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SEMINORMAL RINGS AND WEAKLY NORMAL VARIETIES
JOHN V. LEAHY anxp MARIE A. VITULLI

Introduction

In the late sixties and early seventies the operation of weak nor-
malization was formally introduced first in the case of analytic spaces
and later in the abstract scheme setting (cf. [6] & [4]). The notion arose
from a classification problem. An unfortunate phenomenon in this area
occurs when one tries to parametrize algebraic objects associated with a
space by an algebraic variety; the resulting variety is, in general, not
uniquely determined and may, for example, depend on the choice of co-
ordinates. Under certain conditions one does know that the normaliza-
tion of the parameter variety is unique. The price one pays for passing
to the normalization is that often this variety no longer parametrizes what
it was intended to; one point on the original parameter variety may split
into several in the normalization. This problem is avoided if one passes
instead to the weak normalization of the original variety. One then
obtains a variety homeomorphic to the original variety with universal
mapping properties that guarantee uniqueness.

In recent years weakly normal complex spaces have been system-
atically studied by several people and many interesting results have been
obtained. On a complex space X define the sheaf of c-holomorphic func-
tions 0% on X as follows. For an open subset U of X let I'(U, 0%) consist
of all continuous complex valued functions on U which are holomorphic
at the regular points of U. X is weakly normal if 0, = 05 (where 0y
denotes the sheaf of holomorphic functions on X).

In [2] a generic type singularity called a multicross was defined and
was shown to be what most frequently occurs in weakly normal spaces.
More precisely, the complement of the multicrosses is an analytic subset
of codimension at least two. One has a Hartogs theorem for weak nor-
mality (cf. [5] & [2] for a refinement) and an Oka theorem which com-
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pletely classifies weakly normal spaces which are pure dimensional, local
complete intersections (cf. [1]). Within the class of weakly normal spaces
there is the subclass of locally optimal spaces; these spaces can be de-
scribed by requiring that a certain local cohomology sheaf be identically
Zero.

A purely algebraic notion, called seminormality, appeared in a paper
by Traverso [20] in 1970. It was then observed that if one studies the
affine rings of schemes over a field of characteristic 0, the affine ring is
seminormal if and only if the associated affine scheme is weakly normal
in the sense of Andreotti and Bombieri in [4]. Let A be a commutative
ring and let B denote its normalization. For a (commutative) ring C let
R(C) denote the Jacobson radical of C. The seminormalization *A of A is
defined by *A = {be B|b,c A, + R(B,) vxcSpec(A)}. A is said to be
seminormal if A = *A.

In recent years the algebraic notion has been studied from several
different points of view. In [20] Traverso established the connection be-
tween the seminormality of a ring R and a certain property of the Picard
group Pic(R). In [9] Gilmer and Heitmann extended this result using a
generalization of a criterion for seminormality which we believe first ap-
peared in a paper by Hamann [10]. The K-theorists have also been study-
ing the notion particularly as it applies to curves. The geometric nature
of weakly normal curves has been understood for some time. In [7]
Bombieri classified the singularities of an irreducible weakly normal curve
over an algebraically closed field of characteristic 0 and proved that
ordinary singularities arising from generic projections of surfaces in P?
are weakly normal.

Perhaps it is a consequence of the diversity of the investigators’
particular fields of interest that the algebraic theory is still disjoint. In
the first half of section one of this paper we have gathered the scattered
known results of the theory.

The material found in the latter half of section one (as well as results
1.6 and 1.7) is all new. We begin by showing that for a finite integral
extension A C B the seminormalization of A in B is equal to

TA where tA
x€Ass (B/A)
is the ring obtained from B by gluing over x. This enables us to prove
that for a seminormal extension A C B as above, the associated primes

https://doi.org/10.1017/50027763000019279 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019279

SEMINORMAL RINGS 29

of B/A give an exact description of the gluing sequence whose existence
was established by Traverso’s Structure Theorem ([20], Theorem 2.1). In
section three we give an example of a seminormal extension A C B such
that B/A has an embedded prime; hence one must also glue over the
embedded primes of B/A in any type of structure theorem. We completely
classify the seminormal rings amongst the reduced Cohen-Macaulay rings
having finite normalization. We conclude section one by showing that
for algebro-geometric local rings seminormality is preserved when one
passes to completions.

In the second section we focus our attention on algebraic varieties
over an algebraically closed field of characteristic 0. As the notions of
seminormality and weak normality are identical in this case we use the
latter terminology. The starting point of our treatment is the following
theorem (2.2): Let f: Y— X be a dominating finite morphism of affine
varieties whose affine coordinate rings are B and A respectively. Then
5A consists of all regular functions on Y that agree on the fibres of f.
Using this result we develop the close connection that exists between
the algebraic and complex space theories.

We define the sheaf of c-regular functions on a variety and then show
that a variety is weakly normal if and only if every c-regular function
is regular. We pursue the function theoretic approach and in order to
provide a firm foundation for future study we provide the proofs of several
results that are probably well known by many. This point of view enables
us to quickly obtain many results. For example, we are easily able to
define the weak normalization of a variety and clearly state its universal
mapping properties. We also show that the product of weakly normal
varieties is weakly normal. We establish the equivalence of the weak
normality of a complex algebraic variety and the weak normality of the
associated complex analytic space. Finally, we give criteria for determin-
ing when the union of weakly normal varieties is again weakly normal
and use these results to establish the weak normality of several general
classes of varieties in section three.

In the future we plan to develop the algebro-geometric analogue of
the (complex space) multicross singularity and determine the role that
this class of singularities and local cohomology play in the singularity
theory of weakly normal varieties.
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§1. Preliminaries

All rings in this paper are commutative with identity. If A is a ring
we will let R(A) denote the Jacobson radical of A, i.e. R(A) is the in-
tersection of all maximal ideals of A. If x e Spec(A) corresponds to the
prime ideal p, and M is an A-module we let M, denote S-!M where the
multiplicative subset S= A — p,. If me M we let m, and m(x) denote
the images of m under the canonical homomorphisms: M — M, and
M — M,[v,M, respectively. Finally we let x(x) = A,/p,A, and Q(A) =
{x € Spec (A)|x is a closed point}. We now give a simplified version of a
result by Andreotti and Bombieri ([4], § 1, Proposition 3)

ProrosiTiON 1.1. Let A C B be an integral extension of rings. Then

(1) R(B)N A= R(A)

() if (A, m) is local then C = A + R(B) is a local rings with maximal
ideal R(B) and the canonical map: A[m — C/R(B) is an iso-
morphism.

Proof. (1) follows from knowing that the induced map Spec (B) —
Spec (A4) is surjective and that if p = PN A for some prime ideal P of B
then p is maximal if and only if P is maximal.

(2) Suppose (A, m) is local. Then A + R(B) is clearly a subring of
B and the canonical map A/m — A + R(B)/R(B) is an isomorphism. Hence
R(B) is a maximal ideal of C. But by (1) we have R(C) = R(B) N C =
R(B) so that R(B) is the unique maximal ideal of C.

DerFINITIONS 1.2, Let A C B be an integral extension of rings. We
define

3A ={be B|b,c A, + R(B,), vx < Spec (A)}

%A is called the seminormalization of A in B and if A = $A then we say
that A is seminormal in B. If B is the normalization of A (i.e. the
integral closure of A in its total ring of quotients) we set *A = A and
we say that A is seminormal if A = *A. *A is called the seminormali-
zation of A.

We now recall Traverso’s characterization of the operation of semi-
normalization.

ProposITiON 1.3 (Traverso [20]). +HA is the largest subring A’ of B
containing A such that:
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(1) For each xe Spec(A) there is exactly one x' e Spec (A’) over x,
and
(2) The canonical homomorphism r(x) — k(x’) is an isomorphism.

We note that this characterization of A entails that if A is semi-
normal in B then A is seminormal in every intermediary ring C lying
between A and B.

We now present several equivalent criteria for determining when A
is seminormal in an overring B. In the case where A is a pseudo-
geometric ring and B is the normalization of A the equivalence of (1)-(3)
below was first proven by Hamann in [10]. In [9] Gilmer and Heitmann
prove this equivalence for an arbitrary ring A and its normalization B.
We include criterion (4) here as it is the most manageable in actual
computations. We include the proof of Gilmer and Heitmann for (2)
implies (1).

