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DISTANCE OF A BLOCH FUNCTION
TO THE LITTLE BLOCH SPACE

MARIA TJANI

Motivated by a formula of P. Jones that gives the distance of a Bloch function to
BMOA, the space of bounded mean oscillations, we obtain several formulas for the
distance of a Bloch function to the little Bloch space, By. Immediate consequences are
equivalent expressions for functions in By. We also give several examples of distances
of specific functions to By. We comment on connections between distance to By and
the essential norm of some composition operators on the Bloch space, B. Finally we
show that the distance formulas in B have Bloch type spaces analogues.

1. INTRODUCTION

Let U denote the open unit disk and U the unit circle in the complex plane. The
Bloch space B of U is the space of holomorphic functions f on U such that

|flls = sup(1 - [2[*)| £'(2)| < o0
zeU

It is easy to see that ||f||z = |f (0)| + || f||g defines a norm that makes B a Banach space
that is invariant under Mébius transformations and in fact for all f € B

If 0w galls = lIflis »

where ©,(2) = (a — 2)/(1 —@z), a € U and w € 3U.
The little Bloch space By of U is the closed subspace of B consisting of functions f
with
lim (1 - |2%) |f'(2)] =0.

|z]—1
Examples of functions in B include all bounded holomorphic functions on U; but B
contains unbounded functions (log(1 — 2) € B). Other examples include certain lacunary
series.
Let -
f (Z) = Z a,,z'\",

n=0
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102 M. Tjani 2]

where (),) is a sequence of integers satisfying

/\n+l

> A>1,

n

) is a constant and n > 1. Then f € B if and only if a, is a bounded sequence and
f € By if and only if a, = 0, as n — co. See [1, 7, 12] for more information on B.

The motivation for this paper is a formula of Jones, (see [1, Theorem 9] and [4,
p. 503] for a proof), that gives the distance of a Bloch function to BMOA the space of
bounded mean oscillations.

We obtain the following formulas for the distance of a Bloch function to By:

THEOREM 3.5. For f€ B, p > 2,
inf A,(f) < distg(f, Bo) < 6 inf A,(f)
and
inf A(f) < distg(f, Bo) < 6 inf A(f) .
See (8), (9) below for the definitions of the sets A,(f), A(f) respectively.

We obtain as a corollary equivalent expressions for functions in By:
COROLLARY 3.6. For f € B, the following are equivalent:

1. feB,.

2. Foralle >0, Q.(f) is a compact subset of U.
3. Forsomep>2andalle >0, /n 0 1/(1 - |w>)? dA(w) < o0.
4

For any p > 2 and € > 0, there is a constant c so that

/ |9'(2)|? dA(2) < cllglls, forallge B.
()

See (1) below for the definition of the set Q¢ (f).
We also show that
THEOREM 3.9. For f € B,

limlsuplf’(z)l (1 - |2?) < dists(f, Bo) < 2 limsup|f'(2)] (1 - |2I?) .
|z|=1 |z|—=1

In Section 4 we give several examples of distances of specific functions to By for

example,
distz(log(1 — 2), By) = 2 = ||log(1 — )|,

and

distg(e@ /D Bp) = = = ||ele+D/ =D 5,

[
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(3] Distance of a Bloch function 103

Let const. denote a positive and finite constant which may change from one occur-
rence to the next but will not depend on the functions involved.

In Section 5 we make a connection between distance to By and the essential norm
of some composition operators Cy on B. We show the following:

CorOLLARY 5.1. Let ¢ be a univalent self-map of U so that $(U) has pointwise
order of contact 1 with OU at the pont 1. Then,

i dists(log(1 — ¢), Bo) < [|Cylle < const. dists(log(l ~ ¢), Bo) .

In the last section we define the Bloch type spaces B, and the little Bloch type
spaces B, and we show that the distance formulas in B have B, analogues. The main
results in the section are Theorem 6.1 and Corollary 6.4. Finally, we obtain as corollaries
equivalent expressions for functions in B, (see Corollary 6.3).

