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Abstract  The asymptotic behaviour of inhomogeneous power-law type functionals is undertaken via
De Giorgi’s I'-convergence. Our results generalize recent work dealing with the asymptotic behaviour of
power-law functionals acting on fields belonging to variable exponent Lebesgue and Sobolev spaces to
the Orlicz—Sobolev setting.
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1. Introduction

Motivated by applications to dielectric breakdown and polycrystal plasticity, the study
of the asymptotic behaviour of power-law functionals has been the subject of increased
interest during the last decade. In the context of (first-failure) dielectric breakdown for
composite materials made of two isotropic phases, Garroni et al. [14] have introduced
natural variational principles that provide a rigorous justification, via De Giorgi’s I'-
convergence [10,11], of the classical dielectric breakdown model as a limiting case of
power-law models, and suggest a new non-degenerate variational principle in L*° that
can be used to efficiently characterize the effective yield set. The I'-convergence results
in [14] have been extended [4,5] to the framework of A-quasiconvexity, which allows for
more general linear partial differential equation constraints on the underlying fields. The
analysis in [4] leads to variational characterizations of the yield set in the framework
of electrical resistivity, where one works with divergence-free underlying fields, while [5]
deals with applications to models of antiplane shear and plane stress plasticity. These
results have recently been extended to the setting of power-law functionals defined on
variable exponent Sobolev spaces for curl-free fields (see [3]) as well as for the general
case of fields that are subject to constant rank differential constraints [6].
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The main goal of this paper is to study whether I'-convergence results in the spirit
of Garroni et al. [14] can be obtained in the very general framework of Orlicz—Sobolev
spaces. To this aim, we analyse the asymptotic behaviour of several classes of inhomo-
geneous functionals involving energy densities that are defined either in terms of Young
functions @,, (see Theorem 3.2 in § 3 of the paper) or in terms of the Orlicz norms associ-
ated with these functions (Theorems 3.3 and 3.4 in §3). In the particular case where the
Young functions are of power-law-type @, (t) = t"/n, Theorem 3.2 allows us to recover
the traditional dielectric breakdown model discussed in [14] (see also [16]), while the
I'-limit obtained in Theorem 3.3 suggests an alternative derivation of the new varia-
tional principle proposed by Garroni et al. as a limit of variational principles involving
the Orlicz norm. Our next I'-convergence result, Theorem 3.4, shows that in the setting
of conductivity, even if one considers nonlinear materials whose elastic energies are char-
acterized by a combination of the two previous types of energies (which type of energy is
activated depends on the magnitude of the Orlicz norm of the electric field), the predicted
limiting material behaviour coincides again with the one in [14].

Overall, our results indicate that widely accepted models of dielectric breakdown can
be justified as limiting cases of much more flexible models. They should be viewed in the
context of the recent literature (see, for example, [4,6] and references therein) concerned
with the derivation and analysis of a variety of models in the more general setting of
polycrystal plasticity starting from appropriate power-law and related models. Further-
more, understanding the asymptotic behaviour of inhomogeneous functionals satisfying
non-standard growth conditions is also of independent interest, and we expect that our
results will find further applications in other areas, such as electrorheological fluids or
image processing, where these types of functionals play a key role in accurately describing
the underlying physical phenomena.

The layout of the paper is as follows: in §2 we briefly describe some basic properties of
Orlicz and Orlicz—Sobolev spaces; our I'-convergence results, Theorems 3.2, 3.3 and 3.4,
are stated in §3 of the paper; the remaining sections are devoted to the proofs of our
main results, together with a number of remarks and auxiliary results.

2. Orlicz—Sobolev spaces

In this section we provide a brief review of the basic properties of Orlicz and Orlicz—
Sobolev spaces. For more details we refer the reader to the books [1,2,19,20] and to the
papers [7,8,13,15].

