seem warranted. Instead, as a first approxima-
tion, the viscous drag is considered as equivalent to that due to ice flow with uniform velocity
past a spherical inclusion, using a representative value of the ice velocity averaged over an
ice thickness equal to the particle diameter. It is more convenient, however, to evaluate
simply # and w at z = R, rather than to use the spatial average i.e.

2R 2R
E=$Jl fw(x, z) dx dz,

but this could be done with little difficulty in the numerical model, discussed later.

The concentration of particles in the ice Cr as a function of position along the bed is not
known. However, on intuitive grounds, it is expected to be highest where the flow of debris-
laden ice toward the bed is fastest. One could, therefore, postulate that

C; = Cy+Cuop, (15)
where C, is the average debris concentration at the glacier sole and C is a proportionality
constant dependent, in part, on the volumetric concentration of particles in the basal ice.

As can be seen from Equation (11), an increase in the contact force F reduces the velocity
vp of abrading particles. In fact, given a sufficiently large F, particles would be lodged against
the bed, abrasion could cease, and rock debris would be deposited on the bed. Therefore, as
was clearly recognized by Boulton ([¢1974]), abrasion-rates cannot be assumed to increase
monotonically with increasing particle-bed contact forces.
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The flow of ice toward the bed pressing rock fragments against the bed is generally the
most important factor controlling the contact force. Figure 2 shows the relative magnitude
of each of the components contributing to the contact force. Except for abrading rock frag-
ments exceeding 0.2 m in diameter, the viscous-drag contribution is greater than the contribu-
tion due to the buoyant weight of fragments and basal pressures, even for very modest values
of the normal velocity components. The curves in Figure 2 were obtained assuming that ice
flows toward the bed at 10 and 100 mm a~'. Normal geothermal heating of a temperate
glacier will by itself melt sufficient basal ice to induce a convergence of the ice and the bed of
10 mm a~'; local rates several orders of magnitude larger than this can be associated with
sliding over small obstacles (<0.5 m) on the glacier bed.

5t VISCOUS DRAG &
(Wn=100mm o) \
T
v ~
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2 (Vvn=10mm o™ ;\Y
s :
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9 ] 2 3
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Fig. 2. Relative importance of the buoyanl weight and the viscous drag, which control the effective contact force between fragments
and the bed. The viscous-drag contribution is shown for two relatively low values of the basal melting-rate. The effective
viscosity of the ice was taken to be 105 Pa a (1 bar a).

No direct data are available on actual fragment—bed contact forces. They can, however,
be estimated from considerations of the widths of striations which reflect the size of the contact
areas between rock fragments and the bed. The size of contact areas is in turn indicative of the
contact force because, despite the wear on the fragments, actual contact is likely to be estab-
lished only over small areas just large enough to support the load and to resist crushing of the
asperities. The contact force will, therefore, tend to be about equal to the product of the
crushing strength of the rock fragment and the area of contact. The widths of over a hundred
striations were measured on specimens of Paleozoic limestone from the vicinities of Green
Bay, Wisconsin, U.S.A. and Athabasca Glacier, Alberta, Canada. The results, shown in
Figure 3, suggest that the majority of fragments were in light contact with the bed. The
wider striations are one millimetre wide; this width corresponds to a contact area of about
Flo, = 1 mm? and to a contact force of 102 N, using a crushing strength representative of
limestones: o, = 102 MPa (10’ bar) (Handin, 1966, p. 273-74). This force is small but
reasonable as it is equivalent to the buoyant weight of a rock particle, with a radius of about
10 cm, immersed in ice. Deep erosional gouges and particularly arcuate cracks on glaciated
rock surfaces indicate much higher contact forces (Johnson, unpublished) presumably
associated with the motion of very large rock fragments.
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Fig. 3. Frequency distribution of the widths of 100 striations on each of lwo limestone slabs from glaciated carbonate terrains.
These reflect small areas of contact and, hence, relatively small contact forces between rock fragments and the glacier bed.
The solid and dashed curves correspond respectively to samples from the vicinity of Green Bay, Wisconsin, U.S.A. and of
Athabasca Glacier, Alberta, Canada.

The model is suitable for calculating the abrasion-rate at every point of an arbitrary
surface of low roughness and could, therefore, be used to simulate glacial abrasion and its
spatial variability; starting with an initial surface, its evolution under abrasion could be
simulated. One would start by defining or measuring the initial topography, Fourier analyzing
it, computing the abrasion-rate at every point, and then displacing each point to represent
an episode of abrasion, finally iterating through time.