2. PRELIMINARIES

For f € B [12, Lemma 4.2.8 ] gives
(1~ |wf?) f'(w)

T (1 - 72)? dA(w), z2€U,

f(2) = £(0) + F'(0)z + /U

where dA(w) is the normalised area measure on U. For any £ > 0 let Q,(f) be

(1) Q.(f) = {z eU: (1~ 12P)|f(2)| > e}.
Then write
_ , (1 - |lwP) f'(w)
1) =10 + 1O+ [ e
(1 - [w?) f'(w)
Yo d
+/£I\Q.(f) ¥ (1 - wz)? Aw)

(2) = f(0) + f'(0)z + fu(2) + fa(2).

The result of Lemma A below is part of the proof of Jones’ Theorem that Ghatage and
Zheng give in {4, p. 512] but we include it for completeness.

LEMMA A. Given f € Bande >0, then f, € B and
|| f2 = £2(0) = £5(0)z]|, < 6.

PRrooF: Since f; is holomorphic on U,

£(2) - £}(0) = 2 / fi(t2) dt
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104 M. Tjani [4)
for all z € U. Thus,
1
(1= 120) 152) - O < (1= 1eP) o] [ oy & su (0 - o) |7 w)]
1
< (1-12%) 2| /0 (—ljﬁth); dt 'S”‘ég(l — [wl?)? | f3 (w)|
= lelsup(1 - fwf?)" | £ (w)|
(3) Sup (1 - lwl?)® | £ (w)] .
Now for each w € U,
2y g\ 2 6T (1 - [ul?) f'(u)
(- P)* 1) = (-l [ et aa)
2 !
U\Qx(,)

|1 — walt

e(1 - |wl?) / T wi dA(u)
(4)
Therefore by (3), (4),
12 = £2(0) = £z = sup(1 - [2) |13(2) - £0)] < 6e. 0
NoTE. Given f,ge Band z€ U
(5) (= 1) @) < If = glls + (1~ 121*)|¢'(2)]-

The result of Lemma B below is part of the proof of Theorem 3 in [4, p. 512] but we
include it for completeness.

LEMMA B. If f € By then Q.(f) is a compact subset of U for all € > 0.

PROOF: Given f € By and € > 0, since By is the closure in B of the polynomials
({13, p. 84)), choose a polynomial g so that ||f — gllz < £/2. Then using (5) we obtain

(6) Q:(f) € Qp2(9)
We shall show that

™) Qplg) € De = {z € U : dist(2,00) g lc >

_im
[N

Let z € Q¢/2(g); then

(1= 12P)llg'lloo > (1= |212) |¢'(z)| >

M
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(5] Distance of a Bloch function 105

So,
€

(1= I2)lgoo > 5

and (7) follows. The set D, is a compact set. Indeed, if ||¢'||c = O then g is a constant
function and Q/2(g9) = De =@ ; and if ||¢||oc # O then

D, = {z € U: dist(z,0U) > ¢/(4]1gl) }»

which is clearly a compact subset of U. Therefore by (6) and (7) Q.(f) is a compact
subset of U as well. a

3. DISTANCE FORMULAS

In this section given f € B, f; and f, refers to the functions in (2). The distance in
the Bloch norm of f to a subset of B, X, is denoted by distg(f, X).

LEMMA 3.1. If f € B and there exists a function g € By so that ||f — gllp € &
for some a > 0, then Q. (f) is a compact set for all € > o.

Proor: Fix a > 0, let £ > a then using (5) we obtain 2, (f) C Q.—a(g).- By Lemma
B Q._.(g) is a compact subset of U therefore so is Q.(f).

For f € B and p > 0, define A,(f) by

(8) Ap(f) = {E >0: é—‘i‘_-(ﬁ—(l:)); dA(z) is a finite measure} .
And let A(f) be
9) A(f) ={e > 0: Q.(f) is a compact subset of U}.

ProOPOSITION 3.2. For f € B and any p > 0,
inf Ap(f) <inf A(f) < dists(f, Bo)-

PROOF: Suppose the right inequality is false; then there exist ¢, and &3 > 0 so that
distg(f, Bo) < €1 < €2 < inf A(f).

Therefore there exists a function g € By so that || f—g||s < €; and Q,(f) is not a compact
set. But by Lemma 3.1 Q,,(f) must be a compact set, so we arrive at a contradiction.
Thus the right inequality holds.