Assume that ¢: R — R is an odd increasing homeomorphism from R onto R, and
define

¢ ¢
@(t):/ »(s)ds, @*(t):/ 0 1(s)ds. (2.1)

0 0
Note that #(0) = 0, ¢ is convex and lim; ,o P(t) = +o00, which makes ¢ a Young

function. Moreover, since &(t) = 0 if and only if ¢ = 0, lim;oP(t)/t = 0, and
lim; 00 @(t)/t = +00, @ is an N-function (see [1] or [2] for more details). $* is called
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the complementary function of @ and it satisfies
@*(t) = sup{st — P(s): s =0} forallt>0.
In addition, @* is also an N-function and Young’s inequality
st < P(s) +P*(t) forall s,t >0

holds. In what follows, we assume that

to(t
1<<p‘<m<<p+<oo for all ¢ > 0, (2.2)
40
where () ()
_ . ® + ¥
= inf —2 d = —_—Z,
LT R A P IE)

We indicate below several examples of functions ¢: R — R that are odd increasing
homeomorphisms from R onto R and for which (2.2) holds. For more details, the reader
is referred to [7, Examples 1-3, p. 243].

(1) ¢(t) = [t|P~2t with p > 1. It can be shown that ¢~ = o =p.
(2) o(t) =log(1 + [t|")|t|P~2t with p,r > 1. In this case ¢~ = p and ¢ = p + 7.

(3) @(t) = [t|P~2t/log(1 + |t|) if t # 0, p(0) = 0, with p > 2. In this case it turns out
that o~ =p—1and ot =p.

With ¢, @ and ¢* as above, the Orlicz space L?(2) is the space of measurable functions
u: {2 — R such that

llul|pe := sup{/ wodx: / &*(|v]) dx < 1} < 0. (2.3)
o) o)

Endowed with the so-called Orlicz norm, given by (2.3), L?(£2) is a Banach space. The
Luzemburg norm, defined by

lullo = inf{u>0: /QQ)(uf)) dx<1}, (2.4)

is equivalent to the Orlicz norm on L%(£2).
In the context of Orlicz spaces, Holder’s inequality reads as follows (see [20, Inequal-
ity 4, p. 79]):

/ wode < 2||ul| g ||v]|per  for all uw € L?(2) and v € L? (2).
Ie;
The Orlicz—Sobolev space W% (£2) is defined by

W) = {u € L?(0): g—“ eL?(2), i=1,... ,N}
€T
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and it is a Banach space with respect to the norm
[ullre = [lulle + [ Vulle.

We note that if ¢~ and ¢T are defined as above, our hypothesis (2.2) implies that &
satisfies the As-condition:
d(2t) < KP(t) Vi =0, (2.5)

where K is a positive constant (see [18, Proposition 2.3]). On the other hand (see, for
example, [12, Lemma 2.1] or [18, Proposition 2.1]), we have

lulg” < /{f(\uw)l)dw <lully vue L?(2), [lulls <1, (2.6)
and
lully < /QGP(IU(JJ)I)dx <[ulg” vuer(2), Jule>1. (2.7)
Finally, we assume that @ is such that
the map [0,00) > t — ®(1/1) is convex. (2.8)

We note that this, together with (2.5), implies that the Orlicz space L?(2) is a uniformly
convex (and hence reflexive) Banach space (see [18, Proposition 2.2]).

Remark 2.1. Let p > 1 and define p(t) = |t|P~?t, t € R. As we already mentioned
in example (1), it can be shown that in this case we have ¢~ = ¢+ = p and the
corresponding Orlicz space L?(§2) reduces to the classical Lebesgue space LP(§2), while
the Orlicz—Sobolev space W% (£2) becomes the Sobolev space W1P(2).

Finally, we note that under assumption (2.2) we have (see, for example, [12,

Lemma A.2]):
B(p)2(t) < D(pt) < v(p)2(t) Yt >0, p>0, (2.9)
where
e i pe(0,1],
o= {w if p € (1,00),
) ifpe(0,1],
™) {p“’Jr if p € (1,00).

3. Main results

We start by recalling the definition of I'-convergence (introduced in [10,11]) in metric
spaces. The reader is referred to [9] for a comprehensive introduction to the subject.

