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ON A ¢-WEYL SUM
YOSHINOBU NAKAI

0°. We treat the sum 6(a ', 7; N,X) = > x<nsx+n €((a)7(n + 7)Y,
where « and 7 are real with « positive.® This sum was treated first
by Hardy and Littlewood [4], and after them, by Behnke [1] and [2],
Mordell [9], Wilton [11] and others. The reader will find its history in
[71 and in the comments of the Collected Papers [4]. Here we show
that the sum can be expressed explicitly, together with an error term
O(NY?), using the regular continued fraction expansion of «. As the
statements have complications we will divide them into two theorems.
In the followings all letters except 9,%,0,%,x and those in 3° are real,
N is a positive real, and always k,n,a,A,B,C,D and E denote integers.
The author expresses his thanks to Professor Tikao Tatuzawa and
Professor Tomio Kubota for their encouragements.

1°. LEMMA 1. Let a,a’,y and ¢’ be reals such that
ol =o' mod. 1
and
2a)™'(A + 2p) = 2a)7'(A + 2¢) mod. 1,
then we have
Ca)'(n + 1) = Qo) + 1) 4 Co)7 — 2a)7Y? mod. 1

for any integer n.

Proof. 1t is easy.

LEMMA 2 (Hardy-Littlewood, Mordell and Wilton). If 0<o0 <2,

Received June 26, 1973.

% In this note e(«) means e?ri« for real «. N is the set of positive integers. Z is
the set of all integers. The implied positive numerical constants in the symbol “«”’
in the statements and proofs of (Case 2) of Theorem 1 can be given arbitrarily. Other
implied constants in the symbols “<”’, “O( )’ and “R”’ are absolute or can be explicitly
calculated.
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<<% N —-—%3<oN+ x <N + % with integral N and N’, then
we have

of

Z' e(Fon® + xn) = e(}) -0 Z}’ e(—4o™'(n — z)®) + 9B + 20717,

where |9 < 1. Here > means that the first and last terms of the sum
are to be halved.

Proof. This is the Theorem in [11].

LEMMA 3. Let a,, Ny and X, be reals with ay=%, Ny= 0 and Ny = 2«
Ezxpand a, as o, = a, + a;* with an integer a,., Here we suppose «, not
to be an integer. Let 7, and 7, be reals with La, — 7, = a7'rymod. 1. Put
X, = a; (X, + 70 and N, = a;'N,. Then, for ¢ = =1, we have

O(eas™, 103 Ny, Xo)
= e(e(} + Ca) D)) ay? 0(—ear’, 115 N,y X)) + O + o) .

Proof. This can be obtained from Lemmas 1 and 2.

LEMMA 4 (van der Corput). Let f(x) be a real valued function on
the interval [X, Y], whose first derivative f'(x) is monotonic, not decreas-
ing and such that 0 < f'(x) < on the interval. Then we have

3 e = [ ey du+ 9(+ + 2 Lo (5 i)m) :

where |§] < 1.

Proof. This is “Satz 1” in [5]. A little less precise statements can
be found in [10], Chap. 4.

LEMMA 5. Let o, N, and X, be reals with oy > 0, Ny > 0 and o, = N,.
Let 1, be given. Choose 7, so that 7, = y,mod. «, and that the interval
[ag (X, + 7o)s s ( Xy + 7o + Ny is contained in the interval [—3,3]. Then,
for e = +1, we have

Xo+"'o+No
0(50(0—1, Tos Ny, Xo) = 9(5(2050)~1(T% - 7’3)) JX i e(e(2ozo)‘1u2)du + 0Q1) .
Proof. This is obtained from Lemmas 1 and 4.

We regard 6(se;?, 105 Nop Xo) to be Dyicncxpem, 1 fOr g = +o00. Then
Lemma 5 holds also for oy = 4 co.
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LEMMA 6. Let ay10 N, and X, be reals with oy > 0, Ny >0 and
20y = Ny = a,. Then, for e = +1, we have

0(eas™, 703 Noy Xo) = O(1 + o) .