ProposiTiON 1.4. For an integral extension A C B the following state-
ments are equivalent.

(1) A is seminormal in B.

(2) For each b in B, the conductor of A in A[b] is a radical ideal
of A[b].

(8) A contains each element b of B such that b", b"*'e A for some
positive integer n.

(4) For a fixed pair of relatively prime integers e > f > 1, A contains
each element b of B such that b°, b’ € A.

Proof. Statements (3) and (4) are each equivalent to demanding that
A contain each element b of B such that b™, b™*!, ... are in A, for some
positive integer m.

(8) = (2). Suppose (3) is valid, fe A[b] and f~e(A: A[b]). Then for
any ge A[b] we have (fg)", (fg)"*'e A so that fge A by (3). Thus fe
(A: A[b]) as desired.

(1) = (8). Suppose A = ;A and that be B, b, b**' € A for some posi-
tive integer n. Let x e Spec (A) be arbitrary. Then b7, b2*'e A,. If b*is
a unit in A,, then b, = b*!/b"e A,. Otherwise, b ¢ p,A, C R(B,) and
since the latter is a radical ideal in B,, b, € R(B,). In any case, b,e€ A,
+ R(B,) and since x was arbitrary, be ;A = A.

(2) > (1). Suppose that (2) holds but A is not seminormal in B.
Choose be ;A\A and a minimal prime p, of (A:A[b]) in A. Let ¢ =
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(A: A[b]), C = A[b]. Since A[b] is finitely generated as an A-module we
have p,A, = ¢, = (4,: C,). By assumption, ¢ is a radical ideal of C and
hence ¢, is a radical ideal of C,. Viewing ¢, as the intersection of its
minimal primes in C, we obtain p,A, = ¢, = R(C,). Now (34), is local
with residue field canonically isomorphic to «(x) and A, C C, C (34),.
Hence C, is local with maximal ideal R(C,) and residue field canonically
isomorphic to x(x). Furthermore, p,A, = R(C,) and 1 generates C,/p,C,
as a x(x)-module so by Nakayama’s lemma 1 generates C, as an A,-module.
That is, A, = C,, contradicting the fact that (A4,: C,) = p.A4,.

CoroLLARY 1.5. Let A C B be an integral extension of rings.

(1) If A is seminormal in B then (A: B) is a radical ideal of B.

(2) Suppose that ACc BC C. If A is seminormal in B and B is
seminormal in C, then A is seminormal in C.

Proof. (1) Assume that A is seminormal in B. Suppose that be
B\(A: B) but b"e(A: B) for some n > 1. Choose ce B such that bcg A.
Then (bc)* = b"c" € A since b" € (A: B) and similarly (bc)**! € A, contradict-
ing criterion (3) of (1.4) above.

(2) is an immediate consequence of criterion (3) of (1.4).

CoroLLARY 1.6. If A is seminormal in B and S is any multiplicative
subset of A, then S™'A is seminormal in S™'B. Moreover, the operations
of seminormalization and localization commute.

Proof. We show that condition (3) of (1.4) is valid for S7'A C S'B
if it is valid for A C B.

Suppose that b/s € S~'B and that (b/s)", (b/s)"*' € S-'A for some positive
integer n. Then there exist elements ¢t and ¢ of S such that #b", #'b"*' ¢
A. Thus (@'b)", (it’'b)"*' € A and hence it'be A. Therefore b/se S-'A.

In general if we let C = 3A then S°'C is seminormal in S™'B and
clearly 8-'C < 4-.5S'A. Then S-!C is seminormal in .35 'A and since
conditions (1)-(2) of (1.8) hold for S-'C C s-3S'A we must have S-'C =
s-15871A by (1.3).

ProrosiTioN 1.7. A is seminormal in B if and only if A, is semi-
normal in B, for each x € Q2(A).

Proof. The assertion in one direction follows from (1.6). Conversely,
suppose that A, is seminormal in B, for each x € 2(A) but A is not semi-
normal in B. Using the fourth criterion for seminormality of (1.4) there

https://doi.org/10.1017/50027763000019279 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019279

SEMINORMAL RINGS 33

exists an element be B\A such that 4%, b°c A. As A, is seminormal in
B, for each xe€ 2(A) we have b, e A, for each xe Q(A).

However, since b& A there exists some maximal ideal m, of A con-
taining (A:b). Then (4,:5,) = (A:b), © m,A,, contradicting the fact that
b,e A,. Hence A is seminormal in B.

Henceforth we shall always assume that A C B is a finite integral
extension of noetherian rings. We now recall Traverso’s notion of gluing.

Let x € Spec (A) and let x,, - - -, x, denote the points in Spec (B) lying
over x. For each i let w,;: x(x) — £(x,) denote the canonical homomorphism.

Define $A ={beB|b,c A, + R(B,)}. One can easily see that an
element b of B lies in %A if and only if:

1) b(x,) € w,(e(x)) for each i, and

@ or(b(x) = 07 (b(x))  for all i, j.

DerFINITION 1.8. We say the ring 1A constructed above is the ring
obtained from gluing B over x or that A is the gluing of A in B over x.

ProprositioN 1.9 (Traverso [20]). *A is the largest subring A’ of B
containing A such that

(1) There is exactly one x' € Spec (4’) over x, and

(2) The canonical homomorphism k(x) — £(x') is an isomorphism.

In particular, %A is seminormal in B.

Remarks 1.10. (1) Let C = 3A where A C B is a finite integral ex-
tension of noetherian rings. Then (A: C) is not an intersection of primes
in C. For if so, let p, be a minimal prime of (A:C) in A. Then p A,
= (A:C), = (A,: C,) = R(C,) where the latter equality follows from view-
ing (4,: C,) as the intersection of its minimal primes in C,. Arguing as
we did in the proof of (1.4) this implies A, = C,, a contradiction.

(2) Suppose A is seminormal in B where A C B is a finite integral
extension and A is noetherian. Then we know ¢ = (A: B) is a radical
ideal of B and hence is a radical ideal of A. Suppose that p, £ A is a
minimal prime of c.

Then A, is seminormal in B,; in fact A, is its own gluing in B, over
p,A,. We have (A,:B,) =c¢, = p,A, (since B is an A-module of finite
type). Also ¢ is a radical ideal in B so that viewing ¢ as the intersec-
tion of its minimal primes in B we have ¢, = R(B,). Thus A, = A, +
R(B,) and A, is its own gluing in B, over p,A,.

In particular if A is a reduced noetherian ring of dimension one with
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finite normalization B then A is seminormal if and only if A, is its own
gluing in B, for all closed points x € Spec (4). (cf. [7], p. 208).

(8) Let A C B be as above and let C = t1A. Let &’ denote the unique
prime of Spec (C) over x. Then C is equal to the gluing of C in B over
x’ by the characterization of ;C given in (1.9).

We now prove a sequence of results that enable us to obtain refine-
ments of Traverso’s structure theorem and its consequence (cf. [20],
Theorems 2.1 and 2.3).

LEmMMA 1.11. Let A C B be as before. Suppose that (A: B) is a re-
duced ideal of B and is a prime ideal of A. Then A = %A where p, =
(A: B) if and only if Ass, (B/A) = {p.}.

Proof. As we assumed that p, = (A: B) is a reduced ideal of B we
must have p, = p,B=+p,B=P, N --- N P, where P, ..-,P, are the
minimal primes in B of p,B. Then 9,4, = (A: B), = (4,: B,) = R(B,) so
that A, = A, + R(B,) and hence $A = {be B|b,c A,} = {be B|(A:b) &
p,}. Also note that p, = (A: B) = (0: B/A) entails that p, is the minimal
associated prime of B/A.

Thus A = 1A & be A whenever (A:b) & p, & every associated prime
of B/A is contained in p, & Ass, (B/A) = {p.}.

THEOREM 1.12. A is seminormal in B if and only if A = {be B|b, ¢
Az + R(Br) sz € ASSA (B/A)}'

Proof. Let A’ ={beB|b,e A, + R(B,) Vp, € Ass, (B/A)}. Then 3A
C A’ so that if A = A’ then A is seminormal in B.