Definition 3.1. Let X be a metric space. A sequence {F,,} of functionals F,,: X —

R := R U {co} is said to I'(X)-converge to Foo: X — R, and we write I'(X) —
limy, o Fy, = Fs, if the following hold:
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(i) for every u € X and {u,} C X such that u,, — u in X, we have

Foo(u) < liminf Fy, (uy,);

n—oo

(i) for every u € X there exists a sequence {u, } C X (called a recovery sequence) such
that v, — v in X and
Foo(u) > limsup Fy, (up,).
n—oo

Let 2 C RY be an open set of finite Lebesgue measure, |£2| < +oo, with sufficiently
smooth boundary. To simplify the presentation we will assume in what follows that
|2| = 1. However, this additional assumption is only imposed so that unnecessary com-
plications in the proofs can be avoided; our results still hold, with straightforward mod-
ifications, in the general case.

Let @,, be defined as in (2.1), and assume that for each n € N, (2.2) and (2.8) hold
(with ¢ and @ replaced with ¢,, and @,,, respectively). Moreover, we will assume that ¢,
satisfies the following conditions:

@, —> 00 as m— 0o (3.1)

and
there exists a real constant 3 > 1 such that o;" < By, for all n € N. (3.2)

Let A € L*°(£2) be such that 0 < a < A(z) < b, where a and b are two positive real
numbers. For each n € N, consider the functionals I,,, J,,: L1 (£2) — [0, +00] defined by

1 - 1,8,
/Q mén(\A(x)Vu(w)\) dz if u e Whe (),

400 otherwise,

I,(u) =

and

AVulg, if ue Wh¥(02),
Jp(u) =
400 otherwise,
where W, (t) := &, (t) /P, (1).
Theorem 3.2. Assume that the sequence {p,} satisfies (3.1) and (3.2). Define
Io: LY(02) — [0, 4+00] by

L () {O if [M(z)Vu(x)| < 1 for almost every (a.e.) x € {2,
oo \U) =

+o0o  otherwise.

Then the following hold.

(i) For every u € LY(£2), and {u,} C L'(2) such that u, — u weakly in L'({2), we
have
Io(u) < liminf I, (uy,). (3.3)

n—oo
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(ii) For every u € L(£2) there exists a sequence {u,} C L'(£2) such that u, — u
strongly in L'(£2), and

limsup I, (u,) < I (). (3.4)
n—oo

In particular, I'(L'(£2)) — lim,, 00 Iy = Iso.

In the case where the sequence {¢,} satisfies (3.1), and with (3.2) replaced by the
stronger requirement

: o —
lim o7 /o, =1, (3.5)

two other I'-convergence results can be established. The first one concerns the sequence
{Jn} defined above, while the second one involves a rescaled version of the sequence
{I,} considered in Theorem 3.2. Precisely, we will prove in §5 of the paper the following
theorem.

Theorem 3.3. Assume that the sequence {@,} satisfies (3.1) and (3.5). Define
Joo: LY (£2) = [0, +] by

AV 1o (o if u e Wheo(1),
Jw) = {n Ul = (omr) ifu (%) 56)

+o00 otherwise.

Then the following hold.

(i) For every u € L'(R2), and {u,} C L'(§2) such that u, — u weakly in L'(£2), we
have

Joo () < liminf J,, (uy,).

n—oo

(ii) For every u € L'({2), there exists a sequence {u,} C L*({2) such that u, — u
strongly in L*(£2), and

lim sup J,, (ur,) < Joo(u).

n—oo

In particular, I'(L'(§2)) — lim,, o0 Jp = Joo-

For n € N and t € R, define ¥, (t) := &,(t) /P, (1) and consider the sequence {K,} of
functionals K,,: L' (£2) — [0, 4+00] given by

1/
(/ Q/n(|/\(x)Vu(m)|)dx) if u € Wh¥n () with [|AVullg, <1,
7

K,(u) =
() IAVu|lw, if u € Wh¥ () with [|AVulg, > 1,

+00 otherwise.