Proof. If 1> a, > 0, the result is obvious. Suppose we have «, = 4.
We express the interval [X,, X, + N,] as a union of at most O(1) sub-
intervals, each of length < l«, and > «,. In each subinterval we can
apply Lemma 5. The contribution of the terms containing integrals are
O(Wa,) by the convergence of the integral r e(w®)du, and so we have
the result. -

2°. We define several numbers concerning continued fraction ex-
pansion of @. Let « be positive. Choose «, uniquely so that ¢;' =« 'mod. 1
and +oo =@, >1. Expand «, as «, = a, + (a;,.,)"' with a,eN and
+ o0 = ap,; > 1, beginning with £ =0. If a,,, = +co for some k, we
stop the expansion at this k. Define integers A4,, B, and C#*V as follows:
A =1 A, =a,and A, =a,A,_, + A;_, for k=1; B_,=0, B,=1 and
By =aB;_, + By, for k=1; C&P =1, C¢Y = a, and CF¥* = a,CFELP
+ C¥5P for ¥k —1=j7=0. Define a matrix ¢, to be

(Cin, neis)
(—D*A,, (=D*"B,_ /)"
This belongs to SL(2,Z), as can be seen from (2) of Lemma 7. Define

E, and H, as follows: 5, =0 or 1 with &, =A4,B,mod.2 for kt > —1
and H, = (—=1)*5,_, for £ = 0. We have the following lemmas.

LEMMA 7. (1) A, and B, increase monotonically as k increases.
@ A.B,,— A, B, =(—=D*" and (A, By) =1 for £=0.
B CED =B, and CF?P = A, for k= —1.
@ Ay + oA = - a,
B, + agtBy, = ay -+ a, for k=0, and
B, — o;*A; = (=¥, - )Y, for k= —1.
B) ap-ap.,.>2 for E=0.
(6) gy ap Agyy for Bz —1.

LEMMA 8 (best approximation). Let a, be > 1, and make A, and B
from o, as above. Let also a rational number B—'A be given, where B
and A are its irreducible denominator and numerator respectively, so
that, for any rotionals B''A’ with 0 < B’ < B and B''A’+ B™'A, we
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have |Ba, — A| < |B'ay — A’|. Then the pair (A,B) is equal to (A,, B;)
for some k.

Proof. All statements of Lemmas 7 and 8 are well-known or can
be easily shown. See, for instance, [6]. Lemma 8 is included here to
suggest the nature of A, and B,.

LEMMA 9. We have

(g o) (=) - (—a)) = (S DEICED
hikzhzj-1

for 0<j<k+ 1, where ay,, -+ ap,=1 for h =%k and (—a,) - - (—a;)

=1 for h=3—1.

Proof. 1If we put 6*" = >, onnjor (@gyq -+ 05h+z)—1{(_0-'n) tee (_“a'j)}’
we have §%*0 = —q; 6850 + 650 for k —2 =7 =0. Also &1 =1 and
0% = —a,. Thus (—1)**'-75%*V has the same properties as C§+?. Hence

they are identical.
Let a real y be given. Using «y, a, ete., we define 7, as follows: 7, is
any real number satisfying

a1 — 27) = 2a)"'(1 — 2p) mod. 1,
and
Trar = (=¥ ,(Byyy — $85) + (=D*'By_yyo + 1iH,

for k=0. Given a real X, we define X, inductively by X, = X and
X = a5 ( Xy + 18) for E= 0.

LEMMA 10. We have the following equalities:
(1) Aitilrer = — 7T + 0 + (=D*D;
for k = 0, where D, is an integer defined by
(B — 8y + (=DFH_, + (D" ay) .

Kigyo = (g« -+ )7 Xy + (=D ag'r,Ay
+ (—=D*'%(A; + By + (—)*E,

for k=0, where E, is an integer defined by

Dk:

N~

(2)

kE+1

E,= >.C¢DD, .

