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Abstract. Symplectic finite semifields can be used to construct nonlinear binary
codes of Kerdock type (i.e., with the same parameters of the Kerdock codes, a subclass of
Delsarte—Goethals codes). In this paper, we introduce nonbinary Delsarte—-Goethals codes
of parameters (¢"*' , ¢g"+P+2 qq;l (g"+! — ¢"3'+7)) over a Galois field of order g =2,
forall0<r< "1;1 , with m > 3 odd, and show the connection of this construction to finite
semifields.
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1. Introduction. Some classical constructions of nonlinear (binary) codes, such as
Kerdock [13], Preparata [30], or Delsarte—Goethals [7] codes, were introduced around
1970. All of them share the common property that they can be seen as the union of cosets
of a linear code in a Reed—Muller code [26, 31]. This is the way they are described in the
contemporary classic book [23, Chapter 15].

A better understanding of these codes and the relations among them came from the
introduction of quaternary codes (i.e., codes over the alphabet Z/47) in their study. A pio-
neer work in this direction is the Z/47Z-cyclic version of the (punctured) Kerdock code
provided by Nechaev in [28] (and announced as early as in 1982 [27]). A key contribution
came from the seminal work of Hammons et al. [9], where the Z/47-duality of the Kerdock
and Preparata codes was shown. In these papers, Galois rings GR(2%", 22) of cardinality
22" and characteristic 2 appeared naturally as ring extensions of the alphabet Z/4Z. The
quaternary version of these codes connects them to low-correlation sequences [2, 15], in
particular to the sequence family S(2) appearing in the Wideband Code Division Multiple
Access (W-CDMA) component of the International Mobile Telecommunications-2000
(IMT) standard for 3G mobile communication [16].

Later authors exploited other Galois rings with quotient finite field of characteristic
2 to obtain new families of codes. For instance, Kuzmin and Nechaev constructed nonbi-
nary versions (over the alphabet [Fy) of the classical Kerdock code (generalized Kerdock
codes) by using Galois rings of the form GR(2%", 2?), i.e., of cardinality 22" and char-
acteristic 2> (/ > 1) [18]. Carlet introduced generalized (binary) versions of Kerdock and
Delsarte—Goethals codes, constructed from Galois rings GR(2"", 2%), i.e., of cardinality
2% and characteristic 2% > 4 [5]. Also, a nonbinary generalization (over the alphabet [F,/)
of the Preparata code was proposed by Kuzmin et al., again with the use of the Galois ring
GR(2*™,2%) (I > 1) [20].

On a different direction, nonequivalent codes with the same parameters of the binary
Kerdock code were introduced by Calderbank et al. [4] using orthogonal and symplectic
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spreads [11]. This construction is closely related to symplectic finite semifields, a particular
class of finite nonassociative division rings in the Knuth orbit of a commutative semifield
[12]. The Z /4Z-valued quadratic forms introduced by Brown [3] proved to be useful in this
context. These forms have also been fruitful in the study of quaternary sequence families
(see, for instance, [33]), where properties of sets of bilinear forms over the binary field
arise naturally. Notice that these sets appeared already in the original description of some
of the codes mentioned above [7, 23].

In this paper, we introduce a nonbinary version (over the alphabet [»/) of the Delsarte—
Goethals codes. The construction is based on Galois rings of the form GR(2%™, 22) (I > 1),
and on the quadratic forms valued in them [22]. These forms were first used to introduce a
framework for the construction of nonequivalent generalized Kerdock codes from symplec-
tic semifield spreads [8], as a generalization of the binary methods in [4]. Sets of ordinary
bilinear forms over an arbitrary finite field of characteristic 2 [34] have been naturally con-
sidered in our construction. Namely, the construction is related to the set of alternating
bilinear forms over the finite field F,/ originally considered by Delsarte and Goethals [7,
Theorem 9]. The construction is also connected to finite semifields.

The structure of the paper is as follows. Section 2 is devoted to preliminaries: the prop-
erties of bilinear and quadratic forms over finite fields and Galois rings needed in the paper
are collected there. In Section 3, we introduce the generalized Delsarte—Goethals codes
and obtain their minimum distance by explicitly computing the ideal weight enumerator
of the Galois ring linear codes they are derived from. Finally, in Section 4 we show the
connection of this construction to finite semifields.

2. Preliminaries. In this section, we collect all the preliminary results on bilinear
and quadratic forms over finite fields and Galois rings required in the rest of the paper.

2.1. Finite fields. Through this paper, ¢ will always be a prime power 2/, and Fym
will denote the finite field with ¢” elements (m € N). The new construction of Delsarte—
Goethals codes will be obtained for / > 1 and m > 3 odd. Notice that the map /- : F, — [F,
given by x — /x =x? is a field automorphism. The trace function of the field extension
g |F, will be written as trgm or simply as tr. It is an [,-linear map and so we denote its
kernel by ker (tr). The absolute trace is the trace function of the field extension [F|[F,. It
will be denoted as Abstr [21].

2.1.1. Quadratic and bilinear forms over finite fields

Classical quadratic forms over finite fields (and in particular in characteristic 2) are
well known and we refer to [21, Chapter 5, Section 2] or [25, Section 7.2] for definitions
and properties.

Let O:Fy — [, be a quadratic form (i.e., a homogeneous polynomial of degree 2).
Then the associated bilinear form Bo : 7' x F' — [F, (the polarization of Q) given by
Bo(x,») =0k +y) + O(x) + O() is symplectic and it has even rank 2s € {0, ..., m}.
Moreover, Q is equivalent (under an invertible linear change of variables) to exactly one of
the following quadratic forms:

o [hy:ix1xp+ - -+ Xog_1X2s;

o FhoXiXp+ -+ Xpg_3X052 +X%S71 + X5 1X25 + ,Bx%s, where Abstr(g8) = 1;
) 2

o Poixixp 4 X 1Xos X5 -
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Following [10, Chapter 5], we will call these forms hyperbolic, elliptic, and parabolic,
respectively. The radical of Q is defined as the radical of By, i.e., the set rad(Q) =
rad(Bg) ={xel, | Bp(x,y) =0, VyelF,}, and it has dimension m — 2s. A well-known
example of polarization is the following:

Bo(x,y)=tr (Z ai(xqiy —i—xyqi)) , Where Q(x) =tr (Z a,»xqu) , with a; € Fyn.
=l 2.1)
PROPOSITION 1. Forall b € [, denote v(b) = q(1 — b —1w0)=g—1,v(b) =

—1 otherwise). Let Q : F)) — F, be a quadratic form which polarizes to a bilinear form of
rank 0 < 2s < m. Then,

i=1

1. The number of solutions to the equation Q(xy, ..., Xy,) =b is
(@ q" ' +v(b)g" ", if O is of hyperbolic type Hys;
(B) ¢"" —v(b)g""", if Q is of elliptic type Eag;
(c) ¢"~', if Qis of parabolic type Py;.

2. LetH : [F’;’ — [, be anonzero linear form H(xy, ..., Xn) = Y i, aix;, and letu, v €
Fy. Then, the number of solutions to the system of equations { H(x1, ..., Xx,) =
uand Q(xy, ..., Xy) =Vis

(@) q" 2 Ev(Wg" 72, if Q is of hyperbolic(+)/elliptic(—) type Has/Ey, and there
exists i > 2s such that a; #0;

(b) q"2, if Q is of parabolic type Py, and there exists i > 2s + 1 such that a; # 0;

(c) ¢" 2 vWg" 7', if O is of hyperbolic(+)/elliptic(—) type Has/Ess, areq1 =

- =a,=0,and Q(ay, ..., a,) =u=0;

(d) g2 £ (—1)AbsT0Qaran /i) gm=s=1 " if O js of hyperbolic(+)/elliptic(—) type
Hy /By, a1 = =a,=0,and Q(ay, ..., an) #0F£u;

(e) quz, lfQ is Of hyperbolic(—}—)/elliptic(—) type Hos/Ens, argr1 =+ =ay =0,
and Q(ay, ..., ay) Z0=uorQay,...,a,) =0#u

() q" 2, if Q is of parabolic type Py, and azey1 =+ - - =a,, =0;

@) "+ ()N G Ry wfar )" i Qs of
parabolic type Py, and ays1 | #0=aser =+ = ay,.

