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RESIDUE FREE DIFFERENTIALS AND THE
CARTIER OPERATOR FOR ALGEBRAIC
FUNCTION FIELDS OF ONE VARIABLE

TETSUO KODAMA

1. Introduction. Let K be a field of characteristic p > 0 and let 4 be a
separably generated algebraic function field of one variable with K as its
exact constant field. Throughout this paper we shall use the following notations
to classify differentials of 4/K:

D(A4) : the K-module of all differentials,

G(A4) : the K-module of all differentials of the first kind,

R(A4) : the K-module of all residue free differentials in the sense of Chev-
alley [2, p. 48],

E*(4) : the K-module of all pseudo-exact differentials in the sense of
Lamprecht [7, p. 363], (compare the definition with our Lemma 8).

In the preceding paper [5, Satz 1] we proved that for a perfect field K,

dimgR(4)/E*(4) = dimgG(4)/G(4) N E*(4),
R(4) = G(4) + E*(4).
This is a natural generalization of the theorem of Kunz [6, Satz 3], and this
means that the K-dimension of R(4)/E*(A4) is not greater than the genus
g(4/K).

In this paper we have two aims. One is to obtain similar formulae with the
preceding formulae without the assumption of perfectness on K. Another is to
consider a kind of transfer of these formulae on the constant field extension.
The former consideration is necessary for the latter one.

In § 2 we shall study a definition and some fundamental properties of the
Cartier operator which is an important tool for our aims. In particular we
shall make comparison between a differential and the differential obtained by
application of the operator on the given differential about their degrees and
residues (Lemmas 2 and 3). In § 3 we shall introduce a semi-linear mapping
C™"(Cosp 4 jan -) of D(A) into D(A4,). In relation with the notation 4, we
explain some notations now. Let F and .S be fields. Then F?" denotes the field
of all elements of p"-th power of elements in F for an integer #. F(S) denotes
the extension field of F generated by adjunction of all elements of S to F.
Following these notations 4, means A(K,) with K,, = K™ (m = 0), and
Cospa,an 1s the cotrace from 4 to A4,. By this mapping we shall define two
K-submodules of R(A4)

Rn(4) = {w € D(4) | C"(Cospajanw) € G(An)}

Received September 14, 1971 and in revised form, November 1, 1971.
905

https://doi.org/10.4153/CJM-1972-090-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1972-090-8

906 TETSUO KODAMA

and
E,(4) = {w € D(4) | C"(Cospajanw) = 0}.

After some discussions on residues and inseparable poles of differentials we
shall characterize elements of R(4) and E* (4) by the operator C™(Cospa;am ),
and we shall prove that R(4) = Usm—o Rn(4) = Usm=cx Rn(4) (Corollary of
Lemma 6), and determine an explicit form of a differential in £*(4) (Lemma 8),
where ¢* is the minimum integer of such # as g(4(K,)/K,) = g¢(4/K) : the
conservative genus of A /K. Further we shall show that linear independency of
a finite number of differentials over K mod E*(A4) is transferred into the field
obtained by the constant field extension A(L) with L O K (Lemma 9), for a
preparation to the proofs of Theorems 1 and 2. In the last part of the section
we shall prove Theorem 1. From this we obtain that the K-dimension of
R(A)/E*(A) is not greater than the conservative genus go(4/K).

In § 4 we shall prove Theorem 2 which shows the corresponding transferred
formulae by the constant field extension with the formulae in Theorem 1.

As main results we have

THEOREM 1. Using the same notations mentioned above it holds that

dimgR(4)/E*(4) = dimg,G(An)/G(4n) N E*(4,),

for any integer m = c*.

THEOREM 2. Using the same notations mentioned above it holds for a given
extension L of K that

R(A(L)) = L Cospaazy Ru(4) + E*(A(L))
for any integer m = c*, and

dimy, R(A(L))/E*(A(L)) = dimg R(4)/E*(4).