Theorem 3.4. Assume that the sequence {p,} satisfies (3.1) and (3.5) and let J
be defined by (3.6). Then the following hold.
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(i) For every u € L'(R2), and {u,} C L'(§2) such that u, — u weakly in L'(£2), we
have
Joo (1) < liminf Ky, (uy,).
n—oQ
(ii) For every u € L'(§2) there exists a sequence {u,} C L*(£2) such that u, — u
strongly in L'(£2), and
lim sup K, (un) < Joo(u).

n—oo

In particular, I'(L*(£2)) — lim,, 00 K, = Joo-

Remark 3.5. We recall that a sequence {F},} of functionals F},: L'(£2) — R is said to
be equicoercive with respect to the strong topology of L' (£2) if, whenever {u,,} C L'(2)
is a sequence with bounded energy, i.e. such that sup,cy Fp(u,) < 0o, there exists a
subsequence {un,} of {u,}, and u € L'(£2) such that u,, — u strongly in L'(£2).
Although in part (i) of Theorems 3.2-3.4 we are able to prove the I'-liminf inequalities
under the less restrictive assumption that w, — wu weakly (rather than strongly) in
LY(£2), our I'-convergence results are then explicitly stated as holding with respect to
the strong topology of L'(£2). This topology is natural to consider here because the
sequences of functionals {I,}, {J,} and {K,} in the statements of Theorems 3.2-3.4
are in fact equicoercive with respect to it. Indeed, as it can be seen from the proofs of
these theorems presented in §§4 and 5 of the paper, in each case, the sequences with
bounded energy turn out to be uniformly bounded in any Sobolev space W14(£2) with
q > 1. The equicoercivity property then follows from the Rellich-Kondrachov theorem
(precisely, from fact that the embedding of W14(£2) into L(£2) is compact).

4. Proof of Theorem 3.2

We start by verifying (3.4). If I, (u) = oo, the inequality clearly holds for any sequence
un — u strongly in L1(£2). On the other hand, if I, (u) < 4+o00 we must have I, (u) = 0
and, consequently, |A\(z)Vu(z)| < 1 for a.e. x € 2. For each n € N let w, := u and note
that we have

lim sup I, (u,) = limsup

JRECCIIOIP
2

n—o0 n— 00 @n(l)

< lim sup 1% (D)
n—ooo  Pn(1)

< lim @

< sup —
n—oo  ©n

=0

= Ioo(u),

where we have used hypotheses (2.2) and (3.1). Thus, the constant sequence {u, } = {u}
is a recovery sequence for the I'-limit.
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To prove (3.3) we may assume, without loss of generality, that u, € W% () and

liminf I, (u,) = ILm I, (uy) < oo. (4.1)

n—oo

Note that since @,,(t) dominates t¥» near infinity for each n € N, we have W1%=(£2) C
When (£2), and thus u,, € WH%#n (£2) (see [17, Lemma 2]).

Let x € £2 be a Lebesgue point for A\Vu € L'(£2). For any ball B(x,r) C 2 and n € N
sufficiently large we have, in view of Holder’s inequality,

/B o Ty < ATl X (4.2)

where (@) = (¢; —1)/¢; . We also have

”XB(I,T)”L(M)' = |B($77")|(<p;_1)/%- (4.3)

Before proceeding further, we note that (2.9) implies that

o ift>1 o ift>1
B, (1 Z <P, () < P10 > 4.4
( ){tﬁ ift e (0,1)} ®) ( ){t% if t e (0,1)} (44)

for all n € N. Consider the sets
OF ={x € 2; AN2)Vu,(z)| =1} and 2, ={x € 2; |\2)Vu,(z)| < 1}.

In view of (2.2), (3.2) and (4.4), we have

/Q|A(a:)vun(x)\% dx:/ﬂn A(2) Vi (2)] €7 01:;;+/+ A(2) Vun (2)[ 7 da

25

“n dx

<1 —|—/Q+ [A(2)Vuy,(z)
en(1) [ Pu(|A(@)Vun(z)])

SOl A et

+‘P:L_In(un)

JFﬂ‘P;In(un)'

1+

N

<1
<1

Thus, B
AVl = < (14 By, In(un)] /o7 (4.5)