Proof. The first part is [21, Theorem 6.32], where as the second part consists of
particular cases of [14, Propositions 3.3 and 3.4]. Namely, items 2(a) and (b) fall
into Proposition 3.3 (taking ¢;=s=d; = R(d)=d, =0 there). On the other hand, items
2(c)—(e) are particular cases of Proposition 3.4 1.a.b (observe that D(a,c) =R(c) =0
there). Also, item 2(f) corresponds to Proposition 3.4 2.a. Finally, item 2(g) is Proposition
3.4 case 2.c (because ¢ = 0, D(a, ¢) =0 there). O

Next, we introduce a technical lemma on bilinear forms that will be used in the proof
of some results of the paper (see Proposition 2 and Theorem 1).

LEMMA 1. Let f be a nonzero linear form over by, and let B:Fy x F' —F, be
a symplectic bilinear form of rank 0 <2s <m. Then, there exists a symplectic basis
E={ey,...,en} for the metric space ([FZ?, B) (i.e, B(eyi—1,ex)=1forall 1 <i<s, and
B(e;, ;) = 0 otherwise) such that exactly one of the following two alternatives holds:
1. f(e;) = 8im, whenrad(B) £ kerf. In this case rank(B|iers) = 25 = rank(B) (Bliers is
the restriction of the bilinear form B to the subspace kerf), and the rank of the
bilinear form B + f* given by B(x, y) + f (x)f () is rank(B) + 1,
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2. f(e;) =6y, when rad(B) Ckerf. In this case rank(B|iers) =2(s — 1) =rank(B)
— 2, and rank(B + f?) = rank(B).

Proof. Since f is nonzero, there exists v € F7' such that f(v) = 1, and so I/ =ker/ @
(v). If v € rad(B), then the direct sum of subspaces is also an orthogonal direct sum of sub-
spaces [ = ker f B (v) (where the symbol B means orthogonal direct sum). We can add v
to a symplectic basis {ey, ..., e,—} of the restricted form By, to construct the desired
basis £=/{ei, ..., en_1, e, =v}. Moreover, in this situation rank(B|es) =rank(B).
Also, B(ey, en) +f(en)f (en) =1and, forall 1 <i#j<m, B(e;, ¢) +f(e)f (e)) =0, i.e.,
rank(B + f?) =rank(B) + 1.

On the other hand, if rad(B) C ker f, then choose a basis {vi, ..., v,_as} of rad(B),
and complete it to a basis of kerf: {vi, ..., Viu—25, Vin—25+1, - - - » Vm—1}. Take v € [F;” such
that /(v) # 0, and consider the orthogonal direct sum of subspaces [F;" =rad(B) H S, where
S= (Vm—2541s + - » Vm—1, V). The restriction Bl|g is nonsingular [32, Theorem 11.7] and
so the dimension of the orthogonal complement 745 of T = (Vy_2s41, ..., V1) in S
is one [32, Theorem 11.8]. Take 0 % w € 75, and observe that w € T (otherwise, since
B is alternating, w € (rad(B) B T H (w))* = ([Fg’)J- = {0}, a contradiction). Therefore, we
can complete w to a basis {w, w2512, . .., Wu—1} of T. Because B|g is nonsingular, the
dimension of the orthogonal complement U Ls of U= (Wp_2gt2s - - .» Wn_1) in S is two.
Since U C T, we have we T C U's, and so we can take a basis {w, z} of Ut C8S.
We claim that z ¢ T. This is because we T+s, and if ze T, then ze SN (W) + U)*+ =
SN T+ =T"% = (w), a contradiction. So, z ¢ T and [F? = (z, w) H U Hrad(B). Because
(w) B U Hrad(B) = T Hrad(B) =kerf, we must have ;= f(z) # 0. Clearly, the restric-
tion Bl has rank two (otherwise rad(B) = (z, w) Hrad(B), a contradiction), and so
B(u 'z, w) = A # 0. The hyperbolic pair {e; = u "'z, e, = A~'w} can be completed with

elements of U Hrad(B) to the desired symplectic basis £ ={ey, ..., e,} (observe that
flen)=1).
In this case the restriction Bli;r has a symplectic basis {es,...,e,} with

hyperbolic pairs (es, es), ..., (ex—1, €25), 1i.€., rank(Bliers) =rank(B) —2. Finally,
Blen, en) +f(em)f(em) =0 and, for all 1<i 7+—] <m, Ble, ej) +f(ei)f(ej) =0.
Since Bley, er) +f(e1)f (e1) =B(e) +ea, e1 +e3) +f (e +ex)f (e1 +e2) =1, we have
rank(B + f?) =rank(B). L]

2.1.2. Sets of bilinear and quadratic forms over finite fields

Since classical Delsarte—Goethals codes are related to sets of binary bilinear forms
[23, Chapter 15], one would expect that the study of nonbinary Delsarte—Goethals codes
depend on properties sets of bilinear forms over finite fields of characteristic two. In this
subsection, we introduce the results on sets of bilinear (and also quadratic) forms needed
for such a study. We refer the reader to [7, 33] for details.

PROPOSITION 2. Let m be an odd integer, n = ’”;1, and 0 <r< "’T_l Denote by [Z]

the g*-ary Gaussian binomial coefficient [7]. For all ag € Fyn, let

0 - i i
AP = {tr (agxy) +tr (Z a;(xTy 4+ x)7 )) | a; € [qu} ,

i=1

B = {B(x, y) 4 tr (Mx) tr (\/Eoy) |Be Afg} :

Then,
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1. The number of forms of rank i in the set BY is

B, (m — 2k — )= [Z] Z(_l)/fk(QZ)(/;k) |:}:l :j{il (qm(r*j) -1,
=k

forall 0 <k <*5= 3 B,.(0) =1, and B.(i) =0 for other values of i.
2. The number B’r(z) of forms of rank i in the multiset B, = U W eF Bro is

(a) B,y1(i), for all i >0, when r < "’T’l

b) ¢g"-B nt (@), for all i > 0, when r = "5—=. Moreover, every form appears exactly
once in each of the q" subsets B,,,,l (for all ao elFyn).
2
3. The number BL(i) of forms of rank i in the set B} is
(@) 280, for all i =0, when r < 51,

2
(b) B% @), for alli >0, when r = ’”T’I

4. The number of forms of rank i in the set A, =U eEm .Ar is

A,.(m —2k) = |:Zi| Z(—l)jik(qz)(j;k) |:n‘|—|‘_11 :|( m(r—j+1) _ 1),
Jj=k

Ar<m—2l+1>=<q2>""“[ " ]Z( Y gH ) [”“ j]w'"(f-f“)—n,

Jorall 0 <k <=~ L1<i< 5 L 4,(0) = 1, and A,(i) = 0 for other values of i.
5. The number A! (1) foorms ofrankz in the set Al is ’%,ﬁ)r alli>0.

6. The number D, (i) of forms of rank i in B! for which the restriction to ker tr has
different rank is D, (i) = Al (i), ifi is even, and D, (i) =0, if i is odd.