Conversely, assume that A is seminormal in B. To see that A = A’
we proceed by induction on r = § Ass, (B/A) the case r = 0 being trivial.

Let r > 1 and assume the assertion is true whenever # Ass, (B/A) <r.
Let A C B be such that # Ass, (B/A) = r and choose x, € Spec (A) so that
p,, is a minimal prime of B/A. Then p,, is a minimal prime of (A: B)
and A,, = A,, + R(B,,) as in (1.9).

Set B’ = ;A and let x’ denote the unique prime of B’ lying over x,.
Then B’ = ;B so that Ass, (B/B’) = {p.} by (1.11) and hence Ass, (B/B’)
= {Pz}-

Consider the exact sequence of A-modules: 0— B'/A— B/A— B|B’
—0. As A,,= A, + R(B,,) we have B ' = {be B|(A:b) & §,} and con-
sequently p,, is not an associated prime of B'/A. Then
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Ass, (B/A) = Ass, (B'|A) U Ass, (B/B)

so that # Ass, (B'JA) <r.
Since A is seminormal in B, A is seminormal in B’ and hence by the
induction hypothesis

A={beB|b,eA,+ R(B) vp,  Ass, (B/A)}
Now
R(B;) = R(B,) N B;
so that
A={beB'|b,e A, + R(B,) Vp, € Ass, (B'[A)}
= {be B|b, € A, + R(B,) vp. € Ass, (B/A)} .
Suppose that A is seminormal in B. Index the associated primes of

BJ/A so that htp,, <htp,, < --- < htp,. Define subrings of B inductively
as follows: Set B° = B and define

Bt ={be B"'|b,, e A,, + R(B;Y)}, G=1---,1r).
As R(B:;") = R(B,) N Bi' we also have B* = {be B*"'|b,, € A,, + R(B,)}.

THEOREM 1.13. Suppose that A is seminormal in B with the notation
as above. Then:

(1) B! is obtained from B'~' by gluing over x, i =1,---,r).

(2 Ass, (B'[A) = {porpps " 7500} G=1,---,7).

® A=B¢.---SBCB=B

Proof. (1) follows from the definition of the subrings B’ and (3) fol-
lows from (2).

To see (2) we mimic the proof of (1.11). Suppose that Ass, (B‘~'/A)
= {p,, -+, 0,} and 1 < i <r. Then p,, is a minimal prime of B:"'/A and
hence a minimal prime of (A: B*"'). As B’ is the gluing in B*' over x;
we have Ass, (B'"'/BY) = {p,,} and Ass, (B/A) = {Ps;.0, -+ *» Ps,} as in the
proof of (1.12).

THEOREM 1.14. Let A be seminormal and suppose in addition that A
is reduced with finite normalization B. Let

m = max {{1} U {htp|p e Ass, (B/A)}} .

If ac A is not a zero divisor then every associated prime of AlaA has
height no greater than m.
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Proof. Index the associated primes of B/A so that htp,, < -.- < htyp,,
and let the subrings B (i =0, --.,r) be defined as above. Let ac A be
a non-zero divisor. Then a is not a zero divisor in B since A is reduced
and the minimal primes of A and B are in bijective correspondence.
Hence o is not a zero divisor in B¢ =0, ---,r).

We prove by induction on i that if Pe Ass(B!/aBY) then ht (P N A)
< m.
Suppose Pe Ass, (B/aB) so that ht P=1. Set p =P N A. If htp
> 1 then (A:B)C PN A =p. For if not A, = B, so that htp = dim 4,
= dim B, = ht PB, = 1, a contradiction. As (A:B) is a reduced ideal
of B and is not contained in any minimal prime of B we must have P is
a minimal prime of (A: B) in B. Thus pe Ass, (B/(A: B)) and in light of
the exact sequence of A-modules:

0—> A/(A: B)—> B/(A: B)—> B/A—0

we have p e Ass, (B/A) so that htp < m.

So let 0 < i < r and assume that if P e Assy (Bt/aB*) then ht (P N A)
< m. Let Pe Assz.. (B*'/aB'*?), let p = PN A and assume that htp >
m. Let & e B'*\aB**! be such that P = (aB**':§). Then PB‘¢ < aB’ and
hence ¢ € aB’. For if not, PB* < @ for some @ € Assz (B'/aB) and ht (p)
< ht(@ N A) < m, a contradiction. Thus £€aB’ and P & P’ for some
P’ € Assgiva (@BfaB‘**). As a is not a zero divisor in B* we have aB'/aB**!
and B?/B‘*! are isomorphic as Bf*!-modules and hence P < P’ for some
P’ e Assgi (BYB**Y). Then p=PNAC P NA=p,,, (by 1.13) so that
htp < htp,,,, < m, a contradiction. Hence if P e Assy.: (B**'/aB**") then
ht (P N A) < m and by induction if p € Ass, (A/aA) then htp < m.

Remark 1.15. The m of (1.14) is the best we can do. For in the
sequence of (1.13) {p,} = Ass, (B""!/A). Hence there exists an element
pe B "\A such that p, = (A:p). Suppose p = b/a where b,ac A and a
is not a zero divisor. Then p, = (aA: b) so that p, ¢ Ass, (A/aA). In par-
ticular if A is seminormal then A satisfies the condition S, of Serre if and
only if every associated prime of B/A is minimal of height one.

We also point out that there exist seminormal extensions A C B
such that B/A has embedded primes (cf. Example 3.7). Suppose A C B
is such an extension and p = (A:p) is an embedded prime of B/A. Then
B.€ A, = A, + R(B,) for every minimal prime p, of (A: B) but ¢ A. So
one must glue over the embedded primes in any type of structure theorem
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for seminormal extensions (cf. Theorems 1.12 and 1.13).

LEMMA 1.16. Let A be a reduced noetherian ring with finite normali-
zation B. If p is an associated prime of B/A then depth A, = 1.

Proof. Since Ass, (B/A) < Supp (B/A) we know that every associated
prime of B/A has height at least one (since A is reduced) and this entails
that if p e Ass, (B/A) then depth A, > 1.

Let p, e Ass, (B/A). Then we have a short exact sequence: 0— A,
— B, — B,/A,— 0 and in turn a long exact sequence on cohomology:

O —> HomAap (IC(X), Az) —> HomA;,; (’C(x)’ Bz) —> HomAa: (IC(.’)C), Bx/A:v)

— Ext}, (s(x), A,) —> - - - .

As A, is reduced of dimension at least one and B, is the normali-
zation of A, we have Hom,, (k(x), B,) = 0 and hence Hom,, (x(x), B,/A,)
< Ext}, («(x), A,). As p,A, is an associated prime of B,/A, we have
Hom,, (#(x), B./A,) = 0. Hence Ext}, (x(x), A,) % 0 and depth A, = 1.

At this point we would like to recall another notion of seminormality
as defined by Endo in [8]. Suppose that A is a reduced noetherian ring
with finite normalization B. We say that A satisfies the condition R; of
Endo if for each height one prime p, of A, A, is equal to its own gluing
in B, over p,A,. Endo calls A seminormal if A satisfies R; and the con-
dition S, of Serre. We now show that this entails that A is seminormal
in the sense of Traverso and give an example that illustrates A can be
seminormal in the sense of Traverso without satisfying S,.

LemMA 1.17. Let A C B be as above and assume that A satisfies con-
ditions R and S,. Then A = *A.

Proof. If A satisfies S, then by (1.16) we may conclude that every
associated prime of B/A has height 1. Since A satisfies R}, A, = A, +
R(B,) for each p, € Ass, (B/A). Then

A’ = {beB|b,e A, + R(B,) Vp, € Ass, (B/A)}
= {be B|b,c A, vp, c Ass, (B/A)}
= {be B|(A:b) is not contained in any associated prime of B/A}
=A.

so that A = *A by (1.12).