J=1
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Proof. The fact that &5, — a,5;_, + (—=D*H,_, + (—1)*"'a, is an even
integer follows from the definitions and (2) of Lemma 7. Therefore D,
and E, are integers. The number «;},7.; is equal to

(=D*(Byye — 350 + aiti(1D*'By_yyo + $Hy)
= (=D*"(Birs — $81) + (@ — e )((=1)*"'By_i70 + $H,)
= (=D, (By_iyy + $(=D*"Hy) + (=1)**'By_yye
— H—DHE, — fa.H,

The last sum is equal to —p, + 1H, , — ¥(—-D*"'5, — {a,H,, by H; =
(=1*&,_;. Thus the right hand side of (1) is easily obtained. As for
(2), we see, by direct calculations, that X,,, is equal to (&, - -+ @z, "' X,
+ Biso where Brss is AitiTrer + @) e + oo F (@ o CYo)—ITo- Then
Bi.» is equal to
i o (@pyy v+ ah+2)~1{(_0‘h) Tt ("—051)}(_7’0 + oy — %)
+ (ak+1 tee a’o)_l(To - %ao)
(=D*Dy + -+ + (=1)7'D,_, (@pyr * o Anyd) ™!
hikzhzji-1
+ X{(_ah) (—ij)}+ <o 4 Dy
X {(—=az) -+ (—a}

By Lemma 9, this sum is equal to

(Ofk+1 et a’h+2)—1
hikzhz20

(— DB~ + dou — B + @ep1 -+ 0G0 — 30
=D Dy + -+ 4 (17D, (= LFHICED -
+ Do(_l)(k+l)~lcik+l)] s

for k=0. Substituting the third formula of (4) of Lemma 7 with
(@gy1 « -+ ap)7! in the second term of the above sum, we have the result (2).

The formula (2) of Lemma 7 and the fact that E, is an integer are
fundamental.

3°. Let r be a complex variable whose imaginary part is positive.
Let 2 and ¥ be any complex numbers, and ¢ = g’ 2) be any matrix in
SL2,Z). Define o{z> to be (ar + D)(cr + d)™'. Then we see that

. — ait(m~y)2+2nimxT —iTY
02,0 &z 2, @

is equal to
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x(o.).e(zi/2)(q(a.'c+b1/)—€(Bx+dy))'(C,L. _I__ d)—1/26(0.<1.>; axr + by — %S, cx + dy . %v) R

where £ = abmod. 2 and 5 = cdmod. 2. Also y(o) is a certain eighth root
of the unity which does not depend on z,% and r. This formula is well-
known. See, for instance, [3], pp. 47-66.

We restrict &,7 and the branch of (¢t + d)¥* as follows: § =0 or 1,
7 = 0 or +1 where the signature in +1 is given in advance for each g,
and, as for (cr 4+ d)'?,

(cc + =1 ife=0and d=1,
(ct + d)? = eti/aet if c=0and d= -1,
0 <arg(er + d)* <=z/2 if ¢e>0,

and
0> arg(cr + D> —n/2 if ¢<O0.

Then we can write y(o) explicitly in terms of a,b,c and d, if we use
the Jacobi symbol. The reader will find some of them, that is, those

for ¢ = (é (1)> or <(1) (1)) mod. 2, in [8], for instance.

Rewriting the 6-formula, we have

Z erirm+n? x(o‘)(CT + d)—1/2.em:(br+(1/2)6)rae(ni/2)(d6—bv)r Z etiﬂ<r>(m+ra)2 R
mezZ mezZ

where 7, is (dy + ip) — (@) (by + 3.
LEMMA 11. Let o be ¢y, that is, (( 1‘)‘2‘4 ( 1}%‘3 ) Choose
- k-1 - k-1

a,7,& and 5 to be a;'+ i-0 +, 7, & and H, respectively, with the
notations defined in 2°. Then we have

oot + 60 +> = (—D*agl, + i-0 +
and
Yo = Tks1 + -0+ .