The left inequality follows since A(f) C A,(f), for all p. 0

PROPOSITION 3.3. Let X beasubspace of By that contains {a+bz : a,b € C}
and f € B. If there is some p > 0 such that f, € X for all ¢ € Ay(f), then

inf A,(f) < dists(f, X) < 6 inf A,(f).
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PROOF: By Lemma A
(10) | = fi = £(0) = £(0)z = £2(0) = £3(0)z]| < 6e.
Since X contains all linear functions, f, € X for all € € A,(f), (10) gives
distg(f, X) < 6 inf 4,(f) .

The left inequality follows from Proposition 3.2. 0

REMARK. In the proposition above the right inequality holds for any subspace X of B
that contains {a + bz : a,b € C}.

A function f holomorphic on U belongs to the minimal Besov space B, if and only
if / |f"(2)| dA(2) < oo. B is a subspace of By, in fact By is a subspace of A(U) the

Banach space of functions that are continuous on the closed unit disk and holomorphic
on the open unit disk with the supremum norm. See [2] and [12] for more information

on B;.
PROPOSITION 3.4. ForfeBandp>2,

inf Ap(f) < dists(f, B1) < 6 inf A,(f) .
PROOF: Let ¢ € Ay(f). We shall show that f; € B;. Recall that

filz) = /n " A= |wl) f'(w) dA(w).

w(l -wz)?
Then,
" (1= |wp) f'lw) .
lfl (z)l < A,(I)lm 6w> dA(w)
an

d
\ (1~ [wp) |f ()]
/U |£(2)] dA(z) < 6 /U / " dA(w)dA(z)

1= w2

= —wl®) |f 1 z w
._6/9‘(”(1 wf) £ )| [ G d4() dAw)

1
<6 / — dA(w
"f”B () (1 — |w|2)2 ( )
1
11 <6 / ————dA(w) < 00,
for all p > 2. Therefore (11) and Proposition 3.3 imply the result. 0

The Besov space B; is a subspace of the little Bloch space By that contains all
polynomials. Thus, the closure of B, in the Bloch norm is By, since B; is the closure of
all polynomials in the Bloch norm. The next theorem follows from Proposition 3.2 and
Proposition 3.4. Recall the definitions of A,(f) and A(f) in (8), (9) respectively.
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THEOREM 3.5. ForfeB,p>2,
inf A,(f) < dists(f, Bo) < 6 inf 4,(f)
and
inf A(f) < distg(f, Bo) < 6 inf A(f) .

REMARK. The best bounds for distg(f, By) are inf A(f) from below, 6 inf A>(f) from
above, as A(f) C Ay(f) C Aq(f) C A2(f) for all p, g with 2 < p < q.

The following theorem of Arazy, Fisher and Peetre is from [2, p. 132]. We give a
different proof of (2) implies (1).

THEOREM C. Let u be a positive measure on U and let 0 < p < oco. Then,
du(z)
1 / ——— < 00
@ ), a=lepy

if and only if there is a constant ¢ with

/U |72 duz) < clIFII5, for all f € B.
Proor: For any f € B

/|f,(z |pd (2) / If Z)lp IZ!2)|:| )p dﬂ(l)

< fIiE /Umd#(z)'

This proves the easy implication, (1) implies (2). Ramey and Ullrich proved in [8] that
there exists functions f, g € B so that

’ ’ const.
(12) |f (z)|+|g (2)| 2 m

Therefore it is easy to see that

const. (|f’(z)|"+ |g'(z)|p) > 1

(=[P
Integrating the above with respect to du(z) shows that (2) implies (1). 0
The following is an immediate consequence of Theorem 3.5 and Theorem C.
COROLLARY 3.6. For f € B, the following are equivalent:
1. feB,.
2. Foralle > 0 Q.(f) is a compact subset of U.
3. Forsomep > 2andalle >0,

1
 _dA(w) < o0
/n,(f) T Twpp “A
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4. For any p > 2 and € > 0, there is a constant c¢ so that

/ 19 dAGz) < cllgllz,  for all g € B.
Ne(S)

Let D(0,a) denote the disk centred at 0 of radius a. A nontengential approach
region Q4 (0 < @ < 1) in U with vertex { € 9U is the convex hull of D(0, &) U{¢} minus
the point ¢.