An important motivation for modeling abrasion of rock surfaces is to understand better
how the bed roughness changes when subjected to glacial erosion. This question is of parti-
cular importance in the context of glacier sliding and it has recently been addressed by
Johnson and others (1976) on the basis of spectral power analyses of several profiles measured
on former glacier beds. The rates at which bedforms of different sizes wear down through
time, which control the evolution of the bed-roughness spectrum, can most readily be analyzed
by simulating abrasion over simple sinusoids of different sizes.

ABRASION OF SINUSOIDAL BEDS
The velocity components tangent and normal to the bed, ¢ and oy respectively, are the
main parameters needed in order to evaluate abrasion-rates. Witha low-slope approximation

(i.e. cos y — 1 and sin y & tan y = dz/dx) and the bed surface described by z = asin kyx,
we use the u and w velocity components of Nye (1969) to get

=U e koR)[R sin kox koR) cost kot] (16
v = I Fk,z }_knzexp(— oR)[R sin kgx+a(1+koR) cos "x]j ’ 18)
and

vn = Uk, cos kox { exp (—koR)[Rak,? sin kyx— (1 4+koR) ] +1 }-l—

¥2
k*z +kﬂ2
dU/
E.-woJrR . (r7)
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To obtain a velocity which is representative of the average velocity around the particles of
radius R, the velocities were calculated for a height above the bed of z — R. A numerical
scheme was used to derive these velocities from which basis the contact force, the particle
velocity, and finally the abrasion-rates were obtained. Figure 4 shows the computed abrasion-
rates for different fragment sizes. The rate represents an average of rates calculated near the
tops of the undulations, it is an intermediate value representative of the rate of abrasion of the
entire surface. The abrasion coefficient « was taken to be on the order of 10-1° Pa-1 and
n & 1; these values were based on the preliminary results of rough experiments in which
conical limestone samples striated saw-cut slabs of the same limestone. Because the model is
limited to abrasion by sparse debris in the basal ice, the concentration of fragments projecting
from the glacier sole was chosen arbitrarily to be one per square meter. This is probably
equivalent to about one-tenth of the effective debris concentration at Glacier d’Argentiére,
as deduced from an abrasion experiment that Boulton ([¢1974], p. 467) conducted there. An
aluminum plate fixed to the bed under the glacier, which is sliding at 250 ma-!, was
traversed and deeply striated by about 15 fragment asperities over a width transverse to the
flow direction of ~60 mm during a 0 d period. With the possibility that some fragments
may contact the bed simultaneously at as many as three asperities, it appears reasonable that
about ten fragments actually traversed and contacted the aluminum plate. Assuming that
the mean particle velocity is approximately equal to the sliding velocity, the flux of fragments
and their concentration are § mm~' a~! and 10 m—2 respectively. ]

The rate of abrasion at a point does not determine the rate at which bedforms change in
shape through time as a result of abrasion. Rather, a comparison is needed between the
abrasion-rates calculated at the crest and at the troughs of bed undulations. The damping
coefficient D, defined as the crest rate minus the trough rate normalized with the amplitude
of the bed undulation, is a useful measure of the rate at which bedforms would disappear
under abrasion. When 1) = o the abrasion is uniform, and the bedform is preserved; when
D = o sustained abrasion wears down bed irregularities. As shown in Figure 5, D decreases

8

™~ A=1.0I m

LOG OF ABRASION RATE (mm a™)

i
(=]

20 25 30
LOG OF RADIUS (mm)

Fig. 4. Dependence of the abrasion-rates on the effective radius of fragments and on the wavelength A of bed undulations. The
Jragment concentration was taken to be one per square melre independent of size. No correction was made for the tendency
Jor small particles to be more numerous than larger ones. The ice velocity and effective viscosity were 100 ma-' and
105 Pa a (r bar a).
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with decreasing particle size and with increasing wavelength, except for very small particles
and wavelengths. Hence, large rock fragments are most effective in wearing down bedrock
bumps because the troughs suffer little wear. In fact, the rock fragments can be so large that
they cannot make contact with the troughs, in which case only the crests will be abraded.
The discontinuities in the damping curves (Fig. 5) are unrealistically abrupt. However, they
do represent the transition between abrasion by large particles, which tends to be restricted
to the crests of bed undulations of relatively short wavelengths, and abrasion by small particles,
which can take place over the emntire surface of larger bed undulations. Dotted lines in
Figure 5 were drawn to suggest how the damping actually varies with wavelength.

2 -
=
e o0 \ R=1000 mm
= %
z ;
w
) K
T G R=100 mm
w ek
o | /
o |
© :
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o ¥
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e | o—————somm
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0 05 .0

WAVELENGTH (m)

Fig. 5. The rate at which irregularities in the glacier bed are damped by abrasion, as a function of the radius of the particles
and the wavelength of irregularities parallel to the ice flow direction. The dotted lines suggest how the damping actually
varies in the wavelength range where the numerical model vields an unrealistic discontinuity (see text). Parameters used in
calculations are as indicated for Figure 4.