Here 04+ or 0+ stands for a sufficiently small positive or a real number
respectively.

Proof. It is easy to check the assertion about o{a;* + ¢-0+> by the
third formula of (4) of Lemma 7. Then the other part clearly holds.

4°. Now we proceed to the sum #(a~!,7; N,X). We suppose that
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N is not smaller than 1. We use those notations in 2° relating to «,7
and X. Also we put Ny, = (a; - -+ !N with Ny=N. If N, <1, we
define k, to be —1. But, if N, >4, there is, by (5) of Lemma 7, some

ky with 0 <k, < log N so that N,,, =4 but 0 < N,,,, <3} We divide

the statements into two theorems. We suppose « > 0 and that «, = 4 co.

THEOREM 1. (Case 1) If k,= —1, we have
8,73 N, X) = e(@a)7* — Cay)7) j’”i”” e(Cay)"u)du + 0(1)
X+7p

where 7, is so chosen that 7, =y, mod. oy and that the interval

[ (X + 7o)y g (X + 7o + N)I

18 contained in the interval [—32,2].
(Case 2) If ky= —1 and tf Ny, <1 or Ny, > 1, then we have

0,73 N, X) = O(N™?) .

Proof. 1If ky,= —1 the result is obtained from Lemma 5 and Lemma
1. If k=0 but if N, < 1, we can apply Lemma 3 repeatedly (k, + 1)
times, as is ensured by (1) of Lemma 10, and can use the fact that

0((_1)k°+1a1;01+1: Thot1? Nk0+19 Xko+1) =01 .

We have an estimate O(1 + > % ;(ay - -+ @,)"?), which is O + (a; - -+ @)D
by (5) of Lemma 7. But «; --- a;, s N, so we have done in this case. If
k, =0 and if N,.,,>1, we again apply Lemma 3 repeatedly (&, + 1)
times and Lemma 6 after that. We have O + (a; - -+ @)Y as an
estimate in this case, which is O(N'?) again.

THEOREM 2. (Case 3) If k, =0, Ny, >2 and 0<N,,, <%, we
have

a7 N, X) = 3(y,) - €5 e((2a) 7'y — (2ay) ™72
Xk0+1+7k0+1+Nk0+1
X (e -+ )2 jxk . o((— 1) (2ay, ) "u?) - dut
+ 0 + AY,

where 4, is

Tko+1(""BkoT0 + %Eko) + ("‘1)““%'(3’00—15’60 + A’Co—lHkO)To
+ (—1)k0+1(2a'k0+1)—1(r?m+1 - ?io+1) .
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Also &, 1s ( ‘3"" —B+’i° ), and the value of x(.,) is that in
B VE DL PR S DS I °

3° corresponding to & = &5, yp= H;, and the branch of (ct + d)'* is
restricted as is stated there. The value 74, s so chosen that 7., =
Tiors MOd. gy and that the interval [ogl (Xiger + Trord)s et Xigsr + Frost
+ Ny, is contained in the interval [—32,3].

(Case 4) If ky=0 but Ny, = 0, then, with the same () as above,
we have

0lat, 13 N, X) = 7(Cp)e - e((2a)™1* — Ray)~yd) - AL
X > e((Brro — 35,)n) + O + AYD)

Xk0+1SnSXko+x+Nka+1

where 4, is
(Bioro — 385 )(=D**' By 170 + $H,y,)
+ ("‘1)““%'(81%—151:0 + Aku—lHloo)To .

In this case «, is Bi'A,, with A, < 2N.