Combining (4.2), (4.3) and (4.5), we obtain
/ W)V (y)| dy < | B, )| D0 14 Bipy, L (un)] /90,
B(z,r)
which, in view of (3.1) and (4.1), implies that

fimsup [ Py < Bl (4.6)
B(z,r

n—oo
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Let ¢ > 1 be an arbitrary real number. By (3.1), ¢ < ¢,, for sufficiently large n € N.
Using Holder’s inequality we have

q/¢5
/ IA(2) Vi ()] da: < (/ A () Vi ()| dx) ||(en /e
(9] (9]

— (/rzn () Vg, (z)|# dz + /Q; A@) Vi ()| dx)Q/cp;

< (1+ /Q Qﬁn(ugi(vll)tn(x)l) dz)‘”*"n

< (1 + Bepy In(un)) /%7

Thus, the sequence {Vu,} is bounded in LI(§2;RY) for any ¢ > 1. Since u, — u
weakly in L'(£2) we deduce, in view of the Poincaré-Wirtinger inequality, that {u,} is
bounded in L?(£2). Tt follows that {u,,} is bounded in W4(£2), and thus we may extract
a subsequence (not relabelled) such that u, — u weakly in W4(£2). Well-known lower
semicontinuity results now give

/B( )I/\(y)VU(y)\dy<liminf IAy)Vun(y)| dy,

n—00 B(z,r)
which implies, in view of (4.6), that

1

Feymm [A(y)Vu(y)|dy < 1.
|B($7T)| B(z,r)

Since almost every = € {2 is a Lebesgue point for A\Vu, passing to the limit r — 0% in
the above inequality yields [A(z)Vu(z)| < 1 for a.e. x € £2. It follows that I (u) = 0 and
this implies that the inequality (3.3) holds. This concludes the proof of Theorem 3.2.

5. Proofs of Theorems 3.3 and 3.4

We begin this section by establishing several auxiliary results that will be needed later.
The following two lemmas generalize to the Orlicz space setting the classical result which
asserts that if 2 C R has finite Lebesgue measure and if u € L>({2), then

L [ullzao) = llullpe= (o) (5.1)

Lemma 5.1. Let {¢,} be a sequence of odd increasing homeomorphisms from R
onto R such that ¢, — oo as m — oo. Then, if u € L>(£2)\ {0}, we have

.
| ! Ju()| ) y

lim /@n( da =1 52
n%o[m@n(l) Q [ul| Lo (2) o
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Proof. Define v € L>(12) by

v(z) = ﬂ
||U||L°°(n)

We have |v(z)| < 1 for a.e. x € £2, and using the fact that t,, (t)/P,(t) < ¢, forallt > 0
and n € N, we deduce that for every fixed n € N the function (0,00) 3 t — t¥n /®,, () is
increasing on (0, 00). Thus, for every ¢t € (0,1) and n € N, we have

e 1

Since |v(z)| < 1 for a.e. x € 2 we find

()| 1
< for a.e. x € £2.
Pn(Jv(z)]) ~ Pu(1)

It follows that

| 1@

which gives

+ 1/¢+
1/ N )W’n [ 1 / ( lu(z)] ) } n
— v(z)|¥n dx <|l—=— &,| —F+— | dzx <1
<|9| V@) 9%, Jo P Tl

for each n € N. Letting n — oo in the above inequality, and taking into account (5.1),
we conclude that (5.2) holds. O

1

#dr < g [ Bul@dr < G du 12l = 1921,

Remark 5.2. In particular, (5.2) holds when our hypothesis (3.1) is satisfied. Also,
note that (5.1) follows from (5.2); indeed, given an arbitrary sequence {g¢,} of real num-
bers such that ¢, — oo, it suffices to consider @, (¢t) := t% in (5.2).

Lemma 5.3. Let u € L*™(2) and let {¢,} be a sequence of odd increasing homeo-
morphisms from R onto R such that (3.1) and (3.2) hold. Then

i [ulle, = [[ul (e, (5.3)

where W, (t) := @, (t)/Pn(1).

Remark 5.4. Elementary computations show that with ,, = ¥/, we have ¢, = ¢,
and ;7 = ¢} for all n € N.