ExampLE 1.18 (Two planes in 4-space meeting at the origin). Let x,,
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X,, X3, X, be transcendentals over the complex numbers C, let p, = (x,, x,),
P, = (%, x) and set A = C[x,, x,, x;, x,]/p, N p,. Then if B denotes the
normalization of A we have B = C[x,, x,] X C[x,, x,] and an exact sequence

0—>A-5B-2sc—50

where of + P, N P,) = (f(0, 0, x,, x,), f(x,, %, 0,0)) and B(f, g) = (0, 0) —
£(0,0). Hence (A: B) = (%, X,, X5, x,) where ¥, denote the image of x, in
A@E=1,---,4). Say (f,g)eB and (f*,g)e A, (f*,g®)e A. Then f(0, 0)
= g(0,0)* and f(0,0)° = g(0,0)* so that f(0,0) = g(0,0) and (f,g)ec A.
Hence A is seminormal by (1.6, (8)). As (A: B) is a height 2 prime in A
we see that A does not satisfy S, by (1.16).

CoroLLARY 1.19. Let A be a reduced Cohen-Macaulay ring with finite
normalization B. Then A is seminormal if and only if (A: B) is a radical
ideal in B.

Proof. As A is Cohen-Macaulay we see that every associated prime
of B/A is of height 1 by (1.16).

If A is seminormal then (A: B) is a radical ideal in B.

Conversely assume that (A: B) is a radical ideal in B. If A # B,
then (A: B) is the intersection of height one primes in A. If p, is any
minimal prime of (A: B) then p,A, = (A,: B,) is a reduced ideal of B,
and hence p,A, = R(B,) so that A, = A, + R(B,). Then A satisfies R;
and is seminormal by (1.17).

Another important consequence of the structure theorem (1.13) is that
in the geometric situation the completion of a seminormal local ring is
again seminormal. Toward this end we recall a definition.

DerFiNiTION 1.20. We say that a local ring A is an algebro-geometric
local ring if A = B, where B is a reduced and finitely generated k-algebra
for some algebraically closed field &£ and p € Spec (B).

For a local ring (4, m) and an A-module M, we let M denote the
m-adic completion of M.

THEOREM 1.21. An algebro-geometric local ring is seminormal if and
only if its completion is seminormal.

Proof. Let A be an algebro-geometric local ring and let B denote
its normalization. Then B is an A-module of finite type and B is the
normalization of A. (See [13], Theorem 72, p. 240 and Theorem 79, p. 259).

https://doi.org/10.1017/50027763000019279 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000019279

SEMINORMAL RINGS 39

First let us assume that A is seminormal. Suppose that Ass, (B/A)
= {Psp -+, P} Where htp, < --- <htp,. Let A=B ... B =B
be the sequence of subrings of B as in (1.13). Letting C* = (BY)" we
proceed by induction to show that C! is seminormal in C = C° for i =
0, .-, r, the case i = 0 being trivial.

So assume that 0 < i <r and that C’ is seminormal in C. Recall
that B*! was defined to be the gluing of A in B’ over x,,,.. If ye
Spec (Bi*') is the unique point lying over x,.,, then B‘*!'= ?B‘*! and
Asspiia (BY/B*') = {p,}. Since C'*'is also the R(B'*')-adic completion of
B we have Assgi+: (CP/CHY) = Assgira (CHp,C**Y) by ([13], Theorem 12,
p. 58).

As p,C***' is a reduced ideal ([13], Theorem 79, p. 259) we know that
every associated prime of C?/C**! is a minimal prime of (Ci*':C?) =
(Bi*': BY)" ([15], Theorem 18.1, p. 58) and the latter is a reduced ideal of
Ct. Consequently, if P, is a minimal prime (in C**') of (C'**': C?) then
Ci*t = Ci** + R(C)).

Finally,

Cit! = {/3 IS Cik‘gz € Ci*1y P, € Assgirs (Ci/Ci+l)}
= {ge C*|B, € Ci** + R(C))V P, € Assi+:(CH/CH )}

and C'*! is seminormal in C°® by (1.12). Since C**' is seminormal in C*
and C! is seminormal in C we have C*!' is seminormal in C by (1.5). By
induction, A = C” is seminormal in B = C.

Conversely, assume that A is seminormal in B. Suppose be B and
b, bc A. Then be BN A=A by (1.4). Hence A is seminormal in B
by (1.4).

§2. The case of algebraic varieties

Let 2 be a fixed algebraically closed field of characteristic 0. When
we use the term variety we assume that the underlying topological space
is the set of closed points of a reduced, separated scheme of finite type
over k. Unless otherwise stated all rings in this section are assumed to
be k-algebras. We will say A is an affine ring if A is the coordinate
ring of an affine variety (over k). In particular, if A is an affine ring
with total ring of quotients K and L is any finite extension of K, then
the integral closure A, of A in L is a finite A-module. ([13], Theorem
72, p. 240).
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By assuming char k£ = 0 we avoid all inseparability problems and as
was pointed out in the introduction the operations of seminormalization
and weak normalization coincide. Henceforth we will use the latter ter-
minology; i.e., if A C B is an integral extension of k-algebras we will
call $A the weak normalization of A in B. A main result here is that
if A C B is a finite integral extension of affine rings and we let z: Y =
Var (B) — X = Var (A) denote the induced morphism of varieties then ;A
consists of all regular functions f on Y such that f(y,) = f(y,) whenever
2(y) = 7(y,). To see this we recall the following well known result.

LEmMmA 2.1. Let 7: Y — X be a dominating finite morphism of irreduc-
ible varieties and let n = [K(Y): K(X)]. Then there is a non-empty open
subset U of X such that for each x e U the fibre n~'(x) consists of n distinct
points.

Proof. Replacing X by a non-empty open V such that V is normal
and Y by z~(V) we can assume that X is normal. Since char 2 =0, x
is a separated morphism and the result can be found in [19] (Theorem 7,
p. 116).

TueoreM 2.2. Let A C B be a finite integral extension of affine rings
and define A’ by A’ ={beB|b,c A, + R(B,) vxc X = Var (A)}. Then
A’ = 3A. Thus if n: Y = Var (B) — X is the induced morphism, then %A
consists of all regular functions f on Y such that f(y.) = f(y,) whenever
7(yy) = n(y,).

Proof. By definition we have 3A C A’. To prove equality it suffices
to see that:

(1) For each point xe Spec(A) there is exactly one point x ¢
Spec (4’) over x, and

(2) The canonical map x(x) — #(x’) is an isomorphism.

Let xe X = Var (A). Since A, C A, < A, + R(B,) and the latter is
a local ring with residue field £ (by (1.1)) we see that A, is local. Hence
there exists a unique point x’ in Spec (4’) over x. Thus (1) and (2) are
valid for all xe X.

Then (1) is valid for all points in Spec (4) by a standard application
of the Nullstellensatz. For let » be an arbitrary prime in A and sup-
pose P, and P, are primes in A’ over p. Let M be any maximal ideal
of A’ containing P, and let m = M N A. By Going Up there exists a
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maximal ideal M’ O P, lying over m. Since (1) above holds for m we
have M = M’ D P,. Thus every maximal ideal containing P, also contains
P, and hence P, C P,. Similarly, P, C P, so that P, = P,.

Now let p C A be an arbitrary prime and let P be the unique prime
in A’ over 9. Then A/p C A’[P is a finite integral extension of domains
with quotient fields x(p) and «(P), respectively. Since the induced mor-
phism of varieties is a homeomorphism we must have [k(P):«x(p)] =1 by
(2.1). Thus the canonical map x(p) — £(P) is an isomorphism. Hence A’
= LA.

Clearly, if fe B then fe A’ if and only if f(v,) = f(y.) whenever z(y,)
= n(y,) where 7: Y = Var (B) — X is the induced morphism.

We should point out that this result was first indicated by observing
that this is precisely how one defines the holomorphic functions on the
weak normalization of a complex space. The following sequence of results
shows that the algebraic notion is entirely analogous to the complex space
concept. In order to present the material in a unified fashion we will
present some results that are probably well known by many.

Remark 2.3. A third characterization of 34 where A C B is a finite
integral extension of affine rings is as follows. Let A’ = {be B|b®1 —
1® b is nilpotent in B®, B}. Let z:Var(B)— Var(A) be the induced
morphism. Then bc A ©b®1—-1&® b is in every maximal ideal of
B®, B b(y,) = b(y,) whenever n(y,) = n(y,) & be tA. In particular, the
Lipschitz-saturation A}, of A in B relative to # C A C B (cf. [12]) is
contained in 3ZA.