2. The Cartier operator. We begin with the definition of the Cartier
operator. Let us denote a separating variable of 4 over K by x and let us
always use it in this sense. With this x, {1, ..., x?"!} forms the so-called
p-base of A/B with B = A?(K) and represents any w € D(4) in a unique
form o = Y.%Zbawxidx, with a; € B. If ag’i is in A, define C,(w) =
a8”1dx; hence C4(w) isin D(4). Then we say that C4(w) is defined in 4 and
call C, the Cartier operator for 4. We shall simply write C instead of C, when
no confusion might arise.

Let L be an extension of K. Then the constant field extension A(L) of 4
by L over K is separably generated over L, as 4 is separably generated over K,
and x remains as a separating variable of A(L)/L. Hence {1,x, ..., x? 1}
remains as a p-base of A(L)/A?(L).

The following tundamental properties of C4 are obvious by making use of
facts in Eichler’s book {4, pp. 160-167].
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(1) Whether C4(w) is definable or not, C,(w) itself is independent of the
choice of a separating variable.
(2) If C4(wy) and C4(ws) are defined for wy, wy € D(4), then

CA (ylpwl + yzpwz) = ych (wl) + ygcA (0)2) with V1, Ve € A.

(3) If w € D(A) is exact, C4(w) is defined and C4(w) = 0. Conversely, if
Ca¢1y(Cospaaryw) is defined and is equal to O for an extension L of K,
then w is exact (cf. [2, p. 118] on the definition of Cosp).

(4) Let @ = CoSpajaxmy » for o € D(A). Then all C'(Q) G =1,...,m)
are defined in 4(K,,).

LEMMA 1. Let C4 () be defined for a differential w € D (A4). If L is an extension
of K, then C41y(Cospa anyw) s defined and

CA(L)(COSPA/A(LW) = COSpA/A(L)CA (w).

Proof. The proof is obvious from the fact that Cosp4,s(rdx is a non-zero
exact differential of A(L) and Cosp 4, 4(ryydx = y Cosp.,a(ydx.

LeEMMA 2. Let C(w) be defined for a differential o € D(A). Then
n(Cw) + 12 p7 (n(w) + 1)

holds for any place g of A, where vg is the valuation with respect to a place g,
(cf. [5, Hilfssatz 2], when K is perfect).

Proof. It K is perfect, then K = K?, B = A?. Accordingly C(w) is defined
for any w € D(4). Any uniformizing variable ¢ is a separating variable since
the residue field of the place g of the uniformizing variable ¢ is separable over
K. By property (1) we have

vg(w) = min{r(ad'dt)} = vg(a,_1tP~1dt),
ve(tdt) = —1.
From this we get

v (C(w)) + 1 2 p(ng(w) + 1).

From now on we consider a general field K. Let K* be the smallest perfect
field containing K in the algebraic closure of K and let A* = A(K*) be the
constant field extension of 4 by K*. Let p* be the place of 4* lying above a
place g of 4 and let ey« ;4 be the ramification index of p* w.r.t. g. If we denote
Q = Cosp,a+w, then

v (C(@) + 1 2 p71(mp+ (@) + 1).

On the other hand the divisor I = (Cony s+w) (@)1 is integral as well-
known and this is independent of w. Since for any w € D (4), vp=x(Congjarw) =
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epxgv (@), therefore we have

1 (Cw)) + 1 2 p7(n(w) + 1) + 3;*1” (1 =) (rp (M) + epryg — 1)
2 p (v (w) + 1).
This completes our proof.
From Lemma 2 we obtain easily

COROLLARY. Let w be in D(A) and let us assume that C(w), ..., C™(w) are
all defined for a large enough integer m = 0. Then there exists an integer w* such
that vg(C*(w)) = —1 for any place g and integer n with n* =< n < m.

Proof. Using Lemma 2, 75(w) = —1implies 5 (C(w)) = —1. If yy(w) £ —2,
then »,(C(w)) > r5(w) because vy (C(w)) — vg(w) = (1 4 r5(w)) (P~ —1) > 0.
Hence v (C" (w)) = —1 for #’ = — (1 4 »(w)). Since the number of poles
of w is finite, let #* be the maximum of such #’’s. Then this #* satisfies our
Corollary.