Proof. 1. [34, Theorems 14 and 9] and [33, Result 6].

2.(a) Itisclear that B is a (multi)set of g1 alternating forms (since tr(x?) = tr(x)?)
containing the zero form (ag =a; = 0). If we show that it is an (m, m — 2r + 1))
set (i.e., if rank(B) — By) > m — (2r + 1), for all different B, B, € 3)) then it
attains the Singleton bound, and we can use [33, Theorems 6 and 9] to prove the
result (see also [7, Theorem 4]).

So, consider a difference of two forms By, B, € B.. (By # Ba):

tr ((a) — by) xy) +tr (\/;8x> tr </;3y) —tr <\/;8x> tr (\/;8y>
+1tr (i(a,- — by + xyq’)>

i=1

—tr (v (a) - +tr( <\ftf (\F ) -k (ﬁg")))
+ir (y er(a,» - bi)xq’) +r (y Xr:(“f - b”‘“’““)

i=1 i=1
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=tr (y ((Z(ai — b X+ (a3 - bg) X+ Z(ai - bi)qu)
i=1 i=1
+y/abtr <,/a8x> — /bt (,/b%x) )) :

Such a difference has the form tr(y(L(x) + p(x))), where L(x) is a g-polynomial

and p(x) = \/cz»gtr (\/;8x> - \/b>8tr (\/;8x> is a polynomial function in x which

can only take s < q2 different values vi, . . ., vs (because the trace function is [,-
valued). Therefore, x € rad(B| — B,) if and only if tr(y(L(x) 4+ p(x))) = 0 for all
ye€Fyn, ie.,ifand only if L(x) + p(x) =0, and so

rad(B) — B2) = Jlx € Fp | L) =vi =p(0)} € [ Jlx € B | L) = wi).

i=1 i=1

Hence, #rad(B| — B;) <s-¢*" < ¢**?, because the number of solutions to the

equation L(x) =v; is either 0 or the number of solutions to the homogeneous

equation L(x) = 0. This number is at most ¢*" because L(x) is a g-polynomial

with exponents ranging from ¢~ to ¢". Therefore, rank(B; — By) >m —

(2r+2). But, since By — B, is alternating, its rank has to be even, and so
— (2r 4+ 2) is not possible (because m is odd). Hence, rank(B| — By) > m —

2r+1), as desired.

(b) When r= 1 ,forall Be B, nt we have B(x, y) = tr(yL(x)) with

m—1
2

L = e (Ve ) + b+ 3 (@ +a)
i=1

For every af) € Fn, we can choose a; = ,/(af)4*!, for all 1 <i< 5L, so that
af = \J(@)e+)r = @)+ Therefore,

m—1

mXZ_: ((aix)q*f + a,-xq") - i < (a8)1+q—ixq—i " qui)
=1 i=1
= \/a»gni (\/‘Tgx)qi = \/‘78 <tr (\/;8?‘) _ agx)
i=1

and so L(x) =
This means that the zero form appears ¢” different times in the multiset
B/,,, .. Let us denote these zero forms by B , for all ag € Fy». Now, the mul-

tlset B

m

{Bo+B|a06[Fq BeBY,
distribution of B3/

m 1.

3.(a) Observe that, for all ay, a; € Fgn (af #0), the ranks of the forms tr (agxy) +

tr (\/;8x> tr (\/aT)Oy> +tr (Z:zl a;(x?y +xy"i)) IS Bfg, and tr (xp) +tr (x)
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tr (y) +tr (Z;_l a; (ag)*q"*1 (xqiy +xyqi)) € Bl is the same. Therefore,

there is a bl]eCthl’l between the sets B! and B} g that preserves ranks. Since

B. —U W eF Br , for all i>0 we have B.(i) =B, (i) + (¢" — 1)B.(i), and so
item 2 can be used to get the desired result.
(b) The proof of the second part of the proposition shows that the rank distribution
of Bl_, isthat of B%_,, and so B!_, (i) = Bt (i), forall i > 0.
2 2 2

4. [34, Theorems 15 and 10] and [33, Result 7].
5. Like in the proof of item 3, for all af) € F%., there is a bijection between the

110 . .
sets Al and A" that preserves ranks. Since A? =B/, we deduce the equality
Ay = 2020 forall i > 0.

6. For all B B!, let us apply Lemma 1 with f = tr. Then, rank(B|y,tr) # rank(B)

if and only if rank(B + tr?) = rank(B) = 2 L%MJ [34, Lemma 4], i.e., if and
only if rank(B + tr?) is even. So, D,(i) counts those B € B,l of rank 7 such that the
rank of B + tr* € A} is also i and even. O

PROPOSITION 3. Consider a vector-space isomorphism Fyn = (F,)", and let Q:
Fyn — F, be a quadratic form. Then,

1. The set of quadratic forms polarizing to Bg is Q = {Q)(x) = O(x) + tr(ax?) |a e

Fp).

2. If the rank of By is 2s, then in the set Q there are
(a) H(2s)= i N T quadratic forms of hyperbolic type;
(b) EQ2s) = i > © quadratic forms of elliptic type;

(c) P(2s)=q" — ¢* quadratic forms of parabolic type.
Proof.

1. For all a € F;», the map tr(ax?) is a quadratic form with associated zero bilinear
form, and so Q) polarizes to By. Conversely, if Bp = By, then By ¢ is zero, and
so the form L(y) =(Q+ Q')(\/») is F,—linear. Now, Lidl and Niederreiter [21,
Theorem 2.24] give us the existence of a € Fy» such that L(y) =tr(ay), i.e., (O +
Q) (x) =tr(ax?), for all x Fo.

2. Consider a simplectic basis £ = {ey, ..., e,} for the metric space (F,», Bp), i.e.,
Bo(eyi—1,e) =1 for all 1 <i<s, and Bp(e;, ¢)) =0 otherwise. With respect
to such a basis rad(Bp) =< ey, ..., e, >, the coordinate expressions of the
quadratic forms tr(ax?) is Y i, aix? (xi, ..., X, are the coordinates of x in the
basis £, and ay, ..., a, € F,). So, w.l.o.g. we can assume that O is of hyperbolic
type Hy, since addition of a term of the form sz:1 a[x% does not change the set Q.

Therefore, starting with Hy;, let us add a term ) ", aixf. If at least one of the
Q25415 - - - , Ay 18 DOt zero, then O, (rad(Q(4))) # 0 and the corresponding quadratic
form is equivalent to Py, [25, 7.2.9 Theorem]. Therefore, there are ¢” — ¢** forms
of parabolic type in Q.

If ayey1 =+ - - =a, =0, the type of the form Q(,, depends on its Arf invariant
AQw) = Zle ari_1a2;, and so in the parity of summands a,;_ja,; with absolute
trace equal to one. If ay;_; =0 or ay; = 0, then Abstr(ay;_1az;) =0 (2g — 1 cases),
where as if ay;_; /=0, then {ay;_1ay; | azi #0} = [FZ, and so #{Abstr(ay;_1a) =0
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| ari #0} = qz;z Therefore, the number of summands a,;—jay; with zero (resp.

one) absolute trace is (2g — 1) + #(q -D= "zzﬂ (resp. ¢> — "2;2 = "ZT_") pairs.

This proves, as a particular case, the lemma in the case s=1. The rest of
the cases are proved by induction on s. For s > 1, A(Q) =0 if and only
if Abstr(Zf.:ll (azi—1a2;)) = Abstr(ay,—1ass). Using the induction hypothesis, this
gives a total amount of

PV 1 Prg PVl Pog g

2 , T T T

hyperbolic forms. The rest of the forms, i.e., ¢" — (¢" — ¢*) — "2524"5 = "2S2—_q5,

must be elliptic. O

2.2. Galois rings. In this subsection, we include definitions and basic facts on
Galois rings (see [1, 24, 28] for details) and the related R-valued quadratic forms [22].