DerFiNITIONS 2.4. The sheaf of c-regular functions on a variety X,
denoted by ¢%, is defined as follows: If U C X is open, then I'(U, ¢%)
consists of all continuous k-valued functions on U which are regular at
the nonsingular points of U.

We say that X is weakly normal at xe X if Oy , = 0% ,. Xis weakly
normal if 0, = 0%.

If Y is a variety we shall always let S(Y) denote the singular locus
of Y.

LEmMA 2.5. A normal variety is weakly normal.

Proof. Tt suffices to assume that X = Var (A) is affine and show that
A =T(X 0y) = I'(X, 0%). Suppose that ¢: X— & is continuous and ¢|;_g.x,
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is regular. If I is the ideal of A defining S(X), then ht I > 2 since A is
normal. Since A satisfies condition S, of Serre and I is reduced we must
have I-depth A > 2. Then looking at the long exact sequence of coho-
mology with support on S(X) we see that the restriction map A = I'(X, 0,)
— I'(X — 8(X), 0y) is an isomorphism (see [11], Example 2.3 (p. 212),
Examples 3.3-3.4 (p. 217).). Hence there exists a regular function f on
X such that fl;_ s = ¢ly-sx)- Since ¢ — f is globally continuous and
vanishes on the dense open subset X — S(X) of X, it must be identically
zero. Thus ¢ = f is regular on X.

ProposITION 2.6. A continuous k-valued function on a variety X regular
on some dense open subset of X is c-regular on X.

Proof. Suppose ¢: X — k is continuous and regular on the dense
open subset U of X. Let x€ X be a non-singular point. Let V be an
irreducible affine open neighborhood of x. Then ¢ is regular on V N U.
So there exist regular functions f,g on V with g # 0 such that ¢|,, =
flgly,. Then go — f is zero on V, so that go = f on V and in particular
8.0, = [, as germs of continuous functions. We claim that this implies
g, divides f, in Oy .

Since x is a non-singular point @y , is a UFD. Factor g, in 0, , so
that g, = [| p’ and each germ p, is prime in 0 ,. Since [] p¥e, =f.
we can find an affine open neighborhood W of x in V such that p,I"(W, 0y)
is prime and [] p¥¢ly = flw. So f vanishes on W(p,) and hence p,f; =f
for some f, € I'(W, 0y). By induction on > s, we may conclude that g,A,
= f, for some h, € 0, Then g, (h, — ¢,) =0 and hence A = ¢ in some
neighborhood of x.

(2.7 Suppose X = Var (A) is affine. Let B denote the normalization of
X, X = Var (B) and 7: X — X the projection. Suppose ¢ € I'(X, 0%). Then
by (2.6) pox is c-regular on X and hence regular. By (2.2) we have pom
e *A. Conversely if fe *A then f is regular on X and is constant on
the fibres of 7. Hence f induces a continuous function on X which is
regular off the singular locus of X. Now if S is any multiplicative subset
of A then *(S™'A) = S~'(*A) by (1.6). Hence for an arbitrary variety X
the sheaf @5 is coherent. In particular, the set W(X) of non-weakly
normal points is a closed subset of X.

COROLLARY 2.8. Suppose that X is weakly normal and that f: Y — X
is a finite birational morphism. If f is a homeomorphism then f is an
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isomorphism (of varieties).

Proof. Suppose that f is a homeomorphism. Let U = Var (A) be any
affine open in X so that f~'(U) = Var (B) is again affine. Then f*: A — B
is an inclusion of affine rings and induces an isomorphism on the respec-
tive total quotient rings. By abuse, let us assume A C B. Then A is
weakly normal in B (since A is weakly normal) and B is contained in
the normalization of A. But f is a homeomorphism so that every regular
function on f~}(U) agrees on the fibres of /. Hence A = B by (2.2). Thus
f is an isomorphism.

THEOREM 2.9. Let X be a variety. Then there exists an essentially
unique pair (X¥, z) consisting of a weakly normal variety X* together with
a finite birational morphism rn:X* — X which is a homeomorphism. By
essentially unique we mean that if (X, n,) is any other such pair, then there
is a unique morphism 7:X, — X* such that mon ==x, and 7 is an iso-
morphism.

Proof. Let ¢: X — X be the normalization of X. Define an equivalence
relation # on X by «x, ~ x, if and only if ¢(x,) = ¢(x;). Let X* = X|%
and let p:X’—» X" be the projection. Let zn:X*“— X be the (uniquely
determined) continuous map such that zop = ¢. Clearly = is a homeo-
morphism. Define a sheaf of k-valued functions 0y. on X* as follows.
For U C X" open let I'(U, Oyw) = {for|fe ['®(U), 0)}.

By our earlier remarks, if Var (A) = V is an affine open in X and
¢ (V) = Var (B), then (z7'(V), Oxw|,-1v,) = Var (34). Hence = is finite
and birational.

To see that X“ is separated suppose «,f: Y — X“ are morphisms.
Then {ye Y|a(y) = ()} = {ye Y|roa(y) =z p(y)} is closed in Y. We
also note that X* is weakly normal. For if U C X" is open and f is c-
regular on U then for™! is c-regular on n(U), where =~' is the topolo-
gical inverse of 7. Hence f = for 'or is regular on U.

Finally, suppose (X, n,) is another such pair. Then there exists a
unique continuous map 5: X; — X® such that zoy = z;. Since X is weakly
normal, » must carry regular functions on X* to regular functions on X;
ie. » is a morphism. Then 5 is an isomorphism by (2.8).

The pair (X, ) constructed in (2.9) is called the weak normalization
of X. We could have defined it by mimicing the construction of the
normalization of X. That is, cover X by affine opens Var (4,) and show
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that the affine varieties Var(*A,) can be glued to obtain a variety X%
with the specified properties. However, the function theoretic approach
enables us to quickly obtain results which seem obscure from the algebraic
point of view. Towards this end we prove the following lemma.

LEmmA 2.10. Let X be a variety. A k-valued function ¢ on X is c-
regular if and only if its graph I', is closed in X X A'

Proof. Suppose that I', = {(x, p(x))|x € X} is closed in X X 4

Since any proper closed subset of 4' is a finite set of points, to see
that ¢ is continuous it suffices to show that ¢~'() is closed for each « € k.
Now I', N X X {a} — X is a closed mapping. Hence ¢o~(a) = p,(I", N X X
{a}) is closed in X and ¢ is continuous.

To see that ¢ is c-regular it suffices to assume that X = Var (4) is
a non-singular irreducible affine variety. Thus A is a regular ring and
X X A' =~ Var (A[t]) where A[f] is again regular (see [13], (17.J), p. 126.)
By assumption,

x 1% x x4
is a closed mapping and hence I, is an irreducible closed subset of X X
A' of codimension one (since I', is homeomorphic to X.). Let P C A[f]
be the height one prime defining I", and let p = P N A. Since PA,[{] is
a height one prime in the UFD A,[t] it must be principal. Hence replac-
ing X by a non-empty affine open we may and shall assume there exists
a prime F in A[f] such that I', is the zero set of F in X X A"

Say F=a,+ at+ --- + a,t", a,€ A, a, #0. Then the discriminant
D(F) of F is non-zero in A (since ch £ = 0) and if D(F)(x) = 0 (x € X), then
F, = ay(x) + a,(x)t + - -+ + a,(x)t" has r distinct roots in k. Since I,
meets each fibre {x} X 4' in precisely one point we must have r=1.
Hence ¢ = —ay/a, on X,,. Thus by (2.6) ¢ is regular on X.