Proof. We may assume, without loss of generality, that u Z 0. We will show that

“ = 1. (5.4)

Un

lim ’ o
n—oo || [luf Lo ()
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First note that, since |u(z)| < ||ul| g~ () for a.e. z € §2, we have

1 / < lu(z)] >
_— U, | ———— |de <1 VnelN.
(1) Jo ||l oo (2

Taking into account the fact that ¥,(1) = 1 for each n € N, the definition of the

Luxemburg norm gives

4 <1 VneN. (5.5)

ull = (2) lly,

In what follows we will work with the Luxemburg norm (2.4) of the Orlicz space L?({2)
rather than the equivalent Orlicz norm (2.3).
In view of (2.6) and (5.5) we obtain that

P
’u 2/%(|U<x>l>dm7
llull oo (2) o, Q llull o~ ()
and hence
Velfqel/en
’“ > K/ wn<|“(“’)|> dx) } Vn € N. (5.6)
||u||L°°(Q) o, Q ||u||L°°(Q)

By Lemma 5.1, the sequence {a, } with

e (foicts) )

converges to 1 as n — oo. On the other hand, (3.2) implies that the sequence {¢;' /¢, }
is bounded. Consequently,

Y +
lim af"/?" = lim exp <%11n(an)) =1.
n—oo n—oo (pn
Passing to the limit as n — oo in (5.6) gives
lim inf v > 1.
n=oo || [lull L= () ||y,
Hence, taking into account (5.5), we deduce that (5.4) holds. O

Remark 5.5. We point out that in the case when the additional assumption 2| = 1 is
removed (that is, we just assume that |£2| < +00), the conclusion of Lemma 5.3 (see (5.3))
should read

Tim [ullop-ra, = Jullz=o- (5.7)
Clearly, (5.7) implies (5.3). We also note that, given an arbitrary sequence of real numbers
qn — 00, by taking &,,(t) :=t% in (5.7) we again recover (5.1).
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Lemma 5.6. Let 2, C {25 be two open sets and u € L?((2;). Then u € L¥(£2;) and
ulle,0, < llulle,0,,
where ||ul|¢ o, stands for the Luxemburg norm of u in L?(2;), i € {1,2}.

Proof. Assume that u # 0 in 25. Clearly,

/ () dr < / )

and thus u € L?(£21). The previous inequality can be rewritten as

/ Pula,)dr < [ (s,

£22

which holds for all u € L?(£2;). Combining this with the definition of the Luxemburg
norm in L?(§2;), we deduce that

/ 45< [ul th)dxg/ ¢<|u| >dx<1.
2 \ulle,o, 2 \ulle,o,

/ @( [u] )dxél

.Ql Hu||¢’92

and the definition of the Luxemburg norm in L?(£2;) now yields |u||¢.0, < |ull¢.0,. O

Hence,

We are now ready to prove Theorem 3.3.

Proof of Theorem 3.3. We begin by establishing the existence of a recovery sequence
for the I'-limit. Let u € L*(£2) be such that Jo(u) < +o0o. Thus, u € W°(£2) and
Joo (1) = [[AVu|| o (2.zn). For n € N define u,, := u. We have u, € W% (£2), and using
Lemma 5.3 we obtain

limsup Jy, (u,) = limsup [[AVullg, = [[AVul| o orr)-

n—oo n—oo

We deduce that the constant sequence {u,} = {u} is a recovery sequence for the I'-limit.
It remains to show that for any u € L'(§2) we have

Joo (u) < liminf J, (uy,) (5.8)

n—oo

whenever {u,} C L'(§2) is such that u,, — u weakly in L'(2).
We may assume, without loss of generality, that u,, € W% (§2) and, after eventually
extracting a subsequence (not relabelled),

liminf J, (u,) = lim J,(uy) < oo. (5.9)

n—oo n—oo

https://doi.org/10.1017/50013091514000170 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091514000170

I'-convergence of inhomogeneous functionals in Orlicz—Sobolev spaces 299

Let g > 1 be arbitrary. By (3.1), ¢ < ¢,, for sufficiently large n € N. For n € N consider
the sets

OF ={x € 2; AN2)Vu,(z)| =1} and 2, ={z € 2; |\z)Vu,(z)] < 1}.