Let R = GR(¢?, 2°) be the Galois Ring of ¢* elements (q = 2') and characteristic 2*. It
is an associative commutative local ring with identity e = 1, maximal ideal 2R, and quotient
field R = R/2R = F,. This ring is uniquely determined by its cardinality and characteristic
and it can be constructed as the quotient ring Z4[x]/ (p(x)), where p(x) € Z4[x] is a Galois
polynomial, i.e., any monic polynomial of degree / such that p(x) € Z4[x]/2Z4[x] = Z,[x]
is irreducible. The set of units of R is the multiplicative abelian group R* = R \ 2R and the
lattice of ideals of R is the strictly decreasing chain R > 2R > 0.

The subset I'(R) = {b € R | b? = b} is called the Teichmiiller coordinate set (TCS) of
R. It is a set of g elements closed under the product and such that any element b € R can be
written uniquely in the form b = by + 2b;, where b; = y;(b) e ' (R), i =0, 1. This set is not
closed under the addition, though. If we consider the map @ : I'(R) x I'(R) — I'(R) given
bya @ b=yy(a+ b),then (I'(R), @, -) is the finite field [-,. Moreover, for any a, b € I'(R),
the following equality holds: y; (a + b) = v/ab.

For all me N, R is a subring of the Galois ring S = GR(¢*", 2%). The group of
automorphisms of S fixing R element-wise is cyclic of order /, and it is generated by
o(b) = bg + 2b‘l], for all b € S. The trace of the ring extension S|R is the R-linear function

TI“,Se b) = Z:':Ol o (b)' (or simply written Tr). It can be checked [29] that
Try ) =t (o) +2 (w01 @ (Vo) ). 2.2)
where s(X) =3 ;i x99 is a quadratic form on I'(S) = F,» = Fy =T (R)" polar-
izing to
B, (x,y) =td (xp) @ trd ()trd (). (2.3)
The map Q: I'(R)" — R is an R-valued quadratic form provided that

e O(ra)=1*0(a) ,YA€R,Yae T (R)™;
e the map (-, )o:I'(R)" x '(R)" — R given by (a, b)p=0(a @ b) — O(a) — O(b),
forall a, b € I'(R)™, is a bilinear form.

2.3. Codes over Galois rings. The general setting of codes over modules can be

found in [17]. A linear code over the Galois ring R = GR(g?, 2%) of length N is a sub-
module K of RN. The homogeneous weight (or Lee weight in the case ¢ =2 [1]) of a

https://doi.org/10.1017/50017089520000191 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089520000191

S194 IGNACIO F. RUA

word b= (b', ..., b") is defined as w(b) = S, wy (b'), where wy(b') =0, ¢, ¢ — 1 if
b' € OR, 2R*, R*, respectively.
LetI'(R) ={go=0,g1=1, ..., g4-1}, and consider y, : R — I'(R)? given by

Yu(bo +2b1) = (b1, b1 @ by, ..., by @ gg—1bo)

for any b€ R (by, by € ['(R)). Then y,(R) is a [q, 2, g — 1]-Reed—Solomon code over
I'(R) =F, and so the map y, is called the RS-map (or gray map in the case q=?2).
Moreover, the induced map " : RV — I'(R)™ is an isometry (taking the usual Hamming
weight on the space T'(R)V = F)¥).

Given any word b= (b, ..., bY), let vy(b), v2(b), v1(b) be the number of coordi-
nates of b in OR, 2R*, R*, respectively. The ideal weight enumerator of a code K is

Wic(0. Y1, Y2) = D ek yg‘)@)y;z@)y‘f‘@, and it can be used to obtain the homogeneous
(Hamming) weight enumerator of the code y¥(K) (and so eventually the minimum
Hamming distance of such code). Namely, W;{V ) X, Y) =W (Y9, X9, YX91).

3. Generalized Delsarte—Goethals codes. In this section, we introduce the general-
ized Delsarte—Goethals codes, study their combinatorial properties, and notice the relation
to the original paper of Delsarte—Goethals. Classical (i.e., binary) Delsarte—Goethals codes
were introduced with the help of alternating bilinear forms over the finite field F, [7,
Theorem 9], and as such they are described in [23, Chapter 15]. However, these codes
can also be seen as the gray image of linear quaternary codes, i.e., of linear codes over the
alphabet Z /47 . This is the way they are described in [9, Section VI] that we recall next.

Let m>3, 0 <r<?%. Consider the trace function Tr: S — R from §= GR(2*™,2%)
onto R = GR(2?, 2%) = Z/4Z. Under the identification I"(S) = F,», the quaternary linear
code DGz/47(m, r) is defined as

DGzaz(m, 1)

= (Tr <a0x+2 ZaixziJrl) +b) | apesS,ay,...,a,€bm,beZ/4Z
i=1 x€lFom
3.1)

For m odd, it is a code of length N = 2" over Z /4Z, cardinality 2”+2*2 and minimum Lee
weight 2" — 273 where § = L — r. Moreover, it is a Z/4Z-module of type 412", i.e.,
it is isomorphic as a Z /4Z-module to (Z/4Z)"™*" x (Z/2Z)"™ [9, Section II]. The (binary)
Delsarte-Goethals code DG,(m+ 1, §) is the concatenation of the code DGz,4z(m, r)
and the Reed-Solomon code y.(Z/4Z), i.e., DGy(m+1,8) = yN(DGzaz(m, r)). It is
a distance-invariant code of length 2”*!, cardinality 2""*+?*2 and minimum Hamming
distance 2" — 2”7+

The quaternary version of the binary Delsarte—Goethals codes connects them to low-
correlation sequences [2, 15]. Namely, selected code words of DGz,47(m, r) punctured in
the x = 0 position provide the family S(r), appearing one of its members (S(2), with m = 8)
in the W-CDMA component of the IMT-2000 standard for 3G mobile communication [16]
(see also [33, Section V]).

This construction can be also regarded from the point of view of Z/47Z-valued
quadratic forms (see [33, Section IV], where DGz,47(m, r) is considered in the context
of quaternary sequence families). Namely, the quaternary linear code is related to the
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set of valuations of the Z/47Z-valued quadratic forms Q, (with a = (ag, a1, ..., a,) €S
x IT'(S)):

Q. :T(S)(ZZ)27™) — 7 /AZ given by Q,(x) = Tr (aox +2 Z aix2‘+1) . (32
i=1

We will take into account this approach to introduce a general construction of Delsarte—
Goethals codes in arbitrary Galois fields of characteristic 2.

Let R = GR(¢?, 2°) be the Galois ring of ¢* elements (¢ =2, / > 1) and characteristic
22, and let S = GR(¢*", 2%) be its Galois extension of degree m. We want to define an
R-linear code in the form of (3.1) for which the corresponding maps in the form of (3.2)
are R-valued quadratic forms. This idea was already considered in [8, Section 4] when
constructing nonequivalent generalized Kerdock codes from symplectic semifield spreads.
In particular, the R-valued quadratic forms

T, : T (S)(ET(R)") — R given by Ty(x) =Tr (st)

with s € I'(S) where used. Therefore, it seems natural to define the generalized Delsarte—
Goethals codes in the following way.