Conversely, suppose that ¢: X — 4' is c-regular. Let z: X — X be the
normalization of X. Then goorc:X — A4' is regular. Hence I',., is closed
in X X 4'. Since 7 X 1: X X 4' > X X A4' is a closed mapping and r,=
z X UT',..) we see that I', is closed in X X A

CoroLLARY 2.11. If f: X— Y is a morphism of varieties and (X%, 1),
(Y», p) are the weak normalizations of X and Y respectively, then there is
a unique morphism f*: X* — Y* such that pof® = for.
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Proof. Let f* be the unique continuous map such that pof* = for.
We wish to see that f* carries regular functions on Y* to regular func-
tions on X®. For this it suffices to show that f carries c-regular functions
on Y to c-regular functions on X. Let UC Y be open and ¢: U— k be
c-regular. Then I', is a closed subset of U X 4'. Since g = f|;~yp, X 1:
fI(U) X 4 - U X 4' is a morphism, g7'(",) is closed in f~'(U) X 4'. Now
g'(’,) =TI,.; so that ¢of is c-regular on f~(U) by (2.9).

CoroLLARY 2.12. If ¢ is c-regular on X and Y C X is closed, then
oly is c-regular on Y.

Proof. Since I',l, =I', N Y X 4" and Y X 4' is closed in X X 4' it
follows that I',|, is closed in Y X A4'. Hence ¢, is c-regular by (2.10).

CoroLrLARY 2.13. Suppose X and Y are weakly normal varieties. Then
X X Y is weakly normal.

Proof. 1t suffices to assume that X and Y are affine varieties and
show that I'(X X Y, Ox,y) = ['(X X Y, O% ).

Let p: X X Y— k be c-regular and let U= X — S(X), V=Y — S©)
so that ¢ly,, is regular. Let {U};., and {V,}5_, be affine open covers of
U and V respectively. For each xe X let ¢,: Y— & be defined by ¢.(y)
o(x, ¥). Since ¢|,xr is c-regular by (2.12) and Y is weakly normal we see
that ¢, is regular on Y. Similarly for each y € Y define a regular function
¢": X — k by ¢"(x) = ¢(x, y).

For a fixed i, consider the collection {p,},cy, of regular functions on
Y. We wish to see it spans a finite dimensional subspace of I'(Y, @;).
Since V= (J5_, V, is dense in Y and the restriction map I'(Y, 0y) —
I'(V, 0y) is injective it suffices to show that {¢,|;}.cy spans a finite dim-
ensional subspace of I'(V, ;). Now for each j, U, X V, is affine and
¢ly.xv, € A; ® B;, where A, =I'(U,, 0x), B; =1I(V,,0y). Hence {o.l}.cv
spans a finite dimensional subspace of B,;. As the canonical map
I'(V,0y) — B, X --- X B, is injective we may conclude that {,|;}.cr, spans
a finite dimensional subspace of I'(V, 0y). Hence {p,},c,s, spans a finite
dimensional subspace of I'(Y, 0y). Since i was arbitrary

{SDE}IGU = zL:JI {Sox}.ze Us

spans a finite dimensional subspace ¥~ of I'(Y, 0y).
For ye Y let ¢,: ¥ — k be evaluation at y. By a lemma of Palais
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([17], Lemma 3.1) there exist y,,---,y, in Y such that ¢,,---,7,, span
v'* and if &, .-+, &, is the dual basis for 7~ then ¢l = > 7 ¢" @ &,
But ¢ — X7, 0" ® &, is globally defined and vanishes on the dense open
set UX Y of X X Y and hence must be identically 0. Thus ¢ = >, ¢*
® &, and ¢ is regular on X X Y.

Let %, denote the sheaf of continuous k-valued functions on a variety
X. An interesting way to view the germs of c-regular functions at a
point is given by the following:

ProPOSITION 2.14. (%, is the integral closure of Oy, in €y ,.

Proof. We first assume that X = Var (A) is irreducible, normal and
affine and that a continuous function ¢: X — % is integral over A. Let
K denote the quotient field of A and let n = [K(p): K].

Let F(¢) be the minimal polynomial of ¢ over K. Since A is normal,
F(t)e Alt]. We claim that deg F = n = 1.

Let Y = Var (Alg]) and let z: Y — X be the morphism induced by the
inclusion A C A[gp]. By (2.1) we can find a non-empty open set UC X
such that for each xe U the fibre z~'(x) consists of n distinct points.
Let xe U and let {y,, - -+, y,} = #7%(x). Then there is an element b€ A[¢]
such that b(y),---, b(y,) are distinct. But b =a,+ ap + -+ + a,o™,
a;€ A, m<n and ¢(y,) = o(x) each i =1,---,n so that b(y,) = a,(x) +
a,(X)p(x) + - -+ + an(x)p(x)™ each i=1,---,n. Hence n=1 and there
exists an a€ A such that « + ¢ = 0. Then ¢e A. Thus A is integrally
closed in I'(X, € x).

In the general case, let X be an arbitrary variety and let =: XX
be the normalization of X. Suppose that x€ X and f, € €, is integral
over Oy, Then there is an affine open neighborhood U = Var (4) of x
such that f: U— k is continuous and integral over A. Then for:z ' (U)
— k is continuous and integral over A = I'(z~*(U), 05). Now z~Y(U) is
an affine open in X and its irreducible components are disjoint and hence
open so that forx is regular on each component by the preceding remarks
and hence for is regular on = '(U). Hence f is c-regular on U and f,
€ 0%...

We now give some criteria for determining when a union of weakly
normal varieties is again weakly normal. The first result (2.18) is based
on a Mayer-Vietoris sequence for ideals in a ring and is proven for
complex spaces in [2]. Proposition (2.19) generalizes that result.

Let I and J be ideals in a ring A so that we have an exact sequence
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of A-modules:

(2.15) 0—> AJIN T2 AI® A L5 AT+ T —>0
where
aa+INJd)y=(a+ I a+ J)
and
Ba+La+dJd)=(@—a + T+ J)).

Now suppose that X is a variety such that X = V, U V,, where V,
and V, are closed subvarieties. Consider the sequence of sheaves:

(2.16) 0—> 0, SN Oy, ® Oy, y Oyinv, >0

Where 9D(f) = (fle f[Vz) and 1r,/'(g‘? h) = g[VlﬂV2 - hlVlﬁV2' Clearly 11,'090 = 0
but the sequence (2.16) is not in general exact. Let .4, and ., be the

sheaves of ideals defining V, and V, respectively.

LEMmA 2.17. The sequence (2.16) is exact if and only if £, + £, =
I v, If and only if #, + #, is a reduced sheaf of ideals.

Proof. Suppose U C X is an affine open and let
A=F(U’@X), IIZF(U,fl), IZZF(U$f2)7 I=F(UalenV2)-

Then we have a commutative diagram.
0—> AL NL—> AL ®AL-> AL +1,—>0

lfl l?’z 7s
Y
0—> AL NL-2>AL®ALY> AI —>0

where the first two vertical arrows are identity maps and the last is the
canonical map. As we remarked earlier the top row is exact. If the
bottom row is exact then y, is an isomorphism by the 5-Lemma and if r,
is an isomorphism then the bottom row must be exact. Since U was
arbitrary the result follows. As I = +I, + I, this is equivalent to the
condition that #, + £, be a reduced sheaf of ideals.

ProposiTioN 2.18. Let X = V, U V, where V, and V, are closed sub-
varieties.
(1) If X is weakly normal the complex (2.16) is exact.
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@) If V, and V, are weakly normal, then X is weakly normal if and
only if (2.16) is exact.

Proof. (1) Let f, be regular on V, (i = 1, 2) and suppose that f,|y,,v,
= filvinv. Let 7: X — X be the normalization of X and let V, = z~(V)
(i=1,2). Then X=V, UV, and fionlp,np, = fionlrinr,, Hence there
exists a unique regular function A on X such that hlp,=fiex i =1,2).
Then A agrees on the fibres of # and hence A = for for some regular
function f on X. Then f|,, =f, (i =1,2).

(2) Now let us assume that V, and V, are weakly normal and that
the sequence (2.16) is exact. Let U C X be open and suppose that ¢:U
— k is c-regular. Then ¢, = ¢|yny, is c-regular on UN V, (i =1,2) by
(2.12) and hence is regular. Since (2.16) is exact this implies that ¢ is
regular on U.

ProrositioN 2.19. Let X=X, U --- U X, where each X, is a closed
subvariety and suppose that X; is weakly normal for each i. Further as-
sume that X; N X, = Y whenever i # j. Then X is weakly normal if and
only if Sy = I, + Frpevzr, 0 =2,---,0).