For any region G in the complex plane let G denote the boundary of the region.
For an open subset G of U with { € 3GNAU we say that it has pointwise order of contact
(at most) b (b > 0) with 9U at ¢ if

1-12
C-2p~
as 2z approaches ¢ within G. So if ¢ is a holomorphic self-map of U such that ¢(U) = Q,
(0 < @ < 1) with vertex ¢ then ¢(U) has pointwise order of contact 1 with U at (; if
#(U) is a disk inside U whose boundary makes tangential contact with U at the point
¢ then ¢(U) has pointwise order of contact 2 with QU at the point (.

In [3, p. 2191] Bourdon, Cima, and Matheson introduced the notion of mean order

of contact. An open subset G of U has mean order of contact (at most) b (b > 0) with
aUu if

2n
(14) / XG(Tew) de = 0(1 _ r)l/b
0

(13) > const.

as r — 1. The integral on the left side of (14) represents the angular measure of G
intersected with the circle {z € U: |2| =r}.
Recall the definition of . (f) in (1) for any f € B.

PROPOSITION 3.7. Let f € B so that for all ¢ > 0 the mean order of contact
of Q.(f) with U is a, < 1. Then f € By.

ProOF: For a fixed € > 0, (14) gives

1 27
/f;‘(f) (1 _ |w|2 / / Xn;(f) TC (1 )2 ———dr

1 1/ae
< const./ (__r_)__ dr < 0o
o (1-r)?

since (1/a.) — 2 > —1. Thus by Corollary 3.6 f € B,. 0

PROPOSITION 3.8. Let f € B be so that for all ¢ > 0 the mean order of
contact of Q(f) with OU is 1. Then for alle > 0 and all 8 > 0,

1
./n.(f) (1-|wf?)>-? (w)
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We omit the proof as it is similar to the one of Proposition 3.7.

REMARK. For the function f(z) = log(1 — 2) the mean order of contact of Q.(f) with
AU is 1 for all £ > 0 (see the remark after example 4.1 for a proof). This shows that the
conclusion of the above proposition is valid for the function log(1 — z). Therefore p > 2
in Theorem 3.5 is best possible since inf A,(f) = 0 for all p < 2. Similarly in Corollary
3.6 p > 2 is best possible. If g € By then by condition (2) of Corollary 3.6

1
—— dA(w) < 0
/ne(g) (1= e?)”

for all p. But the converse is valid only for p > 2.

It is well known that the Bloch space B can be thought of as the area version of
the space of bounded mean oscillations BMOA. Thus, motivated by a formula for the
distance of a BMOA function to VMOA, the space of vanishing mean oscillations, given
by Stegenga and Stephenson in [10] we prove the following theorem. In the proof we use
a modified version of an argument of Montes-Rodriguez, given in [6, p. 346).

THEOREM 3.9. For f € B,
limsup | f(2)] (1 — |2[?) < dists(f, Bo) < 2 limsup|f'(2)| (1 - |2I?) -
|zj—=1 z|]—1

PRrOOF: For a given f € B and g € B, (5) gives
liﬁmlxp(l = 2P)[F'2)| < 1If - glls,
z|—

from which the left inequality follows.

For the right inequality fix f € B, M > 0, 0 < p < 1 so that for all z € U with
lz| 2 1-p, [f(2)] (1 = |2|*) < M. We shall show that dists(f, Bo) < 2M. Also fix for
the moment r with 1 > r > 1 — p, let f.(2) = f(rz) for z € U. Then,

Wf - fells = fggl(f ~ £)(2)| (1 - 12?)
< sup [(f=-£)@A-1zF)+ suwp [(f - £)(2)|(1-1z[})

lzl<(1~p)/r lz1>(1-p)/r
(15) =I+1I.
Then
I sup |f(2)|(1-121?) + sup |f,(z)](1 - |21%)
1z|>(1-p)/r lz|>
(16) < o |sup If’ z)| (1- |z[%) +| Tup If'(z |(1 - |2]*) < 2M.
Also
I= suwp |(f-f)@|(1-12)
l2I< (1=}
< 1fE)=Jea(- )+ (=) mp [£6)|(1- P
lz|<(1-p)/r [z (t=-p)/r