DEFINITION 1. Let m>3 odd, 0 <r < ’”T_l, and § = % — r. Consider the trace
function Tr: S — R from S = GR(¢*", 2%) onto R = GR(¢*, 2%) (where ¢ =2/, 1> 1), and
define the R-code:

DGr(m, r) = (Tr (aox2 +2 Z a,-xqurl) —I—b) lapeS,ay,...,a.€l'(S),beR
xel(S)

i=1
(3.3)

The generalized Delsarte—Goethals code DG,(m + 1, §) is the concatenation of the code

DGr(m, r) and the Reed-Solomon code y,(R), i.e., DG, (m + 1, 8) = (DGr(m, r)).

PROPOSITION 4. With the notation of the previous definition,

1. DGr(m, r) is an R—linear code of length N =q" and cardinality ¢""+2+2,
Moreover, as an R-module, it is isomorphic to R"+' x (FH™.

2. The generalized Delsarte—Goethals code DG,(m+1,8) is an [F,-(nonlinear)
distance-invariant code of length ¢"*" and cardinality g""+>+2.

Proof.

1. Tt is clear that DGg(m, r) is an R-module because of the linearity of the trace func-
tion, and so it is an R-linear code of length |I"(S)| = ¢™. If we show that the zero
code word is only obtained when ap = a; = - - = @, = b =0, then we can conclude
that DG (m, r) is an R-module isomorphic to § x (I'(S))” x R=R"*! x (F)™ of
cardinality ¢""+»*2_ But this is easy, as Tr(apx® +2 Y ;_, ax? ™) + b =0, for all
x € I'(S), makes tr(adx?) = by, and tr(alx® + 30, ax?*+!) + %(\/ng) = b, for all
x € Fyn (where ap = ag + 2a(1) and b = by + 2b; are the 2-adic decompositions of
the elements @y and b). From the first equality, we deduce ag = by =0 (observe
that tr(adx?) = (tr(y/adx))? and use [21, Theorem 2.24]). If we substitute a) = 0
into the second equality, we get tr(xL,(x)) = by, for all x € F;», where L,(x) =
apx+ Y i, aix? . Clearly this forces by = 0 (takex =0) and a) =a; = - - - =a, =0,
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because tr(xL,(x)) is a trace form equal to zero with deg L, < mT_l [25, 7.2.20
Remark].
2. Apply [19, Theorem 2]. O

Observe that, as particular cases, we recover both the classical Delsarte—Goethals
codes and the generalized Kerdock codes.
REMARK 1.

1. If I=1, ie., ¢g=2, then DGr(m, r) is equivalent to the code DGz/47(m, r) of
equation (3.1), and so the generalized Delsarte-Goethals code DG, (m + 1, §) is
equivalent to the original binary Delsarte—Goethals code DG, (m + 1, §). Namely,
the map ¢ :T(S)?" — I'(S)Y", given by @((ci)rer(s)) = ((C2)xer(s)) induces a
permutation equivalence between DGz47(m, r) and DGr(m, r) because

Tr <aox2 +2 Z a[(x2)2i+l> + b= Tr(apx*) + 2Tr (Z a,-(xzi“)z) +b

i=1 i=1

. 2 , 2
= Tr(aopx?) + 2tr <@ \/a_ix21+1) + b =Tr(apx?) +2 (tr (@ \/a—,'xzur])) +b
i=1

i=1

=Tr(apx*) + 2tr <@ \/a_,-xzi“) +b=Tr <a0x2 +2 Z Ja_ix2i+l> + b.

i=1 i=1

2. If r=0, then [8, Proposition 1] shows that DG (m, 0) is equivalent to the base lin-
ear code Kr(m), and so the generalized Delsarte—Goethals code DG, (m + 1, ’”T“)
is equivalent to the generalized Kerdock K, (m -+ 1) code [29].

3. The code DG (m, r) is the set of translates of valuations of the R-valued quadratic
forms Q, (with a = (ay, ay, ..., a,) €S x T'(S)"):

Q0u: T(S)(ET(R)™) — R given by 0y(x) = Tr ("ox2 +2)" a,-xq"”) .

i=1

Namely, if L € R, x € I'(S5), then

0,(x) =Tr (ao (Ax)* 42 Z ai(kx)qi+1) =Tr (aokzxz +2 Z aikqi+1x2i+1)

i=1 i=1

i=1

=Tr (Az <aox2 +2 Z aileﬂ)) =2120,(%)

because AY = A mod 2R. And also, for all x, yel(9),
X, 10, =0ax@y) — Ou(x) — Qu(y)

=Tr (ao(x oy +2 Z a;(x @y)‘“l) —Tr (a0x2 +2 Z aiqu+l>

i=1 i=1

—Tr (GOJ/Z 42 Z aiyqf+1)

i=1

=Tr (ao 2xy) +2 Z al-(xq"y %) xyq")) =2Tr (aoxy + Z al-(xq"y %) xyqi))

i=1 i=1
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Table 1. 0 <k < and s = “~! (numbers B,, B!, and D, are defined in Proposition 2)

case air (vo(a, b), va(a, related to the term code words
# Pair (vo(a, b (a, b)) related to th #cod ol
vo(a,b) va(a,b) q"—vo(a,b)—vy(a.b) .
Yo Yy B (coefficient)
1 (0 , 0) qm(r+l)+l(q _ 1)
2 @' q"=q"h By(m—2k—1)(g" — ¢*)q
s 25 4 8
(qm—l :tl(qm_sl)lqm—s—l , qm _ qm—] ¥ Br(m — 2k — 1)‘1 2i‘1
(g—=Dg" ")
4 (qul ¢qm7sfl , qm _ qul iqusfl)) B,.(m — 2k — l)qzxzi‘f (q _ 1)
. 2518
5 (¢" 2+ (¢ Yl)zqm*rz R = (B’;l(m —2k—1) = Dy(m — 2k — 1)) LFL
(g—Dg" ™) (¢" —Dg
6 @2 FG G g g (BLonm — 2k — 1) — Dy(m — 2k — 1)) L5
(¢" =g —1yq
7 @ EG =Dy g = (B! (m — 2k — 1) — Dy(m — 2k — 1) L2L
(g—1Dg" ™) (" —D(g—Dg
8 (qm72 ¥ qusfz , qul _ qul + qm7X72) (B} (m — 2k — 1) _ Dr(m — 2k — 1)) qzxziqx
(" =g —1’q
9 @2, " =" (Br(m =2k — 1) = Dy(m — 2k = 1)(g" -
" = g
10 (@2 " =" Dp(m =2k = 1)(g" —¢*)(¢" = D’
@G- D - Dylm — 2k — LE (g 1)
(@—1Dg" "
2(s— —
2 @ FC T Dylm— 2k — 1) E L (g7 — (g — 1)
13 @7 ¢ =" Dp(m—2k = 1Dg** "D (g" — 1)(q — g
4 @ =) Dy(m =2k = )g** "V (g" = 1)(g — 1)q
15 (qm72 iqusfl , qul _ qm72 ¢qusfl) Dr(m — 2k — l)qZ(sfl)(qm _ 1)(‘] _ 1)2%
16 ( m—2 :i:( _ 1) m—s—1 m—1 _ m—2 D —2k—1 qz(sil)ilf;l m_ 1 —1
q q—1q . q T F (m ) ———(q g —1
(@—Dg" N
17 (qm—Z :qu—x—l , qm—l _ qm—2 :l:qm—s—l) D,‘(m 2k — 1)‘12(’&])21‘1?_] (qm _ 1)(q _ 1)2
18 @2, " =" Dy(m =2k — Dg*“~D(g" = 1)(g — g
19 @2, ¢" =" Dy(m — 2k — Dg*¢ =D (g" — 1)(q — Dq’5*
20 (qm—Z iqm—s—l , qm—l _ qm—2 :qu—s—l) Dr(m — 2k — 1)q2(s—l)(qm _ 1)(q _ 1)2%#
21 @2 " =" Dy(m =2k = )g** "V (g" = (g — g}
22 (quz :qu—s—l , qm—l _ qm—Z :tqus—l) Dy(m — 2% — 1)‘12(3'71)2:{:11571 (qm -1
(q _ 1) (4*21)‘1 %
23 (quz + qm—s—l , qm—l _ qm—Z ES qus—l) Dy(m — 2% — 1)112(3'71)2:{:61571 (qm -1
( _ 1) (g—Dgq q
q )

because (x @)’ = (¥ @)?) =x* +y* + 2xp, and @)™ = (7 ©))(x @)
=x1"1 @7t @ (x'y @ x)7). So, the corresponding bilinear form is By, (x, y) =

tr (agxy +Y ey o xyqi)) (cf. [33, p. 5806]).