LemMA 3. Let C(w) be defined for a w € D(A). Then Resyw = (Res,C(w))?
for any place g (cf. [5, Hilfssatz 1] when K is perfect).

Proof. Using the same notations as in the proof of Lemma 2 we have
(Resy«C(Cosp 4 ja*w))? = ResysCosp 4 /4+w.
If the residue field of g is identified with a subfield of the residue field of p*, then
Resp«Cosp 4+ = Resgw [2, Theorem 11, p. 119].
Hence we have by Lemma 1

(ReggC(w))? = Resyow.

3. The Cartier operator and residue free differentials. Let us denote the
fields K>, A(K?™™) and B(K*™ ") by K,,, A and B,, for any integer m = 0.
If g is a place of 4 /K whose residue field is separable over the constant field K,
we call g a separable place (or separable).

We obtain as a simple generalization of [2, Corollary 4, p. 123]:

LEMMA 4. Let g1, . . ., 8, be a finite number of places of A /K. Then there exists a
finite purely imseparable extension L of K such that the place v; of A{(L)/L
lying above g; is separable for any 1 =1, ..., n.

Proof. Using the same notation as in Lemma 2 we denote the place of A4*
lying above g; by p;*. By [2, Corollary 4, p. 123] there exists an intermediary
field M, between K* and K having the following properties: M, is a finite
purely inseparable extension of K; the place p;’ of 4 (M ;) (which lies above g;)
lying below p;* is separable, and ey« = 1. If we form the composite field
L = =1 M, then L is a finite purely inseparable extension over K. If p; is
the place of 4(L) lying below p*, then p, is lying above p,/ and is separable
since p;* is unramified with respect to A(L) [2, Corollary 3, p. 123].
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COROLLARY. Let gy, . .., 6, be a finite number of places of A/K. Then there
exists an inleger mo = 0 such that for m = my the place p; of A, lying above g; is
separable for each ¢ = 1, ..., n.

it

Proof. In the proof of Lemma 4 L is contained in K* and L is a finite extension
of K. Hence there exists the minimum integer m, satisfying K C L C K,,.
Since p;* is unramified with respect to A{L), hence so to 4,,, and therefore
p.;* is unramified with respect to 4,, for m = m,, so that the place p; of 4,
lying below p* is separable.

LEMMA 5. Let w be in D(A). Then there exists an integer m = 0 such that
vy (C™(CoSpa sanw)) = — 1 for all places p of An/Kn, and any polep of Cosp.ya.w
1s separable.

Proof. Using the same notation as in Lemma 4 there exist a finite number of
places g of 4/K lying below all poles p* of Cosp4,4+w. We apply the Corollary
of Lemma 4 to these finite number of places. Denoting by 7 any integer which
satisfies the Corollary, the place " of 4, lying below p* is separable. Let
g = —min {0, min vyx(Cosp4,a+w)} for all places p* of A*/K*, and let m =
max{r, g — 1}.1fv,(Q) = Oforaplaceof 4, then», (C7(Q)) = 0for0 < j < m
by Lemma 2, where @ = Cospa a.w. I »,(@) < 0, then »(C7(Q2)) = —1
form =2 j = —1 — »,(Q) by the Corollary of Lemma 2. The fact that m =
—1 — »,(Q) is obvious; as from ey« = 1, it holds that

Vp(Q) = Vp*(COnAm/A*Q) g V‘]*(COSPA/A*(JJ) ; — q,

hence m = —1 — »,(2). Since the place p* of A* lying above any pole p of Q
is among the poles of Cosp, 4w, p* is unramified with respect to 4,,, and
hence b is separable. This completes our proof.

Let us define a set of differentials for any integer m = 0:
Ry (4) = {w € D(A); C"(Cospajanw) € G(An)}.