17 <A+({1-n)lifle.
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By taking the line integral of f” from rz to z we get
A= sup |f'(2) - f'(r2)|(1 - 2))

lzl€(1-p)/r
(18) <a-n s [f(E@)|lal (1 -12P),

|\( _p) T

where £(z) is a point in the closed disk of radius(l — p)/r. Using the Maximum Mod-
ulus Theorem and Cauchy’s Estimates for f’' on the circle centred at £(z) with radius
R=(1-(1-p)/r)/2in (18), we obtain

1 -7 ' _ 2
SH Bl s 110~ 1)
(1-r) (1= p)/r
(19) < R ”f"B 1—((1 — p)/r + R)2 ’
since 1
w5l O <M oy T R

Therefore by (15), (16), (17),

diStB(_f, Bo) < ”f - fr“B
<

(20) A+ =7)|Iflls +2M.
Notice that

1 (1-p)/r _8(-p
(21) i T =5/ R~ Fa= 9

thus letting 7 — 1 in (19) and in (20), we obtain

dists(f, Bo) < 2M

which proves the right inequality. I

Recall the Koebe Distortion Theorem (see for example [9, p. 156]) which asserts
that if 1 is a univalent function on U then for any z € U,

@) )] (- 1) <dist(u(a), 00(0)) < W) (2 - 12,

where dist((z),8%(U)) is the Euclidean distance from (z) to 8y(U). By (22), an
immediate corollary of Theorem 3.9 is as follows.

CoroLLARY 3.10. For any univalent function f € B,

limsup dist(f(2), 8f(U)) < dists(f, Bo) < 8 limsupdist(f(z),8f(U)) .

|z|—1 |z|—1
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4. EXAMPLES

It is easy to see that for any constant ¢ and any f € B
dists(f + ¢, By) = dists(f, Bo) = giensfo If - glis -
Also because of the Mdbius invariance of B
(23) distg(f o w pa, Bo) = dists(f, Bo) ,

forallae U, w e OU.

ExAMPLE 4.1. The function f(z) = log(1 — z) belongs to the Bloch space but not to the
little Bloch space. We shall show that

(24) dist(log(1 — z), Bo) = 2 = ||log(1 - 2)|| 5 -
First

1-|z]2 11—z
< €2
1-z] = 1~

for all z € U, therefore ||log(1 — 2)||; < 2; on the other hand

1—(1-(1/n))
llog(t ~ )5 > 7= = a1

or [|log(1 - z)|| ;> 2 — (1/n) for all nonnegative integers n and so ||log(1 - 2)||; = 2. By
(1) the set

_ . 112
(25) Qs(f)_{zGU. T >s}

behaves like a nontangential approach region in U that touches the unit circle only at the
point 1; so .(f) is never a compact subset of U unless it is the empty set, thus trivially
compact. If Q.(f) # 0 then € < 2 since for any zy € Q(f),

1 — |z

T < 1+|2| <2;

~=

on the other hand if ¢ < 2 then Q.(f) # 0, since it is easy to see that 2, = 1 — (1/n)
€ Q.(f) for all n large enough. Therefore Q.(f) = 0 if and only if € > 2 if and only if
Q(f) is a compact subset of U. Thus

(26) inf A(log(1 - 2)) =2 = |log(1 - 2)| 5 -
Since

dists(log(1 — 2), By) < ||log(1 - 2)|
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and by Theorem 3.5
inf A(log(1 - z)) < dists(log(1 — 2), Bo) ,

using (26) we obtain (24) and by (23) for all a € U, w € U

distg (log(l - wla__;z),Bo> =2.

Similarly to the proof of (24) one can show that

distg (log(k'), Bo) = 6 = ”103("')”5 J

where k is the Koebe function k(z) = z/{(1 — 2)?) and that

dists (log(ﬁ)’, Bo) =4= 108(1 fzzl)

REMARK. By (25) for the function f(z) = log(1—z) and each € > 0, Q.(f) has pointwise
order of contact 1 with U at the point 1. In {3, p. 2192] is shown that for domains whose
boundary touches the unit circle at exactly one point {, if G has pointwise order of contact
1 with 8U at ¢ then it has mean order of contact 1 with QU. Therefore for all ¢ > 0
2.(f) has mean order of contact 1 with oU.

For the rest of this section let ¢ be a univalent self-map of the unit disk; then
¢ € By as for example ¢(U) has a finite area and all such functions lie in By. Below
we shall describe the distance of log(l — ¢) to By for several ¢. First notice that if
#(U) C U\D(1,r), where D(1,r) is the disk centred at 1 of radius r, then log(1—¢) € B,.