The main result of this paper is the computation of the ideal weight enumerator of
the R-linear code DGr(m, r). As a consequence, we obtain the minimum distance of the
generalized Delsarte—Goethals codes.

THEOREM 1. The ideal weight enumerator of the code DGg(m, r) is described with
the data contained in Table 1.
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Proof. We need to compute, for all ay €S, aj,...,a €I'(S), beR, the number of
x€T'(S) such that c(a, b) :=Tr (a0x2 +230 aixqi“) +b=0 and such that c(a, b)
€2R*. If

vo(a, b) :=#{x e T'(S) | c(a, b) =0}, va(a, b) :=#{x €T (S) | c(a, b) € 2R*},
then the corresponding code word contributes with a term yp0@? . y22(@b 7" (@b)=va(a.b)
to the ideal weight enumerator of the code. We can use the 2-adic decomposition of c(a, b)
to express vo(a, b), v2(a, b) in terms of two equations over the finite field [,». Namely,

tr(adx’) = by, (3.4)

1 <\/%x> +tr (cz(l)x2 + Z a,»xqi“) + \/%tr(\/cjgx) =by, 3.5)
i=1

where ag = al) +2a} and b=by + 2b; are the 2-adic decompositions of the elements
ao and b. So, vo(a, b) :=#{xeFpm | (3.4)(3.5) are true} , v2(a, b) :=#{xeI'(S) | (3.4)
is true but (3.5) is not}.
1. First, let ag = 0. It is clear that equation (3.4) is true if and only if by = 0. If by 0
(¢ — 1 choices), then, for all a(l), ai,...,a.eT(S), b €T(R) ((g")*" - ¢ choices),
we have vy(a, b) = v,(a, b) = 0, and the first row of the table is obtained. If by = 0,
then the equation (3.4) holds and we need to count the solutions to the equation
tr (a(l)x2 +30, a,x"'“) =b; (as vy(a, b) =¢" — vo(a, b) in this case). Observe
that because of Proposition 3, for fixed ay, ..., a, € I'(S), the left-hand side of
the equation corresponds to evaluations of the set of quadratic forms polarizing to
Btr(z" qm)- If the rank of this bilinear form is m — 2k — 1 (with 0 <k < m—1 ),
i=1 4i¥

2
then Proposition 3 gives us the number of quadratic forms of hyperbolic, elliptic,
and parabolic type in the set. For each of them, Proposition 1 provides the number
of solutions to equation (3.5). So, using Proposition 2 we deduce that there are
B,.(m — 2k — 1) bilinear forms tr (ZLI a;(xy + xyq‘)) of rank m — 2k — 1 (recall
equation (2.1)), associated to H(m —2k—1), E(m —2k—1), P(m —2k — 1)
quadratic forms of hyperbolic, elliptic, or parabolic type, for which the num-
ber of solutions to equation (3.5) depends on whether by =0 or b; #0 (¢ — 1
choices) in the elliptic and hyperbolic cases. This gives us rows #2 (parabolic),
#3 (hyperbolic/elliptic b; =0) and #4 (hyperbolic/elliptic, b; #0) in the
table.

2. Let us now consider the case ag # 0. The change in variable y = agx transforms

equation (3.4) into a linear one (tr(y) = +/bo), and equation (3.5) into

x(y)+tr <c0y2 + Z Ciyqu) +/botr(y) = by,

i=1

with co=aj(@) ™" and ¢; =a;(y/(a))~1)7*!, for all i=1,...,r. If we count
the number of solutions vy(a, b) to the system of equations (3.4)(3.5), then
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va(a, b) = g™ ' — vy(a, b) (because the number of solutions to equation (3.4) is
always ¢"~1). If (3.4) is true, then (3.5) becomes

x(y) +tr (Coy2 +> ciqu) =by,

i=1

with l~71 = b + by. Again, because of Proposition 3, for fixed ¢y, ..., ¢, € I'(S),
as ¢ varies, the left-hand side of the latter equation corresponds to evaluations of
the set Q of quadratic forms polarizing to Btr(Z,;I et )45y - 1 View of equations
equations (2.1) and (2.3), the ranks of such bilinear forms (forall ¢y, ..., ¢, € ['(S))
are given by Proposition 2. Namely, for all values of i, there are D, (i) bilinear
forms Btr(z; V32 (r) of rank i such that rad(Btr(Z,_ e +%(y)) C ker tr (see

eS|
Lemma 1), a:ri(;d:here are B}, (i) — D, (i) bilinear forms Btr(Zle e )4 52() of rank i
such that rad(Btr(z;‘:l ey 1) () £ Kertr. Let us now simultaneously compute the
number of solutions to (3.4) and (3.5) for all Q in Q.

(a) We begin with the case of those bilinear forms By s~ i1y 150
0 <2s <m such that rad(Btr(Z e ) & Kertr. We consider the sym-

plectic basis £ of Lemma (taklng B:Btr(z;‘: o y‘li+')+%(y) and f =tr).

In coordinates with respect to such a basis, the quadratic forms in Q
have the form Y 0_| yy_1yoi + Y iy hiy?, where by € F, and y=3"T", yie:.
So, the system of equations (3.4) and (3.5) becomes y, = Vby (3.4) and
S e+ Yo hiy? =by (3.5).

i If (hyst1, ..., hy)=(0,...,0) then, up to a change of the first 2s
coordinates, we are in case 2.(a) of Proposition 1. So, vy(a, b) =
¢" >+ v(b))g" 2. We have (¢—1) choices for af, B!(m—2k—
1) — D,(m — 2k — 1) choices for the a;, qzv;qs or qZS;qs for the h;,
and g or g(g — 1) for b. Rows #5 (hyperbolic/elliptic, b, =0) and #6
(hyperbolic/elliptic, by # 0) collect this information.

ii. On the other hand, when #%,, 20 and (hosy1, ..., Ap_1) =0, ..., 0), we
can change 2s + 1 coordinates (the first 25 and the last one) and apply case
2.(g) of Proposition 1. Namely, we can first change the first 25 coordinates
to get the quadratic form Hy, + hmyfn or Eys + hyy;,, while preserving the
linear one.

In the first case, a second change /7, Vm = Yasi1, V2s41 = Y (other

. . . . Yas
coordinates remain y; =1Y;) gives us P,; and the linear form %
m

Therefore, we have vo(a, b) =¢" 2+ v(b, + bohy)g™ 2. There are
(¢ — 1) choices for ag, B} (m —2k —1) — D,(m — 2k — 1) choices for the
a;, qz% -(g—1) for t?e h;, and g or q(q — 12 for b, which gives us the
upper part of rows #7 (b1 + boh,, = 0) and #8 (b + boh,,, % 0).