LemMMA 6. The mapping C™(Cospajan *) ©s a semi-linear homomorphism of the
K-submodule R, (A) of R(4) onto the K,,-module G(A4,).

Proof. Since Cospa,a, is an A-linear mapping of D(4) into D(4,), it
is obvious from property (2) in §2 that R,(4) is a K-module and
C™(CoSp4 jam -) is a semi-linear homomorphism of R,(4) into G(4,). If
uCosp 4 /4,dx is an element of G(4,,), then & = w?"x?"dx is in D(4) and
C™(Cosp 4 janw) = uCoSp4 4,.dx. Thus the mapping is surjective. Let p be the
place of A4, lying above a place g of 4. If 4 Cospy,a, dx = C"(CoSp4 j4,.»)
for w € R,(4), then by Lemma 3 we have for any place

Resy w = (Resy u Cospaa, dx)*™ = 0,
as #Cosp 4 /4, dx belongs to G (4,,). Therefore R,,(4) is a K-submodule of R(4).
COROLLARY. R(4) = Un=oRn(4) = Un—+Rn(4).
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Proof. We proved in Lemma 6 that R,(4) & R(4) for every m = 0.
Conversely, let w € R(4). By making use of Lemmas 3 and 5 there exists an
integer m such that vy (C"(Cosp4/anw)) = —1, Resy C"(Cosp 4, @) = 0 for
all places p of 4,,/K,, and all poles of C"(Cosp 4,4, w) are separable. Therefore
C™(Cosp 4 janw) isin G(4,), hence w € R, (A4). From the Corollary of Lemma 4
we can take all m = ¢*, hence R(4A) = Up—o Rpn(4) = Usp—ex R (4).

LeEMMA 7. Let us assume that g(A,/Ky) = g(4,/K,) for some two integers
n=m=0.Then R,(A) C R,(4).

Proof. From the definition of R,(4), C"(Cosp,4,w) belongs to G(4,,) for
any o € R,(4). Let p’ be any place of 4,/K, and let p be the place of 4,,/K,,
lying below p’. Then using the Corollary of Lemma 2

vy (C"(Cospasaw)) Z vy (C"(Cospasa,w))
= ey prp (C"(Cosp a/an®))
=20

by the equality of two genera. Hence C*(Cosp4,4,») Is contained in G(4,),
which means that w € R,(4).
From Lemma 7 it holds that
R,(4) S R,(A)iln =m = c*.

Let us denote the kernel of C"(Cospajan-) by En(4). Then E,(4) is
contained in E*(4) in the sense of Lamprechtasshown by the following Lemma.

LEMMA 8. w is in E,(4) if and only if o = 3 ax 25 dx,, g, = p™, where
all integers m; = m — 1,all a; € K and all x; € A.

Proof. f w = Y 0,7 dx,, q; = pi, withm; = m — 1,a; € Kandx; € 4,
then C™(Cosp a/4,0) = 0. We shall prove the “only if”’ part by induction on .
Let C(Cosp4,4,0) = 0; then w is exact by the property (3) in § 2. Assume
that our lemma is true for all E,(4) with # <m — 1. If w € E, (4), then

Cm(COSpA/Amw) = C(COSpAm—l/AmCm_l(COSpA/Am—lw)) = 0)

hence C™'(Cospaam) = d2, 2 € A,y Since A,_1 is purely inseparable
over A, z has no variable pole. Hence z = 3 ,a7 " Vx,, wherea; € K, x; € 4,
and dz = ZZ-ai”'('"“)CospA,A,,,_ldxi. By this we have

C" 1 (Cospajami (@ — " dx;)) = 0,
which means
w — Ziaixi”m_l_ldxi = (0 mod Em_l(A).

Hence by the induction assumption

w— Yax " ey = 2By 4dy;,

where m; = m — 2,8; € K, y; € A. This completes our proof.
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Let L be an extension of K and let .S be a K-submodule of D(4). Then we
define an L-module

L CospajaryS = {2 @,.Cospajayw: | a; € L, w; € S}.
CoRrOLLARY. If L is algebraic over K, then
E,(A(L)) = L CospajacyEn(4).