EXAMPLE 4.2. Let ¢ be such that ¢(U) = €, a nontangential approach region in U with
vertex 1, for some 0 < @ < 1. We shall show that

(27) %nlog(l — 8)|| < dists (log(1 - ), Bo) < [log(1 - 8} -

Using the Schwarz-Pick Lemma it is easy to see that log(1 — ¢) € B. Then by (1)
and (22) for all € > 0 the set

Q2 (log(1 ¢))—{ elU: =30 26}

B

contains the set

. dist(4(z), 9¢(U))
G={zEU. = o(2)] 25}.
Then ¢(G) behaves like a nontangential approach region contained in ¢(U). Therefore,
unless G = 0, it is not a compact subset of U. If Q. (log(1 — ¢)) is a compact subset of
U then so is G and therefore G = () and for all z € U we have

dist(4(2), dp(U))
1 - ¢(2)|

<€
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By (22) ||log(1 — ¢)|| 5/4 < € so we obtain

:11- ||log(1 - ¢)“B < inf A(log(1 - ¢)) .

Thus Theorem 3.5 gives (27).
Next we give an example where equality holds in the right inequality of (27) for a
function ¢ with ¢(U) inside a nontangential approach region.

EXAMPLE 4.3. For 0 < @ < 1 define

_o(z)* -1
where l+2
o(z)=1_z, zeU.

The map ¢, is a holomorhic self-map of U whose image is a lens-shaped region thus it is
called a “lens map” (]9, p. 27]). We shall show that

(28)  infA(log(l — ¢a)) = dist(log(L — ¢a), Bo) = [[log(l — 6a)|| = 2¢:.-

By (1) for each € > 0
Q. (log(1 — ¢a)) = {z eU: W"l(l—z)_lg.—(—z;'z—m > e}

~ | 2a (1 |4f?)
#9) = { S ey gy T "'}'

Fix € < 2, let 2z, = 1 — 1/n; then by (29) we can easily see that z, € 2 (log(1l — ¢a)) if

and only if
2a

2
1+/@n-1) "%
which is true for all n large enough thus €, (log(1 — ¢,)) is not a compact subset of U.
This shows that

(30) 2a < inf A(log(1 — ¢a)) .
Foreach0<a<1
20 (1—|2?)
log(l — ¢, = su
[Hog(t = ¢e)lls = S0 T—aTTT (T 27+ ]
1
<£2asu
T+ (1~2)/1+2)°

(31) L2a
since

1+ ((1-2)/(1+2)°
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maps U onto the sector
{w : |arg(w — 1)] < (a7r)/2}.
Thus Theorem 3.5, (30) and (31) give (28).

REMARK. A formula like in (27) is not true for all functions of the form log(l — ¢)
where ¢(U) has mean order of contact & (0 < b < 1) with 0U, as there are such ¢ with
log(1 — ¢) € By. Below we give examples of this.

(i) For each nonnegative integer n let

Anz{zEU: |arg(1—z)|<0,,, pn<|z'<pn+l},

where p, = 1 — (1/2%), 0 < 6, < 7/7 such that T2 6, < 0o. Let A = |} Ap. It follows

n=1
that A, as it clearly has pointwise order of contact 1 with AU at the point 1, has mean
order of contact 1 (see the remark after example 4.1). We would like to give a direct
proof of this for our domain A using the definition of mean order of contact; since

27 2r
(32 [ xatre ap < Tz [ e o <m0y,

0 0
where ¢ = arg(z), z is a point, on the first quadrant, on the boundary of the arc
AN{z€U: |z| =r}. By the Law of Cosines and the Law of Sines

1 —_
r tanf,
T

tany =

therefore (32) gives

1-r

2n
/ xa(re®) df < T2, 2r tan“(
0

< const. £32,60, (1 —7) < const. (1—7).

tan Bn)

Thus (14) shows that A has mean order of contact with 8U 1. Let ¢ be the Riemann
map from U onto A. It is easy to see, using (22), that log(1 — @) € By, thus (27) is not
valid for such a ¢.