Proof. We proceed by induction on n, the case n = 1 being trivial.

Suppose X=X, U --- U X, where n>1 and each X, is weakly
normal and X; N X, = Y whenever i #j. Then X=X, U --- U X,)U
X,. By the induction hypothesis X, U --- U X, _, is weakly normal if and
only if /=S, + Frux,_,E=2,---,n—1). Combining this with
(2.18) we see that X is weakly normal if and only if

fy':jxi‘l‘fxlu...uxi_l (i=2,“',n)-

Remark 2.20. In [16] Orecchia proves a related result. Namely,
suppose that A is a noetherian reduced ring with minimal primes
Py, + -+, P,. Suppose, in addition, that the ideals

’pz—l_m pj (i,h=1,"',n)
i#j<h
are unmixed of constant height . Then A is seminormal in C = Afp,

X --+ X Afp, if and only if p, + \U,.; p; is a radical ideal i =1, ---,n)
if and only if (A: C) is a radical ideal of A.

Lemma 2.21. Let X = X, U X, be a union of closed subvarieties and
suppose that Y = X, N X, is weakly normal. Then X is weakly normal
if and only if each X, is weakly normal and S, = S5, + F 4.
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Proof. One part of the assertion follows from (2.18). Suppose then
that X and Y = X, N X, are weakly normal so that ./, = #, + ,, and
the sequence (2.16)

0—*(9;(—‘0*(9&@@&-‘&*0&“2——)0

is exact (cf. (2.18)). Let U C X be an affine open and suppose ¢: U N X,
— k is c-regular. Then ¢|;,y is c-regular by (2.12) and hence is regular
on UN Y. So there exists a regular function f defined on U such that
floay = ¢lyay- Then the pair (¢, f|ynx,) defines a c-regular function on
U by (2.10) and since X is weakly normal there exists a regular function
g on U such that glynx, = ¢ and glynx, = flvnz,. Hence ¢ is regular on
UN X, and since U was an arbitrary affine open X, is weakly normal.
Similarly, X, is weakly normal.

(2.22) Recall that if x€ X the Zariski tangent space Ty, is defined by
Ty,. = Hom, (m,/m2, k) where m, is the germs of regular functions vanish-
ing at x. We shall identify 7, with Der, (0y,,, k) via the canonical
isomorphism. If Y < X is a closed subvariety and .#, is the ideal sheaf
defining Y, then for a point x € Y we have Der, (0y ., k) equal to the sub-
space of Der, (0y,,, k) consisting of all derivations vanishing on £, ,.
So we have a natural inclusion T, , S Ty,,.

ProposiTioN 2.23. Let X=X, U --- U X, be a union of closed sub-
varieties and assume that X, N X; = Y whenever i #+j and Y is weakly
normal.

(1) X is weakly normal if and only if each X, is weakly normal and
Irot Prvevri, =FrE=2,---,n).

(2) Suppose in addition that Y is non-singular. Then X is weakly
normal if and only if each X, is weakly normal and Ty, = Ty, . N
Txvxisz for all xe Y@ =2, ---,n).

Proof. The first assertion follows from (2.21) and the induction argu-
ment of (2.19).

Suppose then that Y is non-singular. It suffices to see that for any
i between 2 and n, Fy, + Ly oz, = Fy if and only if T, , =Ty, . N
Ty.0uxiq0 Tor all xeY. Let x€¢ Y. Then T, , = Der, (0y,./#y,., k) and
TX{,:J: N TX,u~--qu_,,z = Der, (0X,x/jX¢,x9 k) N Der, (@X,a:/jX1U~~~UX1_‘,z3 k) =
Der, (Ox,./7 1o + S x0-Uxiorer B Now */fxi,z + I xuetxione = Py, and
Ox o[ #y, is a regular local ring. Then f,, + £y ...z, 0 = £y, if and
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only if C = 0y,./Fx,» + Fx,y-uxi-v,z 18 regular if and only if dim, (7%, ,
N Txyevxios,) = (Krull) dim C if and only if Ty, . N Txu.cvxione = Ty oo

At this point we would like to establish the correspondence between
the sheaf of c-regular functions on a complex algebraic variety and the
sheaf of c-holomorphic functions on the associated complex analytic space.
First we need to establish some notation (see [11] for a more detailed
description).

If (X, 0;) denotes a complex algebraic variety we let (X,, 05,) denote
the associated complex analytic space so that @y, is the sheaf of holo-
morphic functions on X,. We let f: (X,, 0x,) — (X, 0) denote the canonical
morphism of locally ringed spaces. Since the point sets of X and X, are
identical we will often identify them. When we say a subset of X is open
(resp. closed) we mean with respect to the usual topology. When we say
a subset of X is Z-open (resp. Z-closed) we mean with respect to the
Zariski topology. Let 0%, denote the sheaf of c-holomorphic functions on
X, as defined in the introduction.

ProrosiTioN 2.24. With notation as above, the canonical morphism
f*¥0% — 0%, is an isomorphism. In particular, X is weakly normal at a
point x if and only if X, is weakly normal at x.

Proof. If U is open and V is any Z-open containing U then we have
a map of C-algebras:

rw,oy) — I'(U, 0%,) .

Since if ¢: V— C is c-regular then its graph I', is Z-closed in V' X C and
hence I', is an analytic subset of V X C so that ¢ is c-holomorphic on
V (see [2], Remark 1.4) and ¢|, is c-holomorphic on U.

Hence we have a canonical map:

F(V, @CX)Iv ® F(U’ @Xn)_)F(U’ @fi’h)

(V,0x)
Thus there is a canonical morphism:
f*ey —> 0%, .

Suppose x € X is arbitrary. We would like to see that (f*0%), — 0%,..
is an isomorphism. Since this question is local in nature we may assume
that X c C” is affine and embedding C” in P* we have x € X C X where
X is a projective variety and X is an affine Z-neighborhood of x. Now
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0%, is a coherent sheaf on X, so that by twisting up if necessary we may
and shall assume that 0%, , = 0%,,. is generated by global meromorphic
functions on X,. Suppose ¢ is such a generator. Then ¢ is a rational
function on X and there is some open neighborhood U of x on which is
c-holomorphic.

Let A = 0y,,, B= 0y, , so that we have A C B is a faithfully flat
map of noetherian local rings (see [18]). Then ¢ is in the total ring of
quotients of A and Blyp] = Alp] ®, B is a finite B-module. By faithful
flatness, if 1,¢,---,¢" generate Blp] as a B-module they will generate
Alg] as an A-module. Hence ¢ is integral over A.

Let 7: X — X be the normalization of X. Replacing X by an affine
Z-neighborhood of x and cutting down U if necessary, we may and shall
assume that there 1s a regular function f on X such that fle-1y = 0o oT]ems -

Let F: X X X — C be defined by F(y, 2) = f(y) — f(z). Let Y denote
the Z-closed subset of X X X consisting of all points (y, z) such that a(y)
= 71(2). Then F vanishes on Y N #~(U) X #~%(U). Hence if Y, denotes
the union of those irreducible components of Y which meet z~(U) X
=~'(U) we have F|,, = 0. Moreover, if Y, denotes the union of the re-
maining components then (x,x)e¢z X n(Y,) so if 4:X— X X X is the
diagonal map V = 4"(X X X — n X n(Y,)) is a Z-neighborhood of x. Then
whenever y,zez"(V) and n(y) = n(2) we have f(y) = f(z2). Thus there
exists a c-regular function g on V such that ger = f|.-.v,. Hence gly,»
= ¢lyny and g, € 0%,..

Then the 0@y, ,-module generators of (%, . are in 0%, so that we have
a surjection.

%0 & Oxpo—> Uippa -

%,z

But this map is clearly injective (since Oy, . is flat over ¢, ,) and hence
(f*0%), — 0%, . is an isomorphism.