We have

/Q|)\(:U)Vun(x)nglc/QTT |)\(x)Vun(:c)|qu+/Q |A(z)Vuy, (z)|? dz.

n

Holder’s inequality yields

q/¢n
/g+ IAN2) Vi, ()| da < |92, |(on —D/en (/Q+ IA(z) Vg, (z)]?n dx) (5.10)

and

a/et
/|A<x)vun<x)qc1x<|Q;|<vi—q>/%f(/ A(@vun(@widx) . (5.11)
Q25 (9}

For n € N and z € 2,7 we have, in view of (2.9), that
IMN2) Vi, ()P < U (|M2) Vuy,(2))]). (5.12)

Given n € N, we have two alternatives: either [[AVuyllly o+ < Lor [[[AVu, |y o+ >1.
We will assume first that we are in the case where [[AVu,l|l, o+ <1. Taking into
account (2.9), (5.12) and the definition of the Luxemburg norm in LY~ (§2;7), we obtain

that
L

which further yields

ANx)Vau, (z) [P d3:</ W < Az)Vuy, (x) )<1
25 |||)‘VUH|”%“QTJ{ 7

IAVunllly, of

B a/en
([ pevu@i ) <Ihvul, . (5.13)
Q,T nysén
Next, assume that [[AVuyl[ly o+ > 1. Integrating (5.12) over {27 and using (2.7), we
get
- +
/Q+ IAM2) Vg, (2)]9" do < /Q+ U, (A (2)Vuy (z)]) dz < [|AVu, || gn(li
Thus,
B 9/, -
</ IA(@)Vu, (z)]9n dx) < AV || 227/ 2n (5.14)
oF Wy, 027,
From (5.13) and (5.14) it follows that
o N/en ap /en
([ nTu@la) " < maxlaul, . IATellie ),
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and hence, in view of Lemma 5.6,
a/ ey .
. a%y /P
([ Pe@vu@p o) < maxxull, o I8V
for all n € N. A similar argument implies that we have

a/et _
Mz2)Vuy,(z e dz < max{[[|AVu, || o, AV, |||&7" [n Vn € N.
o 7,02 W,

The last two inequalities, combined with (5.10) and (5.11), respectively, imply that

( /Q INz)Vup (z)]9 dx)l/q

B B N A\
< <|Q7‘1‘(99n —D/en 4 |Q;‘(99n —@/%)

+ /0= — /ot
x max{[|A\Vu,|| EALN [P (AR ST

0,020 AV |

or, equivalently,

( /Q IA(2) Vi ()] dx)l/q

1/q
< (Qﬂ(@on—q)/% +(1- |Q¢|)(@I—q)/ﬁ)

+ /0o — o
x max{[|AVun I3, o, [INVun[52257" , [V |57 77 1/,

ns

Using the fact that (¢, — q)/¢, < (o —q)/pt for each n € N, the above inequality
implies that

1/q
AVl e < (m:(%q)/% - |rz:|><@iq>/%)

+ /o= — /ot
x max{IAVunlld, o AV 87757 AV w, |57 7 1/,

Since 2 + (1 — x)? < 2179 for all ,0 € (0,1), it follows that
AVt | gy < 207 ~0/20)/a

+ /o= — /ot
x max{ [[AVunlf, o IVl 67707, [AVun |44 77 29, (5.15)

Hence, by (5.9) and (3.5), we obtain that the sequence {Vu,} is bounded in L7(§2; R")
for any ¢ > 1. Since u,, — u weakly in L'(£2) we deduce, after eventually extracting a
subsequence (not relabelled), that u,, — u weakly in W14(£2). The weak lower semicon-
tinuity of the norm implies that

||)\V’U,||Lq(Q;RN) < I}nH‘l)gf ||/\Vun||Lq(Q;RN). (516)
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Passing to the limit as n — oo in (5.15) and taking into account (5.9) and our hypothe-
sis (3.5), we obtain

limsup [AVun || Laory) < limsup [[AVu,||g, = lim J,(u,). (5.17)
n— 00 n—o00 n— 00