(i) If ¢ is such that ¢(U) has mean order of contact b (0 < b < 1) with U and
¢(U) lies inside a polygon inscribed in the unit circle then log(1 — @) € By; this follows
from Corollary 5.2 in [3] and Theorem 5.3 in [5]. Thus (27) is not valid for such a ¢.

ExAMPLE 4.4. If ¢(U) is a polygon inscribed in the unit circle and one of the vertices
of the polygon is the point 1 then it is easy to see that (27) is valid, as in the proof of
the formula in the case where ¢(U) =2, (0 < @ < 1).

ExAMPLE 4.5. If ¢(U) is a disk tangent to the unit circle at the point 1 then it is easy
to see that ¢ has the form ¢ o M where ¥(2) = Az+(1-A) (0 <A< 1l)and Misa
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Mobius transformation. Using the Mdbius invariance of the Bloch seminorm and (24) we
obtain

distg(log(1 — @), By) = distg(log(1 — ), By)
= distg(log A(1 — 2), Bp)
= distg(log(l — 2),Bp) = 2.

EXAMPLE 4.6. The function S(z) = e**1/(=1) belongs to the Bloch space but not to

the little Bloch space; actually S € H™ \ B;. We shall show that
. 2
(33) dists(S, By) = o= ISis -

For a > 0, the function S maps the circle

1- |z
' = U:. =
C {ze =2 a}

(centre a/(1+ a), radius 1/(1 + ) internally tangent to the unit circle at the point 1)
to the circle {c € U : || =e™°}. By (1)

SL@)={2€U:(1—RPH§@H>E}

2S(2)| (1 - |=1)
ZE€p.
- °°
On C, the left hand side of the inequality in (34) equals 2a e™*. Thus,

(34) ={zeU:

Q(S)—{ZGU'2ae“"‘>s a_1—|z|2
€ - . = & _I].“‘le ‘

Also,
o, _ 2
(35) [IS]ls = sup2e™a = -.
a>0 €

The set .(S) is either the empty set, when € > 2/e or a circle internally tangent to the
unit circle at z = 1 when € = 2/e, or it is the area between two circles both internally
tangent to the unit circle at 2 = 1 when € < 2/e. Therefore €. (f) is never a compact
subset of U unless it is the empty set thus trivially compact. Thus, Theorem 3.5 and
(35) show that

iMM$=Mh=§<mm@%)
= diStB(S - S(O), Bo)
2
(36) <[5 - 50| =lISlls = < -

Therefore (33) follows.
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5. DISTANCE TO By AND THE ESSENTIAL NORM OF A COMPOSITION OPERATOR

If ¢ is a holomorphic self-map of U, then the composition operator C
Cof=fod

maps holomorphic functions f to holomorphic functions. It is a bounded operator on B,
and if ¢ € By it is bounded on By as well ([2, Theorem 12]). The essential norm of Cy,
|Cslle, is the distance in the operator norm from Cy to the compact operators. In (6,
Theorem 2.1, Proposition 2.2] Montes-Rodriguez showed that for ¢ a univalent self-map
of U

- lim sup (£ @ (1 = |2%)
(37) IIC:»IIe—hEiI:p arTEEa

COROLLARY 5.1. Let ¢ be a univalent self-map of U so that ¢(U) has pointwise
order of contact 1 with 8U at the point 1. Then,

% dista(log(1 — ¢), Bo) < [|Cslle < const. dists(log(1 —~ ¢), By) -
Proor: By (13), (37) and Theorem 3.9

' _ 2
distg (log(l - ¢)1 BO) <2 lifzil:p %ﬂl

18 (- 1)
S 4 lmse R

- [¢'(2)| (1 =121}
< const. limsup ——————~
o1 11— ¢(2)|
< const. distg(log(1l — ¢), By) .

=4|Cy|l.