In particular, X is weakly normal at x if and only if Oy, = 0%, if
and only if

J— C _— C
@Xn,x _ @X,z @ @Xn,z - (OXI“I
Ox,z

if and only if X, is weakly normal at x.
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§3. Some examples

Using the results of section 2 we offer some methods of construction
of weakly normal varieties which arise from the complex space theory.
The method of (3.1) was first observed by Mochizuki [14] in the case where
X is nonsingular and was generalized in [2]. The constructions of (3.2)
and (3.4) also appear in [2]. We include only the affine version of the
multicross here. We will further investigate this generic type singularity
for weakly normal spaces in a future paper.

As before, all varieties are taken over an algebraically closed field &
of characteristic 0.

ProposrtioN 3.1. Let F=(f,,---,f,): X— A" be a morphism and as-
sume that X is weakly normal. Then the variety Y= X X {0} U 'y is
weakly normal if and only if (f;, ---,[.)0x is a reduced sheaf of ideals.

Proof. Since X X {0} and I'; are both isomorphic to X and hence
are weakly normal we can appeal to (2.18). Then Y is weakly normal
if and only if Fy, + Fr, is a reduced sheaf of ideals. Let y, ---, ¥,
be affine coordinates on A". Then

fXx(o; =¥,y Yu)Uxxan and Irp= = o 3 Yn — [)Oxyan

so that Ly + Fre= s s Yusfis - s [)0xxan. But this is a reduced
ideal sheaf if and only if (f,, - -+, f.)0x is a reduced ideal sheaf and the
assertion follows.

Suppose that W, ---, W, are linearly disjoint linear subspaces of A"
and let W= W, U --- U W,. In the complex space theory W is said to
be a normal crossing at the origin. By a homogeneous change of co-
ordinates we may assume that

Wz = {x]xm. = 0,] = 1, cee, si} where Xygy vty xp,spr Xpirs ** 0y Xg
are coordinates for 4”.

ProposITION 3.2. The normal crossing W= W, U --- UW, is weakly
normal.

Proof. Let W =W, U --- U W, 1<r<p) and assume that W, =
{x|%,;=0,j=1,..+,8}. We proceed by induction on r to show that if
IV is the ideal defining W then IV = (x,,;,--- %,,,]1<Jj, <s,1<i<r)
and W' is weakly normal. The assertion is trivial for r = 1 so assume
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that 2 < r < p and that WY is weakly normal with I"-? as described
above.

Then I'” =I""" N (x,,.|1 < k< s,) is a homogeneous ideal. Suppose
that a homogeneous polynomial f of degree d is in I‘”. Then

—_— 1,1, ., , D, s Ap+1 , , ., o
f= |Zd Aoy X1 Xprip?Xph1 Xg!
42

where |¢| =a;, + -+ + @,,, + @1+ - + . Since fe(x,|1<k<s,)
we must have a,, = 0 whenever > i, @, , = 0. Since fe I~V we must have

@, = 0 whenever > ,a,, =0 some i =1,---,r — 1. Thus

fe(xl,jl te xr,j,.ll <j<s,1<i<r)
as desired. Since I‘” is homogeneous,
I(T) = (xl,Jl ce xr,]rll gji S Sy 1 g i S r) .

Now X“- is weakly normal by the induction hypothesis. Since
I 4 (x, |1 < k< s,) is a reduced ideal, W™ = W-b U W, is weakly
normal by (2.17) and (2.18).

DerintTION 3.3. Let I = {T}, -, T,} be a collection of disjoint subsets
of {1, ---,n}. Let T\ =, T;(i=1,---,p) and let

Vi={xed|x,=0vacT]}.
The variety V; = V, U --- U V, is said to be a multicross of type I.
ProrpositioN 3.4. The multicross V, of type I is weakly normal.

Proof. This is a direct consequence of (2.19). Forlet I, = (x,|a e T})
(l = 19 c ‘9p)’ J = (xa|ae U?=1 T'i) Then Iz + ﬂm Ij =dJ (l = 1, tr ',P),
since (x,|pe€ T) C M 1.

ProposITION 3.5. Let n: A" — A™*? be defined by n(u, -+, U, , V) =
Wy + vy Uy, U WU, -+ -, u,) where 1< p<n—1 Then V=mna(d") is
weakly normal.

Proof. Since n: A — V is the normalization of V it suffices by (2.2)
to see that if f(u, v) agrees on the fibres of = then f comes from a regular
function on V. Let B = klu,, - - -, u,-1, U] and let A denote the k-subalgebra
generated by w, -+, u,_;, V%, uv, - -+, u,0.

Suppose fe B agrees on the fibres of =. Write f= > =, g(w)’, g, €
Rluy, -+, u,_y]. Then f(O, a1, -y pB) = f0,0p,y, -, a,, —p) all o, Bk
implies that
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Z gz(o’ Upety * 7y un)vi = Z (_1)1gz(0s up+19 D) un)vi

in klu,,;, -+, u,, v] and hence g,0, u,., -+, u,) = 0 whenever i is odd.
But then

f = Z [gi(u) - gz(o, up+1’ tt 0y un)]vi + Z gz(oy up+1’ Ct un)vi
is in A since g(u) — 80, up,y, - - -, U,) € (U, - - -, u,)B S A.

ExampLE 3.6. The union of non-weakly normal components can be
weakly normal.

In 4, let H= {x|x,=x, =0} and let W= f(4") where f(u,v) =
(u, uv, v’, v®). Consider V=H U W. Let %, and %, denote the ideals
defining H and W respectively so that I =%, N B, is the ideal defining
V. Then A = E[x,, x,, x,, x,]/I is the affine coordinate ring of V and its
normalization B = k[x,, x,] X k[x,, x,/x,] is the product of two polynomial
rings over k.

Suppose an element (f, g) of B lies in *A, i.e., f(a’ ') = g0, a) for
all k.

Then g lies in the k-subalgebra of k[x,, x,/x,] generated by x,, x,, x, =
(x,/%,)* and x, = (x,/x,)* and we may consider (f, g) as an element of A/§,
X A/%B,. Recall the exact sequence of (2.15)

0—> A—"5 A/B, X AP, —> AR, + R, — 0.

Now £, + B, = (x,, x,, x; — x3) is the ideal defining W N H and since
f(, o*) = g(0, @) for all @ € k we have (with the appropriate identifications)
f—geP, + B.. Hence(f, g) = a(h) for some i € A and A is weakly normal.

However, W is not weakly normal. Its affine coordinate ring is the
k-subalgebra of the polynomial ring k[u, v] generated by u, uv, v* and v*
and k[u, v] is its normalization. Since k[u, uv, 1%, v°] C k[u, v] fails to satisfy
condition 3 of (1.4), W is not weakly normal.

ExampLE 3.7. If B is the normalization of a weakly normal affine
ring A, then B/A can have embedded primes.

Let u, x,y, z, w be transcendentals over k, let C denote the polynomial
ring k[u, x,y, 2, w] and let p, = (x*2 — w, u — w), p, = (u,x,y). Let A=
C/p, N p,. Since 9, + p, = (u, x,y, w) is prime, C[p, is weakly normal by
(8.5) and C/p, is normal, A is weakly normal by (2.19). Then B =
klx,y, w/x] X k[z, w] is the normalization of A and (A: B) = (%, i, D)A =
((x, 0), (x(w/x), 0), (x(w/x), w))B = (x) X klz, w] N k[x,y, w/x] X (w). Notice
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that the prime ideal P = k[x, v, w/x] X (w) contracts to p = (&, X, 5, 0)A
and this properly contains (%, i, W)A. In lieu of the exact sequence of
A-modules:

0—> A/(A: B)—> B|(A: B)—> B/A—>0

we see that p is an embedded prime of B/A. One sees that p = (4:(0, 1))
and (0, 1) = (0,0) € A while y¢ (A: B).

More generally, suppose X = Var (A) is a weakly normal affine variety
with normalization z: X = Var (B) — X. Suppose that X has two irreduc-
ible components W and Z, that Z is normal, W N Z is irreducible and
properly contained in some component of N(W), the non-normal points
of W. Then N(X)= N(W). Let g be the regular function on X such
that g|.-1w, = 0 and gl,-.z, = 1 and let A be a regular function on X such
that h vanishes on W N\ Z but not on any component of N(W). Then (hoz)g
is c-regular and hence regular on X but 2 is not in any minimal prime
of (A: B). Hence B/A has embedded primes.
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