Combining (5.16) and (5.17) we find that, for any ¢ > 1, we have
a(£2; < i n\Un)- .
AVl pagomy) nh_{TOlOJ (un) (5.18)

Using a localization argument similar to the one used in the proof of Theorem 3.2, it
can be shown that Vu € L*(£2;RY). Thus, letting ¢ — oo in (5.18) and taking into
account (5.1), we deduce that

< T o .
Joo (1) < nh_}n@lo T (un) hnrr_1>1£f I ()

Hence, (5.8) holds, which concludes the proof of Theorem 3.3. O

Before we can prove Theorem 3.4 we need to establish an auxiliary result which is a
slight refinement of Lemma 5.1.

Lemma 5.7. Let {p,} be a sequence of odd increasing homeomorphisms from R
onto R such that (3.1) and (3.5) are satisfied, and let w € L°({2) be such that

||u||Loo(Q) < 1. Then
/ot
lim ( /Q Mu(xmdx) — ullzo o,

n—oo
@, (t)/Pn(1).
Proof. Using the fact that |u(z)| < |lullp~(g) <1 for a.e. x € §2, together with (4.4),

we obtain that
N 1/¢F 1/e)
( [ dx) < ( / wnw(xmdx)
(9] (9]

o \Venqen /et
()
Q

for every n € N. Taking into account (3.1), (3.5) and (5.1), the conclusion now follows
by letting n — oo in the above estimates. O

where, forn € N and t > 0, ¥, (t) :=

Proof of Theorem 3.4. Let u € L'(§2) be arbitrary. To prove the existence of a
recovery sequence, we only need to consider the non-trivial case where J(u) < oo.
Thus, u € WH(£2) and Joo(u) = AV« (0.rn). Define u, € W (2) by u, :=u
for n € N. We have two possibilities: either ||[AVu|| g (ory) < 1 or [[AVul|peo(gmyy > 1.
In the first case, applying (5.5) to A\|Vu| € L*°(£2) gives |[A\Vu||g, < 1, which implies
that

K (up) = Kp(u) = (/Q!'/n()\(x)Vu(x))dwj/Wi.
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On the other hand, if [[AVu/| e (or~) > 1, we have, by Lemma 5.3, that [[A\Vullg, > 1
for n € N sufficiently large. Thus, in this case, K, (u,) = K,(u) = ||A\Vulg, . In view of
Lemmas 5.3 and 5.7 we conclude that

nh_{r;o K (un) = Joo(u),
and hence {u,} = {u} is again a recovery sequence for the I'-limit.

It remains to prove that
Joo (1) < liminf Ky, (uy,) (5.19)

n—oo

whenever {u,} C L'(§2) and v € L'(£2) are such that u, — u weakly in L!(£2).
Extracting a subsequence if necessary, we may assume, without loss of generality, that
U, € WH¥n(£2) and

liminf K, (u,) = lim K, (uy) < co.

n—oo n—oo
Let ¢ > 1 be arbitrary. In view of (3.1), ¢ < ¢, < ¢ for sufficiently large n € N.

For n € N we have either |[AVuy,|lg, < 1 or ||[AVuy,|lw, > 1. Revisiting the proof of
Theorem 3.3 we recall that, in either case, (5.15) gives

IAVttn| pa(omny < 207 0n—0/en)/a

x max{[| AV | Lon o AV, |55/ #7 19, (5.20)

AV |

a
L2
In addition, when [|[AVu, ||, < 1, the above inequality and (2.6) give

AVt || pa(omyy < 207 (n—0/en)/a

x max{T, (AV )9, T, (At )220/ #n T, (AT, )220 /90 } 10,
(5.21)

where

Ty (v) = (/Qu?n(m)dx)lm.

Thus, by (5.20), (5.21) and (3.5), we deduce that the sequence {Vu,} is bounded in
L(£2;RY). To conclude that (5.19) holds, one may now proceed along the lines of the
last part of the proof of Theorem 3.3. O
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