Proof. It is obvious that L CospsjanyEn(4) C E,(4A(L)). Conversely
if Q€ E,(4A(L)), then @ =dz, z € A(L). As L is algebraic over K, z is written
in such form z = Y ,ax; witha; € L, x; € A. Hence

Q = ZiaiCOSpA/A(L)dxz =0 mOd LCOSpA/A(L)El(A).

Assume that E,(A(L)) = L CospajanyE.(4) tor n < m.
Let @ = 2?"~1dz be a purely pseudo-exact differential of E,1(4(L)), then
CQ = z#"'"dz € E,(4(L)). By the induction assumption

CQ = X Buwi"Cospasaydis, ¢s = P,
where m, <m — 1,8, € L, x; € 4. From this we have
COQ — > BPx/1CoSpasa(rydxs) = 0, ry = pmity
hence
Q — > BPx7Cospasarydx; = 0 mod E (A(L)).

Since Ei(A(L)) = L Cospa;ayE1(4) as proved already, @ is contained
in L Cospaja(ryEnt1(4). Since any differential in E,1(4(L)) is written
as the linear combination of purely pseudo-exact differentials with the coeffi-
cients in L, by Lemma 8 it is contained in L Cosp 4/.4(z)Em+1(4).

If we denote U —oE,(4) by E*(4), then E*(4) is a K-submodule of R(4).
Since E,(4) C E,(4) for m =n, E*(4) = Un—E,(4). Therefore
E*(A(L)) = L Cospa,aryE*(A4) if L is algebraic over K.

LEMMA 9. Let L be an extension of K and let A’ = A(L). If wi,..., w,
of D(A) are linearly independent over K mod E*(A), then Cospajar w1, - ..,
Cosp 4,4’ wy are linearly independent over L mod E* (4).

Proof. We shall show that if Cospsja'wi, ..., Cospsjarw, are linearly
dependent over L mod E,, (4’), then wy, ..., w, are linearly dependent over
K mod E,, (4). This is sufficient to our proof. We shall prove it by the induc-
tion on m.

The case m = 1 has been proven by Rosenlicht [8, Lemma 5]. Hence assume
that our lemma is true for all m less than n. Let > ,a;Cospsw; = 0 mod
E,(A4") for L elements {«;}, not all of which are zero. Then using the Corollary
of Lemma 8 we have

> ' Cospayjay'C(Cospajaw:) = 0 mod E,_;(47).
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By the induction assumption
> 'C(Cospasaw:) = 0 mod E,_1(41)

for K elements {a;}, not all of which are zero. Using the Corollary of Lemma 8
again and Lemma 8 we have

S C(Cospaya,w;) = X b Cospayate £ du,,
where n(1) <n — 1,0, € K and u, € A. Hence
C(Cospaya, (T vw; — b P=1du,)) = 0,

therefore we have Y a0, = 0 mod E,(4). This completes our proof.

COROLLARY. If g(A/K) = g(A’/L), then it holds that

dimgG(4)/G(4) N\ E*(4) = dim; G(4")/G(4A") N E*(4").
In particular if m,n = c*, then
dimg,, G(4,)/G(A4) N E*(4,) = dimg, G(4,)/G(4,) N E*(4,).

Proof. Let wy, ..., w, be a base of G(4) mod G(4) N E*(4) over K. If

g(4/K) = g(4’/L), then Cosp4,iwi,...,Cospasarw, are contained in

G(4’) and by Lemma 9 they are linearly independent over L mod G(4’) N
E*(4’). Hence we have

dimg G(A)/G(A) N E*(A) < dimy G(A")/G(A") N E*(4’).