Proof. (Case 3) Suppose N, .,+ 0. We use Lemma 3 repeatedly
(ks + 1) times and Lemma 5 after that. As 7,,0{(z> and (¢r + &)* for
0 =1C, and ¢ = a5 + 1-0+ are equal to 7., + ¢-0%, (=Dl + 4.0+
and (aq--- oy, + ©-0£)"* respectively, we have, from @-formula in 3°,
the main term in the result. We have O(1 + (&, - - - a,)"¥?) as its errors,
which is O(1 + A" by (6) of Lemma 7. (Case 4) Now we suppose Ny,
=0, i.e., ay,; = +oo. We have {,{a;'+ -0+ >=14-04+. We rewrite
the f-formula in 3° as follows:

Z enif(m+7)2 — X(O')(CT + d)-——l/2e(7ri/2)(d$—bﬂ)r—zi(br+(1/2)6)(dr+(1/2)y)

mez
>< Z 6nia(r>(m+d7+ /2y 2=2x2(by+(1/2)§)m

meZ
Then we obtain the result in this case also by the similar considerations.
In the integrals in Cases 1 and 3, a3 (Xi1 + 74,20 1S to be deter-
mined mod.1. But it is equal to X,,., + airi(Fresr — Thosy; then Xi .,
and the integer a;' (Fr,s1 — 74,41 can be determined by (2) of Lemma 10.

5°, We fix an irrational number «, arbitrarily which is larger than
1. Make those numbers defined in 2° from o = «,. Let (k) be a real
valued function on k= -—1,0,1,2, ..., whose value is larger than 2. If
we suppose that N, ., is larger than or equal to (2y(%,))"!, then we-have
Apr K Ny(ky), as Ny, i NAgL:. Thus, by the convergence of r e(u?)

—

-du, we have
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(e - - )" f e((Cay, ) w)du
& (@ - )ty ) AV, & (N ()2 .

(1)

Let us, on the contrary, suppose that Ny, is smaller than (2y(k,))"
Suppose also that we have a real B, which satisfies the following con-
ditions, where {z} denotes the fractional part of x:

(AL} — 31 = (o) it A, + B, is odd with & =0,
(2) min {B4:}, 1 — {BA:D) = (k)™ if k= —1 orif A, + B, is even
with k= 0.

Then, if we substitute X, =0 and y, = a8 in (2) of Lemma 10, the
interval [{X; ..}, {Xs,+2} + Ni,.2l is contained in the interval [(2y(%,)~?,
1 — @y (k) '] for k,= —1. By the mean-value theorem on integrals,
we have

X +1+Tkg+1+Neg+1

(3) (g + - ako)m‘{ e(QCag,) ) du L (o - -+ az)?

Xrg+1+Tkg+1

X (g )Moty (o) )72 K g + - + o) () K NY*p(key)

Therefore, if we suppose the existence of a f, satisfying the condition
(2), it follows, from (1) and (3) applied to Cases 1 or 3 and also from
Case 2 of Theorems 1 and 2, that

(4) 0ets s aofos 0, N) < NV (ko)

for any N = 1.

The measure of the set of §, in the interval [0, 1) which do not satisfy
(2) for some k= —1 is obviously not larger than > 7 _, 2y(k)"'. There-
fore, if we suppose that

(5) kj_l 20(k) < 1,

the measure of the set of B, in [0,1) which satisfy the condition (2) for
every k= —1 is not smaller than 1 — > 7 _; 2y (k)~* > 0. If we give (k)
the values ck (log k)? for k = 3 with a large positive constant ¢, and some
appropriate values for 2>k > —1, then the inequality (5) is satisfied.
But %, = O (log N). Therefore we have the following

THEOREM 3. If we are given any real irrational «, which is larger
than 1, then there exists a set I, of reals in the interval [0,1) whose
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measure is larger than %, so that we have
0(agt, aoBos 0, N) & NV (log 10N) (log log 10N)?,
for all p, in 1,, where the implied constant is absolute.

This result is an improvement on the existence of an irrational
o;'7, such that we have 6(ag?, 7,5 0, N) € N*¥4, shown in [1], p. 294, Satz XV.
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