JONCLUSIONS

This model yields interesting new insights into the abrasion process, its controls, and its
spatial variability. The viscous drag, induced by ice flow towards the bed due to basal
melting, is generally the dominant process forcing particles against the bed. The glacier
thickness appears to have no influence on abrasion through its control of basal pressures
because they do not affect the differences in stress at or near the fragment—bed contact areas,
yet it is these differences that control the rock deformation and fracture which are responsible
for abrasion. For large particles (R > 0.5 m) the buoyant weight can contribute very signifi-
cantly to the fragment—bed contact force.

The absolute rates of glacial abrasion can only be estimated roughly because few appro-
priate data are available to calculate abrasion coefficients and the concentration and size
distribution of debris in basal ice. The spatial variability of abrasion can be calculated more
reliably; it is such that irregularities of the glacial bed would invariably tend to disappear
under sustained abrasion. Irregularities that are relatively short in the direction of ice flow
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tend to be particularly vulnerable to abrasion by large fragments (Fig. 5). The roughness of
the glacier bed can only be maintained if other subglacial erosional processes effectively
roughen the bed. The patterns of melting and freezing associated with regelation sliding are
bound to affect greatly the patterns of abrasion because the flow of ice towards the bed
appears to be the primary control of the contact force and, hence, of the abrasion-rate. For
relatively low contact forces, abrasion ought to be strongest on surfaces facing up-glacier,
particularly near their crest, and weakest along lee surfaces. This leads to the characteristic
truncation of bed obstacles (Fig. 6) and to maximum abrasion near corners as observed by
Boulton ([¢1974]). Inasmuch as both the particle-bed contact force and the force urging
particles along the bed result principally from viscous drag, the speed at which particles will be
dragged along the bed depends simply on the relative magnitude of the ice velocity components
parallel and perpendicular to the bed. Assuming, for simplicity, that the coefficient of rock-
to-rock friction is about one, the force along the bed on a particle would about equal the
particle-bed contact force. This implies that the relative velocity between the sliding ice and
the rock ought to be approximately equal to the melting-rate. Therefore, particles ought to
remain in motion, entrained in the ice, except when the sliding velocity slows to a low value
equal to the melting-rate (1o mma~'). This conclusion is not in accord with Boulton’s
([¢1974]. p- 52) suggestion that particles could lodge against a bed at sliding velocities up to
100 m a~'. His results apparently stem from a considerable overestimate of the particle-bed
contact force which he views as depending dominantly upon the “effective normal pressure”
around the fragments at the glacier base. If particles start to lodge, they would effectively
increase the roughness of the glacier bed, thereby inducing continued lodgement. Deposition
of lodgement till may, therefore, represent a fairly short-lived event when sliding velocity
slows to rates equivalent to the mean basal melting-rate, perhaps as in the waning phase of a
glaciation.

On the larger scale, in areas where the geothermal heat flow or frictional heating are high
or where the ice is extending, both the contact forces and the particle concentrations would
tend to be relatively high. For a given mean particle velocity, abrasion ought to be relatively
rapid in these areas. On intuitive grounds, Lliboutry (1975) suggests that over-deepenings
characteristic of glacier valleys are due to erosion by ice heavily laden with debris in these
areas. However, if the debris concentration becomes too high in the basal ice, the sliding would
be impeded and the flux of particles against the bed would be decreased, thereby slowing

Fig. 6. A heavily abraded surface truncates a more steeply-inclined lee surface. Note contrasiing abrasion characler across the
distinet break in slope. Abrasion is most pronounced where basal melting is fastest. Former ice flow direction is indicated
by a 30 em ruler.
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abrasion. Accordingly, relatively high sliding velocities as well as high debris content must be
responsible for continued excavation of valley over-deepenings. It is stressed that the greater
ice thickness in these areas would not favor lodgement of debris against the bed nor inhibit
active abrasion there.

This analysis has been further developed to examine the interesting interdependence of the
sliding velocity, the concentration of fragments projecting from the glacier sole, and the
abrasion-rates. The resistance to glacier sliding induced by rock fragments per unit area of the
bed is simply the product of the frictional resistance of one fragment moving against the bed
uF and the surface concentration of particles in the basal ice (. Even for low debris concentra-
tions, this rock-to-rock frictional resistance is significant compared to the normal range of shear
stress at the base of temperate glaciers. These results will be presented in a subsequent paper.
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