Conversely it is obvious that a linear dependency of wy, . .., w, mod E*(4)
over K implies a linear dependency of Cosp4,4:w1, . . . , Cosp4,4-w, mod E*(A4")
over L. Hence the first equality holds. The second one follows easily from

The proof of Theorem 1. Let R(A) = Um—exRp(A)and E*(4) = Um—+E(4).
Since C™(Cospaja, -) is the semi-linear homomorphism of R,,(4) onto G(4,,)
whose kernel is E,,(4), we have

Rin(A)/En(A) = G(4n), dimg Ru(4)/En(4) = dimg, G(4,) = go(4/K).

At the same time, by this mapping R,(4) N E*(4) is mapped onto
G(4,) N E*(A4,), hence by the Corollary of Lemma 9 we obtain
dimg R, (A)/Ru(4) N E*(4) = dimg, G(4dn)/G(dn) N E*(4,)

and this dimension is equal to dimg,G(A+)/G(Ax) N E*(A ) for any
m = ¢*. On the other hand we have

R(A)/E*(4) = Un=e+(Rn(4) + E*(4))/E*(4),
dimg (R,(4) + E*(4))/E*(4) = dimg Ry (4A)/Rn(4) N E*(4).
As for n = m,

Ru(4) + E*(4)/E*(4) 2 Ru(4) + E*(4)/E*(4);
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by Lemma 7, these two modules are identical and
R(A)/E*(A) =2 R (A)/Rn(4) N E*(4)
for any m = ¢*. Therefore we obtain the two equalities in Theorem 1.
CoRrOLLARY. If A /K is conservative, then

dimg R(4)/E*(4) = dimg G(4)/G(4) N E*(A),
R(4) = G(4) + E*(4).

(cf. [5, Satz 1] and [6, Satz 3]).

4, Residue free differentials and constant field extension. Let L be an
extension of K and let 4’ = A(L).

LeEMMA 10. It holds that
Rm(A,) g L COSpA/AlRm(A) + Em(A’).
In particular if g(4,/K.) = g(4A"w/Ly), then equality holds.

Proof. By definition, a differential @ € D(4’) is in R,(4’) if and only
if C™(Cosparjam @) isin G(4,,). Any differential in G(4,) is a linear combina-
tion of differentials in Cosp 4,/4m'G(A) with the coefficients in L,,. Hence
Cm(Cosp 4 /an2) 1s written as follows:

C"(Cospar/an'@) = 22" "CoSP an/an' i,

where @, € G(An), Mi € L. On the other hand C™(Cospy, 4, *) is the mapping
of R, (4) onto G(A,), hence 2; = C™(Cosp4,amwi) With w; € R,,(4). Therefore

C™"(Cospar/am (@ — 2 \Cospajarwi)) = 0,

and hence @ — > \;Cospasaw; =0 mod E,(4"). This proves the first
assertion.

Assume g(4,/K,) = g(4,'/L,) and let @ = 3 \,Cosps/aw; be in
L CospajarRn(4). Then

C™(Cospar/am@) = 2 A "CoSP an/am C" (COSP 4740 1)

with  C"(Cospajunwi) € G(An). As C"(Cospajanw:;) 1is in Gdn'),
C™(Cospar/am'?) € G(4,'), which means that @ isin R, (4’). Since R, (4") 2
E,(A4"), we have

Rn(A") = L Cospaja-Ru(A4) 4+ En(4").

Proof of Theorem 2. By Theorem 1, R(4') = R,(4") + E*(4’) form = c¢'*,
where ¢’* is in the same meaning with ¢*. If m = ¢*, then g(4,//L,) =
g(4.,/Kyn) and by Lemma 10 we have

Rm(A,) =L COSpA/AIRm(A) "I" Em(A/).
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Since R(4) = R,(4) + E*(4), it holds that
R(A") = L Cospasa-Ru(4) + E*(4").
On the assertion of the dimensions, using the Corollary of Lemma 9 we have
dimg,G (A)/G(Ar) N E¥(4,) = dim,G(A4,")/G(Ax") N E*(4,")
for m = c*. Therefore by Theorem 1
dimg R(4)/E*(4) = dim, R(4")/E*(4").
This completes the proof of Theorem 2.
COROLLARY. R(4") = L CospajarR(4) + E*(4").
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