In the second case, a further change of coordinates (yys—1 + yos =
Yaos, /Byas + \/h_,,gzm = Yogt+1, Vost1 = V) gives us Py, and the linear form
«/_{ﬁ;’st_l + %st + \/thmstH, with Abstr(8) = 1. Therefore (with the
notation of 2.(g) in Proposition 1), (Q(ay, ..., an) — azqﬂ)/a2Y+1 =B,
and so vo(a, b) = ¢ 2 — v(by + boh,)g™ 2. There are (q’” — 1) choices
fora), B! (m — 2k — 1) — D,(m — 2k — 1) choices for the a;, —q (g—1)

of rank
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for the 4;, and g or g(q — 1) for b, which gives us the lower part of rows #7
(b1 + bohy, = 0) and #8 (b1 + bohy, # 0).

iii. Finally, in the rest of cases, because there exists #; # 0 with2s + 1 <t < m,
we can change Z:":_zi 41 Vhiy; = Yag i1 together with an independent change
of the first 2s coordinates to get the quadratic form Hy, + Y22S ot D Y,%l
or E» + YZZS 11 T Y,fl, while preserving the linear one. In the first
(alt. second) case, a further change Yo+ /Ay Yn =251 (alt.
Yoso1 + Yoy =Zog 1, /BYas + Yogi1 + VY =Zo511)  gives us Py
where as the equivalent linear form does not change. Therefore, case 2.(b)
of Proposition 1 applies, i.e., vo(a, b) = ¢" 2. There are (¢" — 1) choices
for ag, B} (m —2k —1) — D,.(m — 2k — 1) choices for the a;, (q””zs*1 —
Dg**! =¢" — ¢**! for the h;, and ¢* for b, which gives us row #9.

(b) Next, we consider the case whep rad(BmZ;-:1 ) Jm(y)), of dimensiqn
1<m—2s<m—2, is contained in kertr. Let £ be again the symplectic

basis of Lemma 1 (taking B = Btr(ZL] C,-y"’“>+% ” and /' =tr). In coordinates

with respect to such a basis, the system of equations (3.4) and (3.5) becomes
yi=+/by (3.4) and Y }_| yai_1y2i + Y iy hiy? = by (3.5) (where h; € F, and

Y=L vie))-

i If (hyse1, ..oy ) #(0, ..., 0), we can change the last m — 2s coordinates
Qe Vhiyi=Ys1) and (independently) the first 2s to get either the
equivalent form H, + YZZS 41 = P2 or the form £y + YZZS +1- Clearly, this

transformation leaves the equivalent linear form involving only the first 2s

coordinates (as the original form involved only y; and the change of the first
2s coordinates was made independently of the remaining coordinates). In

the second case, another change of coordinates (Ya,_; + Yo, = Zay, /B Yoy +

Yos+1 = Zas41 gives us Py and an equivalent linear form in the first 2s coor-

dinates. Therefore, case 2.(f) of Proposition 1 applies and so vy(a, b) =

¢" 2. There are (¢" — 1) choices for ag, D,(m — 2k — 1) choices for the a;,

(¢" % — 1)g* = ¢" — ¢* for the h;, and ¢? for b, which gives us row #10.

ii. Therefore, in the rest of the proof we assume (fp511, ..., hy) = (0, ..., 0).
If, besides, #; =0, then the change of coordinates y; + /#,y, = Y}, together
with a suitable (independent) change of the coordinates yj3, ..., yo, leaves

the quadratic form equal to H or E,, and the linear form Y + /,Y5. So, we
can apply cases 2.(c)—2.(e) of Proposition 1, depending on whether /by =
0, O(1, hy,0,...,0)=h; =0 or not. So, we have (¢” — 1) choices for a8,
D,(m — 2k — 1) choices for the q;, qm_l);qv_l or qz(s_”{‘f_l for hs, ..., h.
When A, =0, we have row #11 (b =0), row #12 (by =0 # l;l), or row #13
(bo #0). When &, # 0 (¢ — 1 possibilities), we have row #14 (by =0) and
row #15 (by # 0 and the ¢ possible by with Abstr (%) —0orl).
Something similar happens when A; #0 but Abstr(h k) =0, ie.,
when there exists g € F, such that 414, =g+ g*. The change of coordi-
nates ﬂyl + \/thlyz =1, \/Eyl + f’/—%yz =Y, together with a suitable
(independent) change of the coordinates ys, ...,y leaves the quadratic
form H,, or E,;, and the linear form equal to %Y 1+ \/ih»le. Since

grl g = i ituati i
o( TR 0,...,0) =h,, we are in the same situation as above (with the
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restriction to just 5= p0551b111t1es when /1, # 0, because of the condition on
the absolute trace of hihy). This gives us rows #16 to #20.

iii. Finally, we deal with the case /&y #0 and Abstr(hhy) =1. We can
change coordinates y3, ..., yas to get either Hy—1) or Es—1). In the first
case, the quadratic form has type E,; because we can apply the change
\/h_lyl Yos—1, f = Yo, Vas—1 = Y1, y2s = Yo, and so the linear form is

(s
Ya B
% In this situation Q( "’O’J_E’O""’O)_E#O'

In the second case, we can apply the change y, =Y, + MY, »=Y, +
\/h_les,yzsq =Y+ VY, + Y| to get Hp, and an equivalent
linear form Y; + h,Y,. Therefore, O(1, h,, 0, ..., 0) = hy # 0. Therefore, if
by =0, case 2.(e) of Proposition 1 gives us row #21. Observe that in such
a case we have (¢ — 1) choices for a8, D,(m — 2k — 1) choices for the a;,
q — 1 possible &, % possible &, g*“~Y choices for the remaining #; (it does
not matter whether we are in the hyperbolic or elliptic case), and ¢ for b;.
If by # 0 (¢ — 1 choices), case 2.(d) of Proposition 1 is used to get rows #22
and #23, where we count (¢ — 1) choices for ag, D,(m — 2k — 1) choices
(g— l)q o ”iq !

equivalent to

for the a;, choices for 73, ..., hy;, and g — 1

possible b, and q different bl, dependmg on the absolute trace of M

(observe that in these cases the hyperbolic and elliptic roles are 1nverted) ]

pairs (hy, hy), £

THEOREM 2. The terms of the ideal weight enumerator of the code DGr(m, r) are
summarized in Table 2. And so the minimum distance of the generalized Delsarte—Goethals

code DG,(m+ 1, 8) is %(qm+l qm?lw)

Proof. The table is obtained from Table 1 adding the number of code words associated
to the same term. Namely, rows #1 to #4 remain the same, where as rows #5 and #7 give
row #5, rows #6 and #8 give row #06, rows #9, #10, #13, #14, #18, #19, and #21 give row
#7, rows #11 and #16 give row #8, and rows #12, #15, #17, #20, #22, and #23 give row #9.