Therefore the result follows. g

6. DISTANCE IN BLOCH TYPE SPACES

In (13] Zhu defined the Bloch type spaces of holomorphic functions on U, which are
generalisations of the Bloch space B. For each o > 0, B, denotes the space of holomorphic
functions f on U for which

I£lls. = sup| £/(2)|(1 - 12)° < oo.
2€U

The little Bloch type spaces are generalisations of the little Bloch space By. For each
a > 0 let B, denote the space of all functions in B, so that

lim |f'(2)] (1 - |2*)* =0.

|2]=1
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Both B, and B, are Banach spaces with norm

I£ll8. = [£(O)] + I fls. ,

for all f € B,. As Zhu notes these spaces are not new. When 0 < a < 1 then B, can
be identified with the holomorphic Lipschitz space Lip,_,, the space of all holomorphic
functions on U with |f(z) — f (w)| € ¢|z—w|!~2, for some constant ¢ > 0 (depending on
f) and all 2, w € U. And when « > 1, B, can be identified with the space of holomorhic
functions f with

_ 2\ya-1
igg(l 1212)*7 | £(2)] < o0.

Below we shall describe how the distance formulas in B have Bloch type spaces
analogues.

One can define analogues of Q.(f), A,(f) and A(f) for Bloch type spaces, just by
replacing, on the definition of these sets, (see (1), (8), (9)), the term 1 — |z|? with
(1- ]z|2)u. Call these new sets Q¢ o(f), Apa(f) and A,(f) respectively. Then by Corol-
lary 4 in [13] the analogue of (2) holds in B, (change powers 2 to 1 + ). Thus Lemma
A (with 6 replaced with a constant, const., that depends on &) holds. Lemma B follows
from Proposition 2 in [13], which says that B, is the closure of all polynomials in the
B, norm. Lemma 3.1, Proposition 3.2, Proposition 3.3 (with 6 replaced with a constant,
const., that depends on o) hold. We omit the details as the proofs are similar to the
corresponding results in B.

Let A and B be two quantities that depend on a holomorphic function f on U. We
say that A is equivalent to B, we write A ~ B, if

const. A < B < const. A.

We shall show that the analogue of Theorem 3.5 holds for p > 2.
THEOREM 6.1. For fe€ B, (a>0),p>2,

dists, (f, Bao) ~ inf Apa(f) ~ inf Ae(f) -

PRrROOF: By the B, versions of Propositions 3.2 and 3.3 it suffices to show that for
all € € A,4(f), f1 € Bao. The function f, in the B, setting is

_ (1 = [w?)* f'(w)
fl(z) - /‘;‘(f) w(l __-wZ)1+a dA(w)

Thus foralld > 0

~12P)° |fi@)] < (1= [2)° I flla ]Q m(l—_,ﬁrzl)ﬁmw)

1
< const. (1 - Izl)‘s /Q o A= Twpee dA(w).
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It follows that fi € Bayg for all € € A,4(f), p = 2+ 6 (6 > 0). Therefore the result
follows. 0

The analogue of Theorem C holds. In [11, Theorem 2.1.1 ] is the B, analogue of

(12) (replace the term 1 — |2|? in (12) with (1 - |z|2)°). Thus a corollary of the proof of
Theorem C is as follows.

THEOREM 6.2. Let u be a positive measure on U, let 0 < p < oo and o > 0.

Then, du(2)
u(z
< X0
/u (1~ [z[2)er

if and only if there is a constant ¢ with

[1F@F dut2) <elfll,,  forall f e B,
U

Therefore we obtain the analogue of Corollary 3.6 for p > 2:
COROLLARY 6.3. For f € B, (o > 0), the following are equivalent:
f € Bao.

For all € > 0§, ,(f) is a compact subset of U.

3. Forsomep>2andalle >0,

DO

/n..a(f) 1/((1 - |w|2)p) dA(w) < oo.

4. For any p > 2 and € > 0, there is a constant ¢ so that

[ 1d@FdaG) <clglh,, forallge B,
n"ﬂ(f)

The analogue of Theorem 3.9 for all spaces B, holds. The left inequality holds as
the analogue of (5) is easily seen to be true in B,. For the right inequality everything
works through with the appropriate change of each 1 — |z|* term to (1 - |2|?)* and B, B,

replaced with Ba, B, o respectively. In (19) 1/ (1 -(R+(1-p) /r)z) needs to be replaced
by its o power then the corresponding limit in (21) equals (22¢+1(1 - p))/(p*+1(4- p)°).
Therefore we obtain the following corollary.
COROLLARY 6.4. For f € B, (a>0),
limsup|f'(2)] (1 - |2I?)® < dists, (f, Bay) € 2 limsup|f'(z)| (1 - |2]*)°.
|z{=1

|z|—=1
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