On the other hand, if for each term we denote by v; the exponent of the variable y;
(i=0, 1, 2), then cases #1 to #4 give code words of weight qu, ie,0and " —g" — A
with A € {0, (¢ — 1)¢"*, £¢"*}, and ’”2 —r <s < "5~ because B,(m — 2k — 1) has
to be nonzero (s = 0 is also possible in some cases). The rest of the cases give code words of
weight qvs + (C] _ 1)(qm _ qm—l) :q(qm—l — ) + (qm-H _ qu +qm—l) — qm+l _ qm _
qg(vy — ¢"2). For them we have q(vo g" ) e{E(g—1g" !, £g" 7,0, £(g - 1)
q"s :I:q'” sy, with 251 —p < s <=l (because Bl(m —2k—1)—D,(m —2k—1) or
D,(m—2k—1) cannot be zero). Also, s = Tl —r is allowed in rows #5, #6, and #7,
because in such a case B} (m —2k —1) — D,.(m — 2k — 1) is nonzero too. Therefore, the

minimum weight in a nonzero code word is achieved in row #5 when s = 2_1 —r, e,

¢ =g = (g D" T T =g - (" — g TP = (g - g ). O

4. Connection of the construction with nonassociative rings. In this final sec-
tion, we connect the codes introduced in this paper with finite semifields, i.e., with finite
nonassociative division rings. The connection is related to the construction of codes of
Kerdock type from symplectic finite semifields (a particular class of finite nonassociative
division rings in the Knuth orbit of a commutative semifield), and also with the recent
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Table 2. Summary table of terms in the ideal weight enumerator (0 < & < " and s = #=21)
(numbers B,, B!, and D, are defined in Proposition 2)
#case Term Coefficient
1 yr{”’ g (g — 1)
2 B (m =2k = 1)(¢" — ¢* )q
3 yg'”"i(qfl)q’”"“lyg'”fq’”“JF(qfl)q’“"‘" B, (m — 2k — 1)@
S AR A A A Bo(m — 2k — ) T2 (g — 1)
5 yg””zi(q—l)q””“zyg””‘—q””zﬂF(q—1>q””5’2y611”1—q””' (B (m — 2k — 1) — Dp(m — 2k —

2s 5
D" = Dg?
6 qm*Z:qu*S*z qul_quziqmﬂfz qm_qm—l Bl _ 2k _ 1 _ D _ 2k _ 1
Yo b2 V1 ( ’gm ) - (m )
L (g — 1)(q — Dg?
(B! (m — 2k — 1) — D,(m — 2k —
D) (g™ — ¢* (g™ — Dg?

m=2 m=1__m=2 m_ m—1

A 7 A A VA + Dp(m — 2k — 1)(q" — ¢*)(¢" —
hg*
+2D,(m — 2k — g™ (q" — 1)(q —
1)
m—2 _ m—s—1 m—1_ m—2 _ m—s—1 m__ o m—1 2(s—1) s—1
] g +(g—1q yg 9" F(g—1yq ycli q D,(m — 2k — l)q Ziq (" — 1)g
m—2 m—s—1 m—1__m—2 m—s—1 m__ m—1 2(s—1) s—1
O T T D, (m — 2k — D= (g" —
D(g— g
+D,(m— 2k — DL (g — 1)(q —
1)2q2

observation that binary additive maximum rank-distance (MRD) codes with minimum
distance n — 1 are spanned by two binary additive MRD codes with minimum distance
n [35].

A finite nonassociative ring S is called presemifield, if the set of nonzero elements S*
is closed under the product. If S is unital, then it is called finite semifield. The characteristic
of a finite presemifield S is a prime number p, and S is a finite-dimensional algebra over [,
(g =p°) of dimension m, for some ¢, m € N, so that |S| = ¢".

Given a [F,—basis B={b1, ..., b,} of S, aunique set of multiplication constants A;; €
[, can be defined by the rule b; - b, = Y ;| A;xbi. The finite presemifield S is commutative
ifand only if A;; = Ay forall 1 <i, j, k < m. Also, § is called symplectic if A = Az; for all
1 <i,J, k <m. There is a direct connection between these two types of finite presemifields,
as observed in [12], since a commutative presemifield is in the Knuth orbit of a symplectic
presemifield and reciprocally.

When S is a symplectic presemifield over [, and s € S, the coordinate matrix M; of
the map of right multiplication R;(x) =x -s can be taken symmetric, and so it defines a
Z/AZ-valued quadratic form Qs in a straightforward way (namely, O,(x) =xMxT, where
x e[}, xT is its transpose, and operations are carried out mod 4). Moreover, according to
[4], when m > 3 odd, the set {Q, | s € S} induces a Z/47Z-Kerdock code (namely, {(Q;(x) +
2axT + &)xepy | s €S, a € 1y, e € Z/4Z}) which, under the gray map, produces a nonlinear
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binary code of Kerdock type (i.e., with the same parameters of the Kerdock code) but not
necessarily equivalent.

More generally, any (non-necessarily symplectic) finite presemifield over [, induces
a set of ¢” (non-necessarily symmetric) bilinear forms xM,yT satisfying M; — M, nonsin-
gular for all s #¢. And reciprocally, any additively closed set of ¢” bilinear forms with
coordinate matrices M; (s € [Fg), satisfying M, — M, nonsingular for all s 7~ ¢, induces a
presemifield by the multiplication rule x - s = MxT.

On the other hand, there is a connection between finite presemifields and m x m MRD
codes, i.e., codes C consisting of m x m matrix words over [, under the rank metric [6],
satisfying the following property: |C| = g™ ~¢*D, where rank(4) > e, for all 0 # 4 € C.
Additively closed MRD codes of order ¢ correspond to presemifields (simply consider
the set of coordinate matrices of the maps Ry, for all s € S). Recently, it has been observed
that for any additively closed binary MRD code of order 22" (i.e., with minimum rank
distance m — 1), there exist two presemifields S; and S, such that C = {M,, — M,, | 51 €
S1, 52 € 8}, that is, it is spanned by the coordinate matrices of right multiplication of two
finite presemifields [35, Main Theorem].

The codes considered in this paper are related to the original work of Delsarte and
Goethals [7] in the following way. As mentioned in [34, p. 1021], the alternating (m + 1,
m~+ 1 — 2r)-set of alternating forms constructed in Theorem 9 of such a paper is the set
¢ (Y), where Y ={(By, | (ap, ..., a,) € I'(S)*'} (see Remark 1.3) and @By, : (I'(S) x
I'(R))?> — I'(R) is given by

$(Bo,)((x, @), (v, B)) =B, (v, ) +/Bo, (v, 0B, (v, ) + B/Bo, (x, %) + /B, (. .

The set C of coordinate matrices of these ¢+ bilinear forms is additively closed and sat-
isfies rank(4) > m + 1 — 2r, forall 0 # 4 € C. It is clear that C is not an MRD, but it attains
the bound |C| < ¢+ [34, Corollary 7]. So, from this point of view, it is a set of maxi-
mum size induced by the bilinear maps By,. In the same line of [35, Main Theorem], we
can straightforwardly state that C can be spanned by the ¢ images of coordinate matrices
of right multiplication of » 4 1 finite presemifields. Namely,

Y= {Mao + My, + M) | are F(S)} :

i=1

where the presemifields are obtained from the sets of bilinear forms {Tr(a,-xqu)}aiep(g).
It is an open problem to determine whether this number of presemifields allowing this
description is minimal.

5. Conclusions. Classical binary Delsarte—Goethals codes can be described through
quaternary codes (i.e., codes over the alphabet Z/47). This description connects them
to low-correlation sequences, in particular to the sequence family S(2) appearing in the
W-CDMA component of the IMT-2000 standard for 3G mobile communication. In this
paper, we have introduced a nonbinary version of the Delsarte—Goethals based on Galois
rings of the form GR(2%/, 2%), and on the quadratic forms valued in them (m > 3 odd). The

resulting codes over the alphabet F, (¢ =2') have length ¢"*!, cardinality ¢"+?*2, and

. . —1 m+l _ .. .
Hamming distance T~ (¢"*! — ¢ "), where 0 < r < "‘Tl Such a minimum distance has

been obtained by exp‘licitly computing the ideal weight enumerator of the Galois ring linear
codes they are derived from. Binary Delsarte—Goethals codes and the generalized Kerdock
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codes of A.A. Nechaev and A.S. Kuzmin are obtained as particular instances, when / =1
or r =0, respectively. A connection of this construction to finite semifields has been